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— EECIITI 


HAT Mr. MACLAURI N had, many 
1 * & ears ago, intended to publiſh a Trea- 


MN 72/e on this ſubject, appears from a 

letter, dated April 19, 1729, to his honoured 
Friend MaxTin Folkes, Eſq; now Prefi- 

dent of the Royal Society x. And we find, in 

one of lis manuſcripts, the Plan of ſuch a 
Work, agreeing, almoſt in every article, with ' 
the contents of this Volume. 

Had the celebrated Author lived to publiſh 
his own Work, his name would, alone, have 
been ſufficient to recommend it to the notice of 
the Publick: but that Taſte having, by his 
lamented premature death, devolved to the gen- 

tlemen whom he left entruſted with his Papers, 
the Reader may reaſonably expett ſome account 
of the materials of which it conſiſts, and of 
. the care that has been taken in collecting and 
diſpofing them, ſo as beſt to anſwer the Au- 
thor's intention, and fill up the Plan he had 
deſigned. 
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To the READER. 


1 e ſeems, in compoſing this Treatiſe, to have 
had theſe three Objects in view, 


I. To give the general Principles and Rules 
of the Science, in the ſhorteſt, and, at the ſame 
time, the moſt clear and comprelienſive manner 
that was 2 ble. Agreeable to this, though 
every Rule is properly exemplified, yet he does 
not launch out into what we may call, a Tauto- 
logy of examples. He rejeclu. ſame applica- 
tions off Algebra, that are commonly to be met 
with in other writers ; becauſe the number of 
fuch applications is endleſs: and, however uſe- 
ful they may be in Practice, they cannot, by 
the rules of good method, have place in an 
elementary Treatiſe. He has likewiſe omitted 
the Algebraical ſolution of particular Geo- 
metrical problems, as requiring the knowledge 
of the Elements of Geometry ; from which 
thoſe of Algebra ought to be kept, as "they 
really are, entirely diſtinct; reſerving to him- 
felf to treat of the mutual relation of the two 
Sciences in his Third Part, and, more gene- 
rally flill, in the Appendix. He might think 
too, that fuch an application was the leſs ne- 
cefſary, that Sir Is a Ac NEwTON's excellent 
Collection of Examples is in every body's hands, 
and that there are few Mathematical writers, 
who 


To the Reaper. 
who do not furniſh numbers f the * 
Lind. 


2. Sir IsAAc NRWTON' s Rules, in his 
Arithmetica Univerſalis, concerning the Re- 
ſolution of the higher equations, and the Aﬀec- 
tions of their roots, being, for the moſt part, 
delivered without any demonſtration, Mr. 
MacLauRin had deſigned, that his Trea- 
 tiſe ſhould ſerve as a Commentary on that 
Work. For we here find all thoſe difficult 
paſſages in Sir Is8aac's Book, which have ſo 
long perplexed the Students of Algebra, clearly 
explained and demonſtrated. How much ſuch 
a Commentary was wanted, we may learn 
from the words of a late eminent Author &. 
« The ableſt Mathematicians of the laſtage 
&« {ſays he) did not diſdain to write Notes on 
* the Geometry of DEs CaR T Es; and ſure- 
ly Sir Is A Ac NewTon's Arithmetick no 
* lefs deſerves that honour. To excite ſome 
* one of the many ſkilful Hands that our 
te times afford to undertake this Work, and 
ce to ſhew the Neceſſity of it, I give this 
* Specimen, in an explication of two paſ- 


 * }SGraveſrmde in Præfat. ad 7 Comment. in 
Arith,'Univerſ. _ 4 
1 „ ſages 
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% ſages * of the Aritlimetica Univerſalis ; 
* which, however, are not the moſt diffi- 
cult in that Book.” 

What this learned Profeſſor 1 earneſtly 
wiſhed for, we at laſt ſee executed; not ſepa- 
rately, nor in the looſe diſagreeable form which 

ſuch Commentaries generally take, but in a 
manner equally natural and convenient; every 

Demonſtration being aptly inſerted into the 
Body of the Work, as a neceſſary and inſepa- 

rable Member ; an Advantage which, with 
ſome others, obvious enough to an attentive 

Reader, will, it is hoped, diſtinguiſh this Per- 
formance from every other, of the kind, that 

has hitherto appeared. a 

3. Aſter having fully explained the Nature 
of Equations, and the Methods of finding their 

Roots, either infinite expreſſions, when it can 
be done, or in infinite converging ſeries ; it 
remained only to conſider the Relation Equa- 
tions involving two variable quantities, and 
of Geometrical Lines to each other ; the Doc- 
frine of the Loci ; and the Conſtruction of 

Equations. Theſe make Cw Subject of the 

Third Part. 


* Viz. The finding of Divi/ers, and the evolution of 
Binomial Surds, See 9 59—72- Part II. $ 127. Part I. 


Upon 
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Upon this Plan Mr. MACLAURIN ce 
poſed a ſyſtem of Algebra, ſoon after his being 
choſen Profeſſor of Mathematicks in the Uni- 
verfity of Edinburgh; which he, thenceforth, 
made uſe of in his ordinary Courſe Lectures, 
and was occaſionally improving to the Perfec- 
tion he intended it ſhould have, before he com- 
mitted it to the Preſi. And the beſt Copies of 
tis Manuſcript having been tranſmitted to the 
Publiſher, it was eaſy, by comparing them, to 
eftabliſh a correct and genuine Text. There 
were, beſides, Several detached Papers, ſome of 
which were quite finiſhed, and wanted only to 
be inſerted in their proper places. In a few: 
others, the Demonſtrations were ſo conciſely ex- 
preſſed, and couched in Algebraical charac- 
ters, that it was neceſſary to write them out at 
more length, to make them of a piece with the 
And this is the only liberty the Publiſher” 

i all wed himſelf to tale; excepting a few 
inconſiderable additions, that ſeemed neceſſary to 
render the Book more compleat within itſelf, 
and to ſave the trouble of conſulting others 
who have written on the ſame Subject. 

The Rules concerning the Impoſſible roots 
of Equations, our Author had very fully conſi- 
dered, as appears from his Manuſcript papers: 

but as he had no where reduced any thing on 
| | .-.n_ 
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that Subject to a better form, than what wat 
long ago publiſbed in the Philoſophical Franſ- 
actions, N' 394, and 408. we thought it beſ? 
to take the ſubſtance of Chap. 1 1. Part IT. um 
thence ; eſpecially as the latter of theſe Papers 
furniſhes a demonſtration of the original Rule, 
which pre-ſuppoſes only what the Reader has 
been taught in a preceding Chapter. 

The Paper that is ſubjoined, on the Sums of 
the Powers of the Roots of an Equation, is 
taken from a Letter of the Author (8 Jul, 
1743) 70 the Right Honourable the. Earl 
STANHOPE 3 Communicated to the Publiſher, 
with ſome things added by his Lordſhip, which 

_ were wanting to finiſh the Demonſtration. 
Of theſe Materials, carefully collected and 
put in order, the following Elementary Frea- 
tile ic compeſed ; which we have choſen rather 
to give in a Volume that is within the reach 
of every Student, than in one more pompous, 
which might be leſs generally uſeful. And we 
hope, from the pains it has coſt us, its btemiſhes 
are not many, nor ſuch as a candid intelligent 
Reader may not forgive. 

Jue Latin Appendix 7s a proper Sequel, and 
d high Improvement, of what had been demon- 
firated in Part. III. concerning the Relation of 
Curve lines and Equations; à Subject which 

our 
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our Author had been early and intimately ar- 
quainted with ; witneſs his Geometria Orga- 


nica, printed in 1719, when he was not full 


twenty-one years of age, and which, though fo 


' juvenile a work, gained him, at once, that 
diſtinguiſhed Rank among Mathematicians, 
which he thenceforth held with great liſtre. 
Yet he frankly owns, he was led to many of the 
Propoſitions in this Appendix, from a Theorem 
of Mr. Cotes, communicated to him, with- 
out any demonſtration, by the Reverend and 
Learned Dr. Suir, Maſter of Trinity- 
College, Cambridge. Hoe he has profited 


| of that Hint, the Learned will judge: 


Thus much we can venture to jay, that he 
| himſelf ſet ſome value upon this Performance ; 
having, we are told, employed ſome of the lateſt 
hours he could give to ſuch Studies, in reviſing 
it for the Preſs ; to bequeath it as his laſt Le- 
gacy to the Sciences and to:the Publick.. 

The gentlemen to whom Mr. MACLAURIN 
left the care of his Papers, are MARTIN 
FoLKkEts, E; Prefident of the Royal Socie- 
iy; AnDREw MITCHEL, Efq; and the Re- 


verend Mr. HILL, Chaplain to his Grace the 


Archbiſhop of Canterbury ; with whom he 
had lived in a moſt intimate Friendſhip- And 
by their direction this Treatiſe is publiſhed. 
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| . . 
Definitions and Illuſtrations. 


$ 1. ZXHLGEBRA | is a general naked 
of computation by certain ſigns 
ae which base boos 
contrived for this purpoſe, and 

found convenient. It is called an Univer sAL 
ARITHMETICK,and proceeds by operations and 

rules ſimilar to thoſe in common arithmetick, 
founded upon the ſame principles. T his, how- 
ever, is no argument againſt its uſefulneſs or 
evidence; ſince arithmetick i is not to be the leſs 


valued 
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| valued that it is common, and is allowed to be 


one of the moſt clear and evident of the ſci- 


| ences. But as a number of ſymbols are admit- 


ed into this ſcience, being neceſſary for giving it 
that extent and generality which is its greateſt 
excellence ; the import of thoſe ſymbols is to be 
clearly lated, that no obſcurity or error may 
ariſe from the — uſe and R of 
them. | ? 

'$2. In Ge oufra , lines are depend 
by a line, triangles by a triangle, and other 


figures by a figure of the ſame kind; but, in 


ALGEBRA, quantities are repreſented by the ſame 
letters of the alphabet; aud various ſigns have 
been imagined for repreſenting their affections, 


relations, and dependencies. In Geometry the 


repreſentations are more natural, in Algebra 
more arbitrary: the former are like the firſt 
attempts towards the expreſſion of objects, 
which was by drawing their reſemblances; the 
latter correſpond more to the preſent uſe of 
languages and writing. Thus the evidence of 
Geometry is ſometimes more ſimple and ob- 


vious; but the uſe of Algebra more extenſive, 


and often more ready: eſpecially ſince the ma- 


thematical ſciences have acquired ſo vaſt an 


extent, and have been applied to ſo many en- 

quiries. 
$ 3. In thoſe Saen it is not barely magni- 
tude that is the object of contemplation: but 
there 
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there are many affections and properties of 


quantities, and operations to be performed upon 


them, that are neceſſarily to be conſidered. In 
eſtimating the ratio or proportion of quanti- 
ties, magnitude only is conſidered (Elem. 5. 
Def. 3.) But the nature and properties of fi- 
gures depend on the poſition of the lines that 
bound them, as well as on their magnitude. In 
treating of motion, the direction of motion as 
well as its velocity; and the direction of powers 
that generate or deſtroy motion, as well as 
their forces, muſt be regarded. In OpTics, 
the poſition, brightneſs, and diſtinctneſs of ima- 
ges, are of no leſs importance than their big- 
neſs; and the like is to be ſaid of other ſci- 


ences. It is neceſſary therefore that other ſym- 


bols be admitted into Algebra beſide the letters 
and numbers which repreſent the magnitude of 
quantities. 

$ 4. The relation of equality is expreſſed by 
the ſign =; thus to expreſs that the quantity 
repreſented by @ is equal to that which is repre- 
ſented by 3, we write a =. But if we would 
expreſs that à is greater than h, we write aTbz 
and if we would expreſs algebraically that a is 
leſs than 4, we write 4 35. 

$ 5. Quavrtry is what is made up of parts, 
or is capable of being greater or leſs. It is in- 
creaſed by Addition, and diminiſhed by Subtrac- 
tion; which are therefore the two primary ope- 


B rations 


ed es. tt Ao ah. Ltd 
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rations that relate to quantity. Hence it is, that 
any quantity may be ſuppoſed to enter into al- 

gebraic computations two different ways which 
have contrary effects; either as an increment or as 
a decrement; that is, as a quantity to be added 

or as a quantity to be ſubtracted. The ſign + 
(plus) is the mark of Addition, and the ſign — 

(minus) of Sͤubtraction. Thus the quantity be- 
ing repreſented by a, + imports that à is to be 

added, or repreſents an increment ; but — 4 
imports that à is to be ſubtracted, and repreſents 
a decrement. When ſeveral ſuch quantities are 
joined, the ſigns ſerve to ſhew which are to be 
added, and which are to be ſubtracted. Thus 
+ a+6 denotes the quantity that ariſes when 4 
and 5 are both conſidered as increments, and 
therefore expreſſes the. ſum of à and . But 
+a —b denotes the quantity that ariſes when 
from the quantity a the quantity bis ſubtracted; 
and expreſſes the exceſs of a above 5. When 
@ is greater than 5, then 4-5 is itſelf an in- 
crement ;, when a=b, then a -= o; and 
when @ is leſs than &, then a—6b is itſelf a de- 
crement. 

§ 6. As addition and ae are oppo- 
ſite, or an increment is oppoſite to a decre- 
ment, there is an analogous oppoſition between 
the affections of quantities that are conſidered 
in the mathematical ſciences. As between ex- 
ceſs and defect; between the value of effects 


or 
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or money due to a man, and money due by. 
him; a line drawn towards the right, and a line 
drawn to the left; gravity and levity; eleva- 
tion above the horizon, and depreſſion below 
it, When two quantities equal in reſpect of 
magnitude, but of thoſe oppoſite kinds, are 
Joined together, and conceived to take place in 
the ſame ſubject, they deſtroy each other's ef- 
fect, and their amount is notling. Thus 100 l. 
due to a man and 100 1. due by him balance 
each other, and in eſtimating his ſtock may be 
both neglected. Power is ſuſtained by an equal 
power acting on the ſame body with a con- 
trary direction, and neither have effect. When 
two unequal quantities of thoſe oppoſite quali- 
ties are joined in the ſame ſubject, the greater 
prevails by their difference. And when a great- 
er quantity is taken from a leſſer of the ſame 
kind, the remainder becomes of the oppoſite 
Find. This if we add the lines AB and BD to- 
gether, their a 


um js Al F—r- + | 

but if we are *\ f B D 
to ſubtract B A > Ss 
D from AB, - 


then BC=BD is to be taken the contrary way 
towards A, and the remainder is AC; which, 
when BD, or BC exceeds AB, e a line 
on the other ſide of A. When two powers or 
forces are to be added together, their ſum acts 

| B 2 | upon 
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upon the body: but when we are to ſubtract 
one of them from the other, we conceive that 
which is to be ſubtracted to be a power with an 
oppoſite direction; and if it be greater than the 

other, it will prevail by the difference. This 
change of quality however only takes place 
where the quantity is of ſuch a nature as to ad- 
mit of ſuch a contrariety or oppoſition. _We 
know nothing analogous to it in quantity ab- 
ſtractly conſidered; and cannot ſubtract a greater 
quantity of matter from a leſſer, or a greater 
quantity of light from a leſſer. And the appli- 
cation of this doctrine to any art or ſcience is to 
be derived from the known principles of the 

ſcience. 

5 7. A quantity char i is to be added is like- 
wile called a po/itzve quantity; and a quantity 
to be ſubtracted is ſaid to be negative : they are 
equally real; but oppoſite to each other, ſo as 
to take away each other's effect, in any opera- 
tion, when they are equal as to quantity. Thus 
3-3 So, and a—-a=o, But though ＋ 4 
and.—2 are equal as to quantity, we do not 
ſuppoſe in Algebra that +a=—a; becauſe 
to infer equality in this ſcience, they muſt not 


5 only be equal as to quantity, but of the ſame 


quality, that in every operation the one may 
have the ſame effect as the other. A decrement 
may be equal to an increment, but it has in all 

| operons a contrary effect; a motion down- 
wards 
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wards may be equal to a motion upwards, and | 
the depreſſion of a ſtar below the horizon may 
be equal to the elevation of a ſtar above it: 
but thoſe poſitions are oppoſite, and the diſtance 
of the ſtars is greater than if one of them was 
at the horizon ſo as to have no elevation above 
it, or depreſſion below it. It i is on Account of 
this contrariety that a negative quantity is ſaid to 
be leſs than nothing, becauſe it is oppoſite to 
the poſitive, and diminiſhes it when joined to it, 
whereas the addition*of o has no effect. But 
a negative is to be conſidered no leſs as a real 
quantity than the poſitive. Quantities that have 
no ſign prefixed to them are underſtood to be 
poſitive. _ 

$ 8. The number prefixed to a — is al | 
ed the numeral coefficient, and ſhews how often 
the quantity repreſented by the letter is to be 
taken. Thus 23 imports that the quantity re- 
preſented by à is to be taken twice; . 24 that it 
is to be taken thrice; and ſo on. When no 
number is prefixed, unit is underſtood to be the 
coefficient. Thus 1 is the coefficient of à or 
of 5. | 
Quantities are ſaid to be lite or /fimilar, that 
are repreſented by the ſame letter or letters e- 
qually repeated. Thus + 3a and — 59 are like; 
but à and b, or a and as are unlike. 
A quantity is ſaid to conſiſt of as many 
erm as there are parts joined by the ſigns + 

B 3 or 
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or -; thus 443 conſiſts of two terms, and is 
called a binomial; a+b+c conſiſts of three 
terms, and is called a !rinomial. Theſe are 
called compound quantities: a ſimple quantity 
conſiſts of one term only, as +6, or +ab, or 
abe. | 

The other ſymbols and definitions neceſſary 
in Agebra ſhall be explained in their proper 
places. | 


CHAP, II. 
Of ADpDpirTion, 


$ 9. FNASE I, To add quantities that are 
like and have like figns. 


Rule. Add together the coefficients, to their ſum 


Prefix the common ſign, = ſubjoin * common 
letter or letters. 


EXAMPLES, 


To +6@ n= K ©» a+ 3 
Add +44 add —2þ add 34 ＋ 5b 
Sum +38 Sum 8 Sum 44 7 6 


o 
* 
* 
T 
* 


Chap. 2. AL GE BRA. = ig 


Fo 34— 4x 
Add 5a— 8x 


Sum 83 — lzx 


Caſe II. To add quantities that are like but 
have unlike ſigns. 


Rule. Subtra# the leſſer corficient from the 


greater, prefix the fign of the greater to the 
remainder, and futjoin the common letter or le- 


lers. 
EXAMPLES. 

To —44 153 — 6e 
Add +7a — 36 +8c 
Sum +38 | | 25 ＋ 20 

To a+6x—5y+8 2425 


Add eee — 24 ＋ 26 


Sum —44+2x— 5475 9 . 0 


This rule is eaſily deduced from the nature 
of poſitive and negative quantities. 

If there are more than two quantities to be 
added together, firſt add the poſitive together 
into one ſum, and then the negative (by Caſe I.) 
Then add theſe two ſums er (by Caſe II. " 


3 mM 
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7 EXAMPLE. 
+ 82 


— 7 
+1084. 
— 124 
| . — — 
Sum of the poſitive .. . +184 
Sum of the negative... 19 


3 Sum. of all . . . 5 — 6 . | 
Caſe III. To add quantities that are unlike, 


Rule. Set them all down one after another, with 
their ſigns and coefficients prefixed. . 
— BAAMELES 
+26 "| + 32 
Add 8 4 3 x2 BET" — x 


* 
2 M2 * 
. : a 


To 44 J 4 3c 
Add — 4 - 32 | 
Sum 48+46+ gc- . 


CHAP, 
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CHAP.--W. | 
Of SUBTRACTION. 


5 10. F'\Enerale rule. Change the figns of the 

quantity to be ſubtrafted into their 
contrary figns, and then add it ſo changed to the 
quantity from which it was to be ſubtratted ( 
the rules of the laſt chapter :) the ſum arifing by A 
this addition is the remainder. For, to ſubtract I 
any quantity, either poſitive or 3 is che „ 4 
ſame as to add the oppokite kind. 1 


| en 

From _ +58 82 gb E 
Subtract 434 | 34+ 4b | I 
Remaind. 54 — 34, or 24 I 5-116 


From 243 53 6 
: Subtract | a twat #7 4 


Remaind, —; —44—7x o 10 


1 js evident, that to ſubtract or take away a 
decrement is the ſame as adding an equal in- 
crement. If we take away from 43, 
there remains @; and if we add +þ to a—b, 
the ſum is likewiſe a. In general, the ſubtrac- 
tion of a negative quantity is e to add- 


ing its poſitive value, 


a : 
* * — 

ry 
* * A 5 

* 

= 
W 

„ 2 N 

* * 2 t 

hn = 
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CHAP. IV. 
Of MuLTirLIicaTION. 


$411. YN Multiplication the General rule for 
- the ſigns is, That when the figns of 
the factors are like (i. e. both +, or both —,) 
the fign of the product is +; but when the figns 
of the * are unlike, the fign of the produli 


1 JR 


Caſe I. When any 7 poſitive + + 8, is 
multiplied by any poſitive number, 
+ z, the meaning is, That +a is to 
be taken as many times as there are 
units in #; and the product is evi- 
dently aa . 


Caſe II. When —a is multiplied by u, then 
Sa is to be taken as often as there are 
units in #, and the product muſt be 

nx. | 


CaſelI J. Multiplication by a poſitive number im- 
plies a repeated addition: but multi- 
plication by a nepatire implies a re- 
peated ſubtraction. And when ＋ is 
to be multiplied by — , the mean- 

ing is, That + à is to be ſubtracted as 
often as there are units in # : there- 
fore 
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fore the product is negative, being 
— ua. 


Caſe IV. When -a is to be multiplied by —, 
then - a is to be ſubtracted as often as 
there are unites in #; but (by 10.) to 

ſubtract — a is equivalent to adding 
72, conſequently the product is ＋ 18. 


The na and IVth caſes may be illuſtrated i in 
the following manner. 

By the definitions, 442 — a o; therefore, 
if we multitply + 4 @ by n, the product muſt 
vaniſh or be o, becauſe the factor 24 is o. 
The firſt term of the product is + #@ (by 
Caſe I.) Therefore the ſecond term of the pro- 
duct muſt be—xa, which deſtroys + na; ſo 
that the whole product muſt be + 22 — na 
S. Therefore —@ multiplied by + # gives 
— a. 

In like manner, if we multiply 4-4 by 
— nx, the firſt term of the product being — aa, 
the latter term of the product muſt be + na, 
becauſe the two together muſt deſtroy eachother, 
or their amount be o, ſince one of the factors 
(viz. a — a) is o. Therefore — @ multiplied by 
— muſt give + na. 

In this general doctrine the multiplicator is 
always conſidered as a number. A quantity of 


any kind * be multiplied by a number: but 
a pound 
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a pound is not to be multiplied by a pound, 
or a debt by a debt, or a line by a line. We 
ſhall afterwards conſider the analogy there is 
berwixt rectangles in Geometry and a product 
of two factors. 

§ 12. If the quantities to be multiplied are 
fimple quantities, find the gn of the produst by 
the laſt rule; after it place the produtt of the co- 
efficients, and then ſet down all the later after 
one another as in one word, | 


RAMEPLES.  *-: 
Mult. +a | —28 | 6 
Prod. +ab. 86 — 30a 
| Mult, — 8x + gab 

By — 44a ' — gac 
Prod. +32ax | —15aabc 


$ 13. To multiply compound quantities, you 
mult multiply every part of the multiplicand by 
all the parts of the multiplier taken one after an- 
other, and then collect all the products into one 
Jum : that ſum ſhall be the product required. 


EX. 
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EXAMPLES. 


Mult, a+ b 24— 3b 
By a+. 3 | 4a+ 56 


aa+ ab | 821245 
3 + 10ab— 1585 


Sum aa-+2ab+86 | | Bag 246— 155 


Mult. 24a—46 xx -a 
By 234745 IF x +84 
— 8ab xxx — axx 
Prod. JT 
| + 8ab— 1635 + axx— aa 
Sum 44 . 0 16533 kk . 0—aax 
Mult. aa-þab +4b \ 
aaa+aab+abb | 4 
— aab—abb—bbb 6 
| 2 
a 3 ' 
Sum aaa. 0 . 0 65 5 
$ 14. Products that ariſe from the multipli- | 
cation of two, three, or more quantities, as K 
abc, are ſaid to be of two, three, or more di- 10 
menfions ; and thoſe quantities are called factors 4 
or roots. » | 5 
2 if 3 
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If all the factors are equal, then theſe pro- 


ducts are called powers; as ag or ada are pows 
ers of a. Powers are expreſſed ſometimes by 
placing above the root to the right- hand a figure 
expreſſing the number of factors that produce 
them. Thus, 


"1ſt ? Power of the ſa 


4 © 

aa S 2d | roots, and | 4* 
21 

aaa C 3d > is ſhortly4 43 

aaaa 5 4th | expreſſed 4“ 

aaaaa . 2 | 5th f thus, Cy 


$ 15. Theſe figures which expreſs the num- 
ber of factors that produce powers are called 
their indices or exponents ; thus 2 is the index of 
a. And powers of the ſame root are multiplied 
by adding their exponents. Thus & X a, 
Mee, 8X a=a*. 
8186. Sometimes it is uſeful not actually „ 
multiply compound quantities, but to ſet them 
down with the ſign of multiplication (x) be- 
tween them, drawing a line over each of the 


compound factors. Thus 3 2 ＋ 5D 2 


preſſes the Product of a＋ multiplied by 
&—b, 


CHAP. 
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CHAP. v. 
Of Diviston. 


HE fame rule for the ſigns is to 

be obſerved in Diviſion as in Multi- 
plication ; that is, F the ſigns of the dividend 
and diviſor are like, the fn of the quotient muſt 
be +; if they are unlike, the fign of the quo- 
tient muſt be —. This will be eaſily deduced 
from the rule in Multiplication, if you conſider 
that the quotient muſt be ſuch a quantity as 
multiplied by the diviſor ſhall give the divi- 
dend. 


517. 


$ 18. The General rule in Diviſion is, to place 
the dividend above a ſmall line, and the diviſor 
under it, expunging any letters that may be found 
in all the quantities of the dividend and diviſer, 
and dividing the corfficients of all the terms by 
any common meaſure. Thus when you divide 
1o0ab-+ 15ac by -20ad, expunging @ out of all 
the terms, and dividing all the coefficients by 5, 


the quotient is —— ; and 
2b) ab +33 (= 


124b) 3O@x — 544y (£2 


444) 
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4b + 3c 
- 2a 0 


A aa) gab bac 
And bc) gabc (E. 


- F 19. Powers of the ſame root are divided by 
fubtrafing their exponents as they are multiplied 
by adding them. Thus, if you divide a5 by a“, 
the quotient is a or 4. And &* divided by 
b+ gives 5, or 4*; and 47 divided by &h3 
gives 4 for the quotient. — 


$ 20. If the quantity to be divided is com- 
pound, then you muſt range its parts according to 
the dimenſions of ſome one of its letters, as in the 
following example. In the dividend a. 240.4. b, 
they are ranged according to the dimenſions of 
a, the quantity a. where @ is of two dimen- 
ſions being placed firſt, 244 where it is of one 
dimenſion next, and , where it is not at all, 
being placed laſt. The diviſor a + b, muſt be ranged 
according to the dimenſions of the ſame letters; then 
vou are to divide the firſt term of the dividend by 
the firſt term of the diviſor, and to ſet down the 
quotient, which, in this example, is a; then mul- 
tiply this quotient by. the whole diviſor, and ſub- 
tract the produft from the dividend, and the re- 
mainder ſhall give a new dividend, which in this 
example is ab 55. 


a+6) 


* 
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a+b)i* +246 +85* (a+6 
* ＋ ab 


ab+b* 
ab+6b* 


— —__—_— 


o © 


Divide the firſt term of this new dividend by the 

firſt term of the diviſor and ſet down the quotient 
(which in this example is b) with its proper ſign. 
Then multiply the whole diviſor by this part of the 
quotient, and ſubtract the product from the new 
dividend ; and if there is no remainder, the diviſion 
is finiſhed : If there is a remainder, you are to 
proceed after the fame manner till no remainder 

is left; or till it appear that there will be always 
ſome remainder. 


Some Examples wilt illuſtrate this operation, 


EXAMPLE I. 


a+8) a*—b* (ab 
a* + ab 
2 23—3 


we Ab = 


— — — 
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* 


EXAMPLE II. 


a—b) aa 3aab + 3abb—bbb (ag—2ab+bb 


aaa — aab 


— 2aab + 3abb—bbb 
— 2Gab + 2abb 


abb— bbb 
abb—bbb 


O O 


EXAMPLE III. 
a -b) aaa—bbb(aa+ab+bb 


aaa - aab 


＋— — 


a 
aab—abb 


abb—bbb 
abb—bbb 


E X- 
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EXAMPLE lv. 


3a—6) 6aaaa—96 (24. T 4a. ＋ 84 ＋ 16 
baaaa— 124d 


12444 96 
124 24a 


6— 
— 


24496 
2444-48 


484-96 
48a—g6 


0 2 


921. It often happens that the operation 
may be continued without end, and then you 
have an infinite Series for the quotient; and by 
comparing the firſt three or four terms you may 
' find what law the terms obſerve : by which means, 
without any more diviſion, you may continue the 
quotient as far as you pleaſe, Thus, in dividing 
1 by 1—a, you find the quotient to be 1 +a 
+ aa+aaa+aagaa4+ Ec. which Series can be 
continued as far as. you pleaſe by adding the 
powers of a. 


C 2 The 


— 


= — 


——ů— —— 2 


— 


— 


| 
vi 
ö 
| 


£2 
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The operation 1s thus: 
I -a) 1(1+a+aa+aas, Cc. 


1—2 
— 


+4 
-g=— ld | / 


— — 


＋aa 
Ta a -A aqua 


Jaaa 
Taaa - aaaa 


+ aaas, Sc. 


Another Example. 


2& * 2.x? 
4 H aa+xx (- -e 2 
aa ＋ ax 
—= IX -- XX 
Lax == XX 
+ 2.x%X 
2x3 
＋2 * nm ner 
a 
Yr os 2 
5 
2x* 2* 
a a* 
2x* 
"at 
Se. 


In 
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In this laſt example the ſigns are alternately 
IJ and , the coefficient is conſtantly 2, after 
the firſt two terms, and the letters are the pow- 
ers of x and a; ſo that the quotient may be 
continued as far as you pleaſe without any more 
divine. | 


But in Diviſion, after you'come to a remain- 
der of one term, as 2xx in the laſt example, 
it is commonly ſet down with the diviſor under 
it, after the other terms, and theſe together 
give the quotient, Thus, the quotient in the 
laſt example is found to be 2 TL And 
 bb+ab divided by 5—-aà gives for che ny 


a 


Note, The ſign + placed between any two 
quantities, expreſſed the quotient of of the former 


divided by the latter. Thus a+b+a=x is 
the quotient of 4+6 divided by a-. 


© 
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CHAP. VI. 


- Of Prat tien 


8 22. N the laſt Chapter it was ſaid that the 
quotient of any quantity à divided by 
T is 3 by ds aabove a ſmall line and 


5 under it, thus, . 5. Theſe quotients are alſo 


called Fra#ions; and the dividend or quantity 
placed above the line is called the Numerator. 
of the fraction, and the diviſor or quantity 
placed under the line is called the Denominator. 


Thus = ; xpretied the quotient of 2 divided by 3; 


and 2 the numerator and 3 the denominator of 
the fraction. 

$ 23. If the numerator. of a fraction is equal 
zo the denominator, then the fraction is equal to 


unity. Thus © andy are equal to unit. If the 


numerator is greater than the denominator, then 
the frattion is greater than unit. In both theſe 
caſes, the fraction is called improper. But if 
the numerator is leſs than the denominator, then 
the fraction is leſs than unit, and is called proper. 


Thus 3 is an improper fraction; but = and 


Jare proper fractions. A mixt quantity is that 
= | whereof 
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whereof one part is an integer and the other 
a fraction. As 3+ and 53, and a+ — 


PROBLEM I. 
$ 24. To reduce a MIXT quantity 10 an IMPRQ- 
PER FRACTION. 0 | 


Rule. Multiply the part that is an integer by the 
denominator of the fractional part; and to the 
product add the. numerator ;, under their ſum 
place the former denominator. 
Thus 24 reduced to an improper fraction, 


gives = a+ + = —— ; and a—x + 


a* — ax 2 —— 


— ————————— 
; — 


Tl | 4 


PROBLEM II. 
$ 25. To reduce an IMP RO ER fraction to a 
MIX T QUANTITY. 


Rule. Divide the numerator of the fraction by 
the denominator, and the quotient all give the 
integral part; the remainder ſet over the deno- 
minator ſhall be the fractional part. 


jon 8 ar 2 
Thus =—=273 3 5  atx 
PT 2xx 
_ * — ae, x * 


C 4 PRO 


LOS 
— 


a 
— 5 
_" 


* 
50 ————_— —— . 


5 - 0 


— HS 


—— 


it 
* 
| 

i 

i 

J 
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PROBLEM III. 


$ 26. To reduce fraftions of different denomina- 
tions to the fraltions of equal value that ſhall have 
the ſame denominator. 


Rule. Multiply each numerator, ſeparately taken, 
inio all the denominators but its own, and the 
produits fhall give the new numerators. Then 
multiply all the denominators into one another, 

and the produtt ſhall give the common denomina- 
Far. 


Thus the fractions = — 


2 
7 


7. are reſpectively 
acd bbd ch _ 


| equal to theſe fractions << T3 Tp Fr v which 


have the ſame denominator bcd. And the fractions 
2 2 


: = 40 
„ are reſpectively equal to theſe 60˙ 


PROBLEM IV. 


$ 27. To Ap and SUBTRACT Fractions. 
Rule. Reduce them to a common - denominator, 
and add or ſubiract the numerators, the ſum 


or difference ſet over the common denominator, 
is the ſum or remainder required, 


Thus 
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2 
Thus 2 1 += 75 
ä 24384922 
= 4 5 4” 26 "8 
1 
— rr 3 12 12 1 8 


1 
— ö — — —3 
8 8 20 20 
x x qgu—2x ?5iẽͥ49( 
a 3 8 6 


PROBLEM v. 
§ 28. To MULTIPLY Fractions. 


Rule. Multiply their numerators one into another 
to obtain the numerator of the product; and 
their denominators multiplied into one another 
ſhall = the denominator of the produtt, 
Thus 5 & ＋ = 35 3235 and 

4243 42— . 4 —533 

r 


If a mixt quantity is to be multiplied, firſt 
reduce it to the form of a fraction (by Prob. 1.) 
And if an integer is to be multiplied by a frac- 
tion, you may reduce it to the form of a frac- 
tion by placing unit under it. 


ExXAMPLE s, 


l 
* 
1 
19 
q 
{ 
' 
| 
z 
4 


ms 73 


- — * — — 
CCC 
a + —_ 4 $4 * 5 
* 
4 + 4 7 I 


== 


= 2 5 — 7 7ꝑ 2 — 2 — 
: — — : — — — 
— * ICS * 2 -* 
* * * » 
: 2 1 wx 
- 
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n 4b ＋ bx 


ax 


PROBLEM VL. 
$ 29. To piviDE Fractions. 


Rule. Multiply the numerator of the dividend by 
the denominator of the diviſor, their produtt 
Hall give the numerator of the quotient. Then 
multiply the denominator of the dividend by the 
numerator of the diviſor, and their — ſhall 
give the denominator, 


Thus 2 8 =(=3 2)? 27 705 (3 


| Sa a— 0 (== 2 225 + b* 
a—b a a* + ab 
30. Theſe laſt four Rules are eaſily demon- 


| ſtrated from the definition of a fraction, 


It is obvious that the fractions — 7 7. 
— 
are reſpectively equal to -— — 4 m ſince if 


tf” dif” . 
you divide adf by 34f, the quotient will be the 
ſame as of à divided by þ, and chf divided by 
af gives the ſame quotient as c divided by d; 
and ebd divided by fd the ſame quotient as e di- 
vided by /. 

2. Fractions reduced to the ſame denomina- 


tor are added by adding their numerators and 
ſub; 
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ſubſcribing the common denominator. I ſay 


a c a ＋ e 6 3 
J * For call 5 m, and 


7 = u, and it will be 4 = ub, c= nb, and 
mb +nb=a+c, and m +n= 


a+c 


7 ; that 


is. — + 5 2 _ After the ſame manner, 
LEE ES | | 
+ 4 on” 


3. I ſay 5 * 4 (m Nn) == for bm S a, 


du c; and bdmn = ac, and n == 3 that 
is, T „ 522 
* 
PE RELA ns ail: 
4. 1 ſay > divided by 77 or —, gives ; 
for mb S a, and mbd S ad; nd = c, and 
| mbd ad LO 
nbd = ch; therefore — — 7 4 3 that 18, 
8 ad | 
5 


PROBLEM VI. 


$ 31. To find the greateſt common Meaſure of 
two numbers ; that is, the greateſt number that 
can divide them both without a remainder. 


Rule. Firſt divide the greater number by the 


leſſer, and if there is no remainder the leſſer 
number is the greateſt common diviſor required. 


If 
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F there is a remainder, divide your Iaſt diviſor 
by it ; and thus proceed continually dividing the 

laſt diviſor by its remainder, till there is no re- 
mainder left, and then the laſt diviſor is the 
greateſt common Meaſure required. 


Thus the greateſt common meaſure of 4 5 and 
63 is 9; and the greateſt common meaſure of 
256 and 48 is 16. 


45) 63 (1 | 438) 256 (5 
1 2 
18) 45 (2 5 16) 48 (3 
„ Q 
I8 
Q 


$ 32. Much after the ſame manner the greateſt 
common meaſure of algebraic quantities is diſ- 
covered; only the remainders that ariſe in the 
operation are to be divided by thir ſimple diviſors, 
and the quantities are always to be ranged accord- 
ing to the dimenſions of the ſame letter. 


Thus to find the greateſt common meaſure 
of 4—5˙¹ and a — 2ab +b*:, 
a-) a*—2ab+Þ (1 


4 —3 


7 


— 2ab+26* Remainder, 
which 
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which divided by — 23 is reduced to 
| a—b) a* —b* (a+b 


2 - 
— 
©: 0 


. "” 
Therefore g—6 is the greateſt common mea- 
ſure required. 


The ground of this operation is, That any 
quantity that meafures the diviſor and the re- 
mainder (if there is any) muſt alſo meaſure the 
dividend; becauſe the dividend is equal to the 
ſum of the diviſor multiplied into the quotient, 
and of the remainder added together“. Thus 
in the laſt example, a—4 meaſures the diviſor 
21 — *, and the remainder — 2ab + 2b; it 
muſt therefore likewiſe meaſure their ſum a*— 
2b + b*, You muſt obſerve in this operation 
to make that the dividend which has the higheſt 
powers of the letter, according to which the 
quantities: are ranged. 


PROBLEM VIII. 


$3 3. To reduce any F action to its loweſt 
4 rms. 


Rule. Find the greateſt common meaſure of the 
numerator and denominator ; divide them by that 
common meaſure and place the quotients in their 
room, and you ſhall have a fraftion-equtualent 


* See Ch-n, XIV. 


- 


to 
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0 the given ſrattion expreſſed in the 2. 
terms. ; 


Thus 25 75abc 3a 15640. 150 . 
2550 125 — 5x F724 57245 — 


Ja + 36 ; a. —b* 443 
1142 - 116 3 2 /t 224 
. SG=* £48 


„%% — "O- 

When unit is the greateſt common meaſure 
of the numbers and quantities, then the fraction 
is already in its loweſt terms. Thus a can 
not be reduced lower. 


And numbers whoſe greateſt common mea- 
ſure is unit, are ſaid to be prime to one another. 


S 34. If it is required to reduce a given frac- 
tion to a fraction equal to it that ſhall have a 
given denominator, you muſt multiply the nu- 
merator by the given denominator, and divide the 
product by the former denominator, the quotient 
ſet over the given denominator is the fraction re- 


| quired, Thus = being given, and it being re- 


quired to reduce it to an equal fraction whoſe de- 
nominator ſhall be c; find the quotient of ac 
divided by 5, and it ſhall be the numerator of 
the fraction required. 


It 
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If a Vulgar fraction is to be reduced to a 
decimal (that is, a fraction whoſe denominator 
is 10, or any of its powers) annex as many 
cyphers as you pleaſe to the numerator, and then 
divide it by the denominator, the quotient ſhall 
give a decimal equal to the Vulgar fraction pro- 
poſed. 


Thus . = 66686 &:, ; : =#; 
- = .2857142, Sc. 


$ 35. Theſe fractions are added and ſub- 
tracted like whole numbers; only care muſt 
be taken to ſet ſimilar places above one another, 
as units above units, and tenths above tenths, 
Sc. They are multiplied and divided as inte- 
ger numbers; only there muſt be as many decimal 
places in the product as in both the multiplicand 
and multiplier ; and in the quottent as many as 

there are in the dividend more than in the diviſor. 
And in diviſion the quotient may be continued 
to any degree of exactneſs you pleaſe, by add- 
ing cyphers to the dividend. The ground of 
theſe operations 1s ealily underſtood from the ge- 
neral rules, for adding, multiplying, and divid- 
ing fractions, | 


CHAP. 
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CHAP. VII 
Of the InvoLuTion of Quantities, 


836. 1 products ariſing from the con- 

tinual multiplication of the ſame 
quantity were called (in Chap. 4.) the powers 
of that quantity. Thus a, a', 4, a*, &c. are 
the powers of 4; and ab, 4b, al, a*b4, &c. 
are the powers of ab. In the ſame Chapter, 
the rule for the multiplication of powers of the 
ſame quantity is to * Add the exponents and 
make their ſum the exponent of the product.“ 


Thus a. a = a“; and a x ab = b,. 


In Chap. 5. you * the rule for dividing 
powers of the ſame quantity, which is, To 
ſubtract the exponents and make the difference 


the exponent of the quotient,” 


6 533 
Thus <= ze, ; and 2 = 
ra. 


$ 37. F you divide a leer power by a greater, 
the exponent of the quotient muſt, by this Rule, 
be negative. Thus > — 2. — - a*, But 
8 = S; and hence — — is expreſſed 2 by 4 


« 
with a negative 8 


It 


Chap. 7. ALGEBRA. 35 
It is alſo obvious that < =, 0 = a, 
but 2 = 1, and therefore a = 1. After 
the ſame manner — — 

a 8 
3 , ſo that the quantities a, 1, =, = Is 


=, &c. may be expreſſed thus, 4“, 4, a", 


4 „ a, a+, &c, Thoſe are called the 


negative. powers of a which have negative ex- 
ponents ; * they are at the ſame time poſitive 


powers of — or . 


§ 38. Negative powers (as well as poſitive) are 


multiplied by adding, and divided by ſubtratting 


their exponents. Thus the product of a=* (or 


=) multiplied by a”? (or 5) a. = 6s | 


: (or ) ; alſo a=* X 4. - = a=* (or 


=) and a= N af 4 = t. And, in gene- 


ral, any Poſitive power of a multiplied by a negative | 


power of a of an equal exponent gives vx ix for 
the product; for the poſitive and negative deſtroy 
each other, and the product gives 8 which is 
equal to unit, 


D : Likes 


\ 


* 
f 
g 
| 
| 


36 A TaEaTiSE of - Patrt1. 


2 2 6 , . . | 4 1 
Likewiſe — = -. =@= = =; and 
463 8 an 


go” 2＋5 3. But alſo 8 way 
— — 47 = '. — — — 


= therefore —, : And, in general, 
< any quantity placed in the denominator of a 
fraction may be tranſpoſed to the numerator, 
if the ſign of its * be changed.“ Thus 
52 * an, and = = 


$ 39. The quantity a expreſſes any power 
of a in general; the exponent (n) being unde- 


termined 3 and a expreſſes—, or a negative 
power of a of an equal exponent : and a x'a=* 
ana =I is their product. a. expreſſes 
any other power of 4; an C a" =a=+=" is the 


product of the powers a” and , and 4*—" is 
their quotient. 


§ 40. To raiſe any ſimple quantity to its ſe- 
cond, third, or fourth power, is to add its ex- 
ponent twice, thrice, or four times to itſelf; 
therefore the ſecond power of any quantity is 
had by doubling its exponent, and the third by 


trebling its exponent; and, in general, the 


. power expreſſed by m of any quantity is had by 
multiplying the exponent by m, as is obvious from 
the multiplication of powers. Thus the ſecond 
power or — of @ is a*X1 g 4; its third 


power 
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power or cube is ae; and the mth power 
of a is a"X?= a®, Allo, the ſquare of a* is 
a*X4=a*®; the cube of at is a3X4=a"*; and 
the mth power of a* is a The ſquare of 


abc is 18 ab*, the cube is LILLE the mth power 
Can 


$41. The raiſing of quantities to any power 
is called Involution; and any fin ple quantity is 
involved by multiplying the exponent by that of the 

Power required, as in the preceding Examples. 
| The coefficient muſt alſo be raiſed to the ſame 
power by continual. multiplication of itſelf by 
itſelf, as often as unit is contained in the expo- 
nent of the power required.” Thus the cube of 
zab is 3x 3x3 x&b=270Þ, 

As to the Signs, When the quantity to be in- 
volved is poſitive, it is obvious that all its powers 
muſt be poſitive. And when the quantity to be 
involved- is negative, yet all its powers whoſe ex- 
ponents are even numbers muſt be poſitive, for any 
number of multiplications of a negative, if the 
number is even, gives a poſitive; ſince— x — 
==, therefore — x N N — = + Xx + 
=+; ad =X=—=X—=X—=X=X—= 
+ Xx +Xx +=+ 

The power then only can be negative when 
its exponent is an odd number, though the 
quantity to be involved be negative, The pow- 
ers of — à are — , +4*, — 4, +a, — &, 

D 2 Se. 


of 


any binomial a b are found by continual mul- 


tiplication of it by itſelf as follows. 


Itles 


The powers 


_ 
E 
1 
D 
[2 
0 
Hh 
< 
[-3] 
6 
2 
J 


2 
IS: 
Ix» 
27 
32 
Oo 
2 8 
oe 
— 
8. 
8 8 
3 * 
GY 
25 
> 2 
5 
3. 8 
„ 
MS 
Q. 
2 
* 


> 
— 
es 
8 
2 
Q 
= 
ed 
8 
5 
- 
JS) 
— 
— 


$ 42. The involution of compound quant 


is a more difficult operation. 


Se. 


38 


42 ＋ Root. 


345 + b Cube or 3d Power, 


64 U + 4ab? +6*=Biquadrate or 4th Power, 


If a+b_ 
* + ab 
4 26＋73˙ | 
a* + 240 f the Square or 2d Power. 
Xa+b 
4 +20 b+ off 
+ @&*b+ 2ab* +6? 
a* + 3a*b+ 
x a+ b 
a* + 3a*b+ 345. + ab 
+ 21 34 + 3ab* +b* 
a* + 4@*b + 
X a+ b 
FFT Carr nr 
+ a*%b+ 


45 + 64% + 4ab++ 55 


a5 + 5b + 104%* + 1046544 gab ＋ 55 5th Power. | 


X 44 


4 + 5a*b + 104*%* + 109%3 + 52 + a abs 
+ &b+ 54d*b*+ 104% + 109*b* + 5abs + b® 


— 


45 + * 154 ＋ 204 UT 1 b + 8*=6th Power, Ec. 


$ 43: - 
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8 43. If the powers of 4-6 are required, 
they will be found the ſame as the preceding, 
only the terms in which the exponent of þ is 
an odd number will be found negative; be- 
cauſe an odd number of multiplications of a 
negative produces a negative.” Thus the cube 
of a — þ will be found to be 4@— 34˙ + 
gab —Þ : where the 2d and 4th terms are ne- 
gative, the exponent of & being an odd number 
in theſe terms, In general, “ The terms of 
any power of a—b are poſitive and negative 
by turns.“ 

$ 44. It is to be "RY That « jn the firſt 
term of any power of a , the quantity 4 
has the exponent of the power required, that 
in the following terms, the exponent of à de- 
creaſe gradually by the ſame difference (viz, 
unit) and that in the laſt terms it is never 
found. The powers of 4 are in the contrary 
order; it is not found in the firſt term, but its 
exponent in the ſecond term is unit, in the 
third term its exponent is 2; and thus its exr 
ponent increaſes, till in the laſt term it becomes 
equal to the exponent of the power required.” 

As the exponents of a thus decreaſe, and at 
the ſame time thoſe of 5 increaſe, © the ſum 
of their exponents 1s always the ſame, and is 
equal to the exponent of the power required.” 
Thus in the 6th power of a+4, viz. 44 
64'þ 4 1 + 2006) + 15 + bab* + 35, 


* 1 
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the exponents of 4 decreaſe in this order, 
6, 5, 4, 3, 2, 1, o; and thoſe of þ increaſe 
in the contrary order, o, 1, 2, 3, 4. 5. 6. 
And the ſum of their exponents * w_ term is 
always 6. , 


5 45. To find their coefficient of any term. 
the coefficient of the precedent term being 
known; you are to «divide the coefficient of 
the preceding | term by the exponent of þ in the 
given term, and to multiply the quotient by the 
exponent of a in the. ſame term, increaſed by 
unit. Thus to find the coefficients of the 
terms of the 6th power of a+6, you find the 
terms are 

5, 0d, ap, a, abe, abs, 30 
and you ow the coefficient of the firſt term is 
unit; therefore, according to the rule, the coeffi- 


cient of the 2d term will be — * 5 ＋1 2 6; 
ex 31th 01593 20 20,0 6: ah; 1-5} 10 
that of the zd term will be x 4+ 1=3X5= 153 


chat of the ach term will bes X3+1=5 X4=204 


and thoſe of the following will be 16. 6 1, 
agreeable to the preceding Table. 


$ 46. In general, if a+6 is to be raiſed to 
any power n, the terms, without their coeffi- 
cients, will be, a”, an—b, an—24*, an—1þ3, 244, 
as, Sc. continued till the N es of 5 
becomes equal to m. 


| The 
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The coefficients of the reſpective terms, ac- 

cording to the laſt rule, will be 

ML 8 —2 » * = 


2 


xx, Mm Xx r NEALE) 


&c. continued until you have one yn” 
more than there are units in m. 


It follows therefore by theſe laſt rules, that 


—_— 1 


a+b = a" + man—b =* 65 


eren 


3 
* => * = * . +, &c. which i is the 


general 7. * for raiſing a quantity cute 


of two terms to any power m. 


$ 47. If a quantity conſiſting of three, of - 


more terms is to be involved, © you may di- 
ſtinguiſh it into two parts, conſidering it as a 
binomial, and raiſe it to any power by the pre- 
ceding rules; and then by the ſame rules you 
may ſubſtitute inſtead of the powers of theſe 
compound parts their values.” 


Thus FFF o=a +0 + =2+ 3+ 
20 K 8 +b+0 = +a + # 24C + 
ne, [ous . 

And TI 1 + 36 K arg 


+ 3OXTTEVL = #4263 4 gaÞ + Þ Z 


+ 34*c + Gabe + 3b*c + 3a + 350 +&. 


D 4 Ir 
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In theſe examples, a ＋ b A © is conſidered 
as compoſed of the compound part à ＋ 5 and 
the ſimple part c; and then the powers of 
a + 5 are formed ed by the preceding rules, and 


ſubſtiruted for a 1 and a 64S. 


4%: LACS Cr ht h tht bt erent 
CHA P. VIII. 


Of Evorur fox. 8 


$48. HE reverſe of Involution, or ho 

reſolving of powers into their roots 
is called Evolution. The roots of ſingle quan- 
. tities are eaſily extracted % dividing their eupo- 
nents by the number that denominates the * re- 


quired. Thus the ſquare root of a* is 4. = ="a*; 
and the ſquare root of a*b*c* is 4 ” The 


cube root of 4631 is 42 — ab; and the cube 
root of x%%2'* is x0“. The ground of this 
rule is obvious from the rule for Involution, 
The powers of any root are found by multi- 
plying its exponent by the index that denomi- 
nates the power; and therefore, when any power 
is given, the root muſt be found by dividing 
the exponent of the given power by the number 
that denominates the kind of root that is re- 
| quired, 


$ 49, 
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$ 49. It appears from what was ſaid of Invo- 
lution, that © any power that has a poſitive ſign 
may have either a poſitive or negative root, if the 
root is denominated by any even number! Thus 
the ſquare root of ＋ 4 may be +a or —8; 
becauſe +a x +8 or N 4 gives: bt for : 
the product. 

But if 'a power have a negative Gen; n 
root of it denominated zy an even number tan be 
aſſigned,” ſince there is no quantity that multi- 
plied into itſelf an even number of times can 
give a negative product. Thus the ſquare. root 
of - 4“ cannot be aſſigned, and is what we call 
an ** impoſſible or imaginary quantity. 
But if the root to be extracted is denomi 
nated by an odd number, ben ſhall tbe fen of 
the root be the ſame as the ien of the given num-" 
ber whoſe root is required. Thus the-cube root 
of —à is —4, and the cube root of as is 
— 6b, 

$ 50. If the ber that denbminates the 
root required is a diviſor of the exponent of 
the given power, then ſhall the root be only a 
&« lower power of the. ſame quantity.” As, the 
cube root of an is a*, the number 3 that de- 
nominates the cube root being a diviſor of 12. 

But if the number that denominates what 
ſort of root is required is not a diviſor of the 
exponent of the given power, % then the root 
required all have a fraction for its * 3 

us 
2 
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Thus the _—_ root of a? is ar; the cube root 5 


of &f is a7, and the ſquare root of a itſelf is af 

Theſe powers that have fractional exponents : 
are called © Imperfe powers or ſurds ,” and are 
otherwiſe expreſſed by placing the given power 


Within the radical ſign H, and placing above 


the radical ſign the number that denominates 
what kind of root K e Thus a= Va, 


of =vT, and 4a" 7 V. In number the 
ſquare root of 2 ol expreſſed by VT. 2, yu the 


cube root of 4 by VT. 4. 
551. Theſe imperfect powers or ſurds are 


4 multiplied and divided, as other powers, by 
adding me n, and grey vi Thyy 


22 | . 4 4 
=, and — 3 x4. 
a 


They are involved likewiſe and e after 
the ſame manner * perfect powers. Thus the 


** 


ſquare of 47 is a =; the cube of af i is 


* . The ſquare root of a7 is Fat 


the cube root of 27 is 2. But we ſhall have 
occaſion to treat more fully of Surds hereafter. 
$ 52. The ſquare root of any compound 
quantity, as a. + 246 + # is diſcovered after 
| this 


4 i; 
term aa, which gives afor the firſt member of the 
root. Then ſubtract (ts ſquare from the propoſed 
quantity, and divide the firſt term of the remainder 
(2ab + b*) by the double of that member, via. 24, 
and the quotient b is the ſecond member of the © 
root, Aad this ſecond member 10 the double of 
the firſt, and multiply their ſum (28 +6) by the 
ſecond member b, and ſubtralt the produ3 (2ab 
+6") from the foreſaid remainder (2ab + þþ) 
and if nothing remains, then the ſquare root is 
obtained; and in this * it is found to be 
4 7 b. 
" Th manner of the operation is thus, 


24 245 4 b (445 
a. 


. 


24 4 5 20775 
x 3 2b +6 


But if there bad been a remainder, you muſt 
have divided it by the double of the ſum of the 
o parts already found, and the quotient would 
bave given the third member of the root. 

Thus if the quantity propoſed had been 
* +2ab+2ac+6*+ 26:4, after proceeding 
as above you would have found the remainder 

| 246 
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2ac + 2b + 05 which ivided by 24 +26 gives 
c to be annexed to a + Ns the 3d member of the 
root. Then adding c td29+ 24 and multiply- 
ing their ſum 24 + 254 c c, ſubtract the pro- 
duct 2ac + 2bc + from i remainder; 
and ſince nothing now renains, you conclude. 
that a+ b+c is the ſquare ot required. 


The operation is thus; 
a 0 Pace * 6e 
4 * 


4 2470 b e Oe OR 
. * b, 24¹ + 
br 1 : 
„ 2e 


„ 8 O 


Another Example. 
* — ax +5,00 (X— 24 
Xx 98 


2 —ia\ = aX-+ , 
X — 14) —ax +348 © 


* Nenn 
— — 


0 O 


The ſquare root of any number is found out 
after the ſame manner. If it is a number under 
100, its neareſt ſquare root is found by the fol- 


wg Table; by which alfo its cube root is 
found 
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found if it be under 1000, and 1 its ER if 
it be under 10000, 


— 


21 


Sell 
le 


But if it is a number above 100, hen its 
ſquare root will conſiſt of two or more igures, 
which muſt be found by different n by: 
the following 


= FL E 


$ 53. Place a point above the number that i is 
in the place of units, paſs the place of tens, ad 
place again a point over that of bundreds, and ge 
on towards the left hand, placing a point over every 
2d figure, and by theſe points the number will be 
diſtinguiſhed into as many parts as there are figures 
in the root. Then nd the ſquare root of the e 
part, and it will give the firſt figure of the root; 
ſubtract its ſquare from that part, and annex the 
ſecond part of the given number to the remainder. 
Then divide this new number (neglecting its laſt fi- 
gure) by the double of the firſt figure of the root, 
annex the quotient to that double, and multiply the 
number thence ariſing by the ſaid quotient, and if 
the product is leſs than your dividend, or equal to 
it, that quotient ſhall be the ſecond figure of the 
root. But if the product is greater than the di- 

vidend, you muſt take a leſs number for the ſecond 


figure 
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Mure ef te root than that quotient. Much after 
the ſame manner may the other figures of the 
quotient be found, if there are more points chan 
two placis over the given number. 
To fud the ſquare root of 99856, 1 firſt 


point it thus 998 56, then I find, the ſquare 
root ofg to be 3, which therefore is the firſt 
figure of the root; I ſubtract q, the ſquare of 3, 
from), and to the remainder I annex the ſecond 
part 38, and I divide (neglecting the laſt figure 
8) by the double of 3, or 6, and I place the 
quotient after 6, and then multiply 61 by 1, 
and ſubtract the product 61 from 98. Then to 
tle remainder (37) I annex the laſt part of the 
propoſed number (56) and dividing 3756 (ne- 
lecting the laſt figure 6) by the double of 31, 
that is by 62, I place the quoti nt after, and 
. multiplying 626 by the quotient 6, I find the 
product to be 3756, which ſubtracted from the | 
. dividend. and leaving no remainder, the a 
. root. muſt be 316. 


© EXAMPLES. 


99856 (316 
; OY 
61798 
* 1761 
62673756 
* 673736 
_— ; 


27 
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27394756 (23404 258 5 
1 : | -# ih % % 
X 27/204 - ip X 3/129 
11043) 3547 | J, Y o 

837 3129 7 
10464\41856 

* 4/ 41856 | 

| _ 


$ 54. In general, to extract any root out of 
any given quantity, Firſt range that quantity 
according to the dimenſions of its letters, and ex- 
- erat? the ſaid root out of the firſt term, and that 


ſhall be the firſt member of the firſt root required. 
Then raiſe this root to a dimenſion lower by unit 


than the number that denominates the root re- 
quired, and multiply the power that ariſes by that 
number itſelf; divide the ſecond term of the given 
quantity by the product, and the quotient Pall give 
t be ſecond member of the root required. of 

Thus to extract the root of the ↄth power out 
of a +*5a% + 104% + 104%) + 5ab* + 5, I 
find that the root of the ;th power out of 45 
gives 4, which I raiſe to the 4th power, and 
multiplying by 3g, the product is 3a; then di- 
viding the ſecond term of the given quantity 5a⁴⁰ 
by sa, I find 5m to be the ſecond member; 
and 
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and raiſing +6 to the 5th power and ſubtract- 
ing it, there being no remainder, I conclude that 
a+6 is the root required. If the root has three 
members, the third is found after the ſame 
manner from the firſt two conſidered as one 
member, as the ſecond member was found from 
the firſt ; which may be caſily underſtood from 
what was ſaid of extracting the ſquare root. 

$ 55. In extracting roots it will often happen 
that the exact root cannot be found in finite 
terms; thus the ſquare root of a* +x* is found 
to be 


3 xs gx? | 
* 5+ 166 © 12807 T+o Sc. 


The N is _ 3 
a "bp x* (a+= -=+ 5 12 * Sc. 


6 
he | 
20+=)*+x* 
pr | ** 0 
X — * ab — 
20 T7 ; 
x* * * wy 
2, 
. 
$43 en 4 37 Toa 
—— ge ” | 
Taz — 


Aﬀer 
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After the ſame under, t the cube root of 
Ar. will be found —_— 
| "of — 10 

e 6. 

$ 35. The general Theorem which we gave 
FR the Involution of binomials will ſerve alſo 
for their Evolution; becauſe to extract any 
root of a given quantity is the ſame thing as 
to raiſe that quantity to a power whoſe ex- 
ponent is à fraction that has unity for its 
numerator, and the number that expreſſes 
what kind of roòt is to be extracted for its 
denominator.” Thus, to extract the ſquare 


fbr of 4 ＋ B, is to raife' 4a 5 to a power 
dogs) 
whoſe exponent is 2: Now ſince a+b =" ” 


#X n n n oo 
Nx, &c; 25 
 Suppaling nN, you witt bud 


x Ex L 0" + 


F — Fe * be. 
fore. 

$57. The roots of numbers are to be ex- 
tracted as thoſe of algebraic quantities. Place 


a point over the units, and then place points over 
7 | es 


DD 
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every third, fourth or Fifth figure. towards. the 
left hand, according as it is the root of the cube, 
of the 4th or 5th power that is required ; and if 
there be any decimals annexed to the number, 
point them after the ſame manner, proceeding from 
the place of units towards the right band. - By this 
means the number will be divided into ſo many pe- 
riods as there are figures in the root required. 
Then enquire which is the greateſt cube, biqua- 
drate, or 5th power in the firft period, and the root 
of that power will give the firſt figure of the root 
required. Subtract the greateſt cube, biquadrate, 
or 3th power from the firſt period, and to the re- 
mainder annex the firſt figure of your ſecond Period, 
which ſhall give your dividend. 

Raife the firſt figure already found to a power 
leſs by unit than the power whoſe root is ſought, 
that is, to the 24, zd, or 4th power, according 
as it is the cube root, the roof of the 4th, ar the 
root of the 5th power that is required, and mul- 
tiply that power by the index of the cube, 4th or 
5th power, and divide the dividend by this produts, 
fo ſpall the quotient be the ſecond fgure of the root 
required, 

Raiſe the part already found of the root, to 
the power whoſe root is required, and if that 
power be found leſs than the two firſt periods of 
Ide given number, the ſecond figure of the root is 
right. But if it be found greater, you muſt di- 


miniſh the ſecond figure of the root vill that power 
bY Fe 
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be found equal to or leſs than thoſe periods of the 
given number. Subtratt it, and to the remainder 
annex the next period ;" and proceed till you have 
gone through the whole. given number, finding the 
34 figure by means of the two firſt, as you found 
the ſecond by the firſt ; and afterwards finding the 
4th figure (if there be a 4th period) yo the 
ſame manner from the three firſt.” © 

Thus to find the cube root of 13824 ; point 


it 1 3824 ; - find the greateſt cube in 13, viz. 8, 
whoſe cube root 2 is the firſt figure of the root 
required; Subtract 8 from x3, and to the re- 
mainder 5 annex 8 the firſt figure of the ſecond 

| period; divide 38 by triple the ſquare of 2, 
vix. 12. and the quotient is 3, which is the ſe- 
cond figure of the root required, ſince the cube 
of 24 gives 13824, the number propoſed. After 
the ſame manner the cube root of 13312053 | 


| found to be 237. e 
OPERATION. 
13024 (24 
Subtr. S g e 2 ͥ 2 

12) 58 (( 
Subtract 24x 42 61 3824 | 


— — 
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13312053 (237 52 
8=2X 2 


12) 53 (4 or) 3 
Subtract 12 167 23 x 23* 23 1 
3X 23X23=1587) 11450 (7 | 
Subtract 133120 GS=2S7 aN 237 


* 7 


Remain. o 


'In extracting 4 roots, after you 3 
through the number propoſed, if there is a 
remainder, you may continue the operation by 
adding periods of cyphers to that remainder, 
and find the true root in REI to "_ degree 
of exatineſs. 8 


0 IX. 


Of PROPORTION, 


8 58. 17H EN quandies of the ſame kind 
are compared, it may be conſi- 

dered either how much the one is greater than 
the other, and what is their di Herence; - or, it 
may be conſidered how many times the one is 
contained in the other; or, more generally, 
what 


* 
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what is their quotient. The firſt relation of 
quantities is expreſſed by their Arithmetical ra- 
tio; the ſecond by their Geomeirical ratio. That 
term "whoſe ratio is enquired into is called the 
antecedent, and that with which it is en 
is called the conſeguent. 

$ 59. When of four quantities the difference 
betwixt the firſt and ſecond is equal to the dif- 
ference betwixtthe third and fourth, thoſe quan- 
tities are called Arithmetical proportienals;' as the 
numbers 3, 7, 12, 16. And the quantities, 
a, a +6, e, e+b. But quantities form a ſeries 
in arithmetical proportion, when they © increaſe 
or decreaſe by the ſame conſtant difference.” As 
theſe, a, a'+b, a +26, 4 + 3b, a + 4b, &c. 
x, z—b, x- 23, &c. or the numbers, 1, 2, 3, 
4, 8, e. and 10, 7. 4. I, — 2, — 5, = 8, 
6 
$ 60. In * quantities arithmetically propor- 
tional, tbe ſum of the extremes is equal to the 
ſum of the mean terms.” Thus a, a+6, e, e+6, 
are arithmetical proportionals, and the ſum of 
the extremes (a-+e+5) is equal to the ſum of 
the mean terms (ae). Hence, to find the 
fourth quantity arithmetically proportional to 
any three given quantities; Add the ſecond 
and third, and from their ſum ſubtract the firſt 
term, the remainder ſhall give the fourth arith- 


metical POE eng.” 8 


22 $ 61. 
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8 61. In a. ſeries of arithmetieal proportionals 
« the ſum of the firſt and laſt term is equal to 
| the ſum of any two terms equally diſtant from the 
extremes.” If the firſt terms are a, a +6, 
a+ 2b, &c. and the laſt term x, the laſt term 
but one will be æ — 6, the laſt but two x - 26, 
the laſt but three x — 3b, &c. So that the firſt 
half of the terms, having thoſe that are equally 
diſtant from the laſt term ſer under them, will 
ſtand thus; | 


a, a+06, a+26, pag, c. 
*, x—b, æ— 256, x— 3b, 45, 


ax, a+x, ax, a+x, ax, &c. 
And it is plain that if each term be added to 
the term above it, the ſum will be a+x equal 
to the ſum of the firſt term @ and the laſt term 
x, From which it is plain, that © rhe ſum of 
all the terms of an arithmetical progreſſion is equal 
to the ſum of the firſt and laft taken baff as Ss 
as there are terms,” that is, the ſum of an arith- 
metical progreſſion is equal to the ſum of the 
firſt and laſt terms multiplied by half the num- 
ber of terms. Thus in the preceding ſeries, if 
2 be the number of terms, the ſum of all the 


terms will be ax x - . 


$ 62. The common difference of the terms 
being 5, and 3 not being found in the firſt 
dm. it is plain that * its coefficient i in any 
| term 
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term will be equal to the number of terms that 
precede that term.“ Therefore in the laſt term 
* you muſt have -I cb, ſo that x muſt be 
equal to a = iK. And the ſum of all 
the terms being @ + x PR. it will alſo be equal 


to —— . or to a + = 


example, the —_ I $44 +42 Sc. 
continued to a hundred, muſt be equal to 
2X 100 + 10000 - 100 


I 1. Thus for 


= 5050. 


$ 63. If a ſeries have (o) nothing for | its firſt 
term, then ite ſum ſhall be equal 10 half the 
produZ of the laſt term multiplied by the number 
of terms.” For then, @ being S o, the ſum 


of the terms, which is in general 2 = 


will in this caſe be . From which it is evi- 


dent, that the ſum of any number of arith- 
metical proportionals beginning from nothing, 
is equal to half the ſum of as many terms equal 
to the greateſt term. 

Thus o+1+2+3+4+5+6+7+8+9= 
9+9+9+9+9+9+9+9+9+9__10x 

| 2 => = 
$ 64. If the four quantities the quotient of 


the firſt and ſecond be equal to the quotient of | 
the third and fourtb, then thoſe quantities are 
ſaid to be in Geometrical Proportion.“ Such are 

E 4 the 
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the numbers 2, 6, 4, 123 and the quantities 
a, ar, b, br; which are expreſſed after this 
manner 


a:$:: 

SE > 3 br 
And you read them by ſaying, As 2 is to 6, ſo 
is 4 to 12; or as a is to ar, ſo is þ to by. 

In four quantities geometrically proportional, 
* the product of the extremes is equal to the product 
of the middle terms.” Thus a x br = ar b. 
And, if it 1s required to find a fourth proportio- 
nal to any three given quantities, © multiply the 
ſecond by the third, and divide their produ#3 by the 
firſt, the quotient ſhall give the fourth propor- 
tional required.” Thus, to find a fourth pro- 
portional to a, ar, and &, I multiply er by 3, 
and divide the product arb by the firſt term 
a, the quotient br is the fourth proportional re- 
quired. 

$ 65. In calculations it ſometimes requires a 
little care to place the terms in due order; for 
which you may obſerve the following Rule. 

* Firſt ſet down the quantity that is of the 
ame kind with the quantity ſought, then con- 
ider, from the nature of the queſtion, whether 
that which is given is greater or leſs than that 
which is ſought ; if it is greater, then place the 
greateſt of the other two quaniities on the left 
hand; but if it is leſs, place the leaſt of the other 
t guaniities en the left band, and the other ro 

© 
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the right,” . Then ſhall the terms be in due or- 
der; and you are to proceed according to the 


rule, multiplying the ſecond by the third, and 
dividing their product by the firſt. 


EXAMPLE. 


F 20 men do any piece of work in 12 days, 
how many men ſhall do it in 18 days? © : 
Becauſe it is a number of men that is ſought, | 
firſt ſet down go, the number of men that is 
given : I eaſily ſee that the number that is given 
is greater than the number that is ſought, 
therefore I place 18 on the left hand, and 12 


on the right; and find a fourth Nn to 
30 K 12 
18, 30, 12, vis. = =20. 

9 66. When a ſeries of quantities increaſe by 
one common multiplicator, or decreaſe by one 
common diviſor, they are Lid to be 1 in Geo- 
metrical proportion continue | 

As a, ar, ar“, ar, ar“, ar, &c. or, 
a A 2, 4. 4 — we tee. { 
” 5 7 75 | 

The common multiplier or diviſor is called 

their common ratio.” 


In ſuch a ſeries, #he produft of the firſt and 
laſt is always equal to the produt? of the ſecond 
and laſt but one, or to the product of any two 
terms equally remote from the extremes. In the 

ſeries 4, al ar*, ar', &c. if »y be the laſt term, 
6s | then 
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then ſhall the four laſt terms of the ſeries be 
% 2, 725 23. now ir is plain that a * 7 2 
| ar x = =ar* — =ar x £, &c. 


5 ths, &« The ſums of a ſeries of geometrical pro- 
portionals wanting the firſt term, is equal to the 
ſum of all but the laſt term multiplied by the com. 
mop ratio,” 


| Therefore if 5 be the My wat of "Ry 1 — 
will be equal to xtr; that is — 42 | 
Y=20 
71 

$ 68. Since the exponent of 1 is always in- 
creaſing from the ſecond term, if the number 
of terms be 7, in the laſt term its exponent will 
be n — 1. Therefore j = απ a = 


or-yr, or or — S= pra, and 3 


Fw 
| ar—1+1= ar"; and S (—5 — (mn , 


that having the firſt term of the ſeries, the num- 
ber of the terms, and the common ratio, you 
may eaſily find the ſum of all the terms, 

Tf it is a decreaſing feries 3 ſum is to be 


found, as of Y＋ 2 +5 + 5 =, &c. + ar! ++ 


ar* + ar +a, and the bande © the terms be 
* See the Rules in | the following Chapter, 


fup- 
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ſuppoſed infinite, then ſhall a, the laſt term, be 


equal to nothing. For, becauſe #, and .conſe- 


2 


quently ! is inhone, « 2 o. The ſum 


of ſuch a ſeries I which is a finite ſum, 
though the number of terms be infinite. 
LI X2 


Thus IT ILA TTT, Ge. Sr 2. 
and 1+3+ tberbÞirt) Sc. === = 4. 


CHAP. X. 
Of EquarT1oNs that involve only 
one unknown Quantity, 


$ 69. A N equation is ** @ propoſition aſſerting 

the equality of two quantities.” It 
. ls expreſſed moſt commonly by ſetting down the 
quantities, and. placing the ſign (=) between 
them, 

An equation gives the value of a quantity, 
when that quantity is alone on one ſide of the 
equation: and that value is known, if all thaſe « 
that are on the other ſide are known, Thus if 


I find that x = 4x6 =, I have a known va- 


hue of x, Theſe are the laſt concluſions we are 
to 
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to ſeek in queſtions to be reſolyed ; and if there 
be only one unknown quantity in a given equa» 


- tion, and only one dimenſion of it, ſuch a value 
may always be found by the following Rules. 


| RULE I. 
$ 70. © A quantity may be tranſpoſed from one 
fide of the equation to the other, tf you change 
its ſign.” 

For to take away a quantity from ane ſide, 
and to place it with a contrary ſign on the other 
ſide, is to ſubtract it from both ſides; and it 
is certain, that © when from equal quantities 
you ſubtract the ſame quantity, the . 
muſt be equal.“ 

By this Rule, when the known and mhaws | 
quantities are mixed in an equation, you may 
ſeparate. them by bringing all the unknown to 
one ſide, and the known to the other ſide of the 
equation; as in the following Examples. | 


Suppoſe 5x+50=4%+56, 
By tranſpoſit. 5x—4#=56—50, or, x=6, 
And if 2x+a=x+8, 
zu -a, or, x =b==g. 


RULE lH. 

: $ 71. © Any quantity by which the unknown quan- 
tity is multiplied may be taken away, if y0u 
divide all the other quantities on both ſides of 
the equation 4 it. 


For 
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For that is to divide both ſides of the equa- 
tion by the ſame quantity; and when you divide 


equal quantities by the fame quantity, the quo- 
tients muſt be equal. Thus, 


If aurab, 
then . 


And if 371 — 
by Rule 1. 3x=27=r2=1 5. 5 


and by Rule 2, n=E=6, 


8 Alſo if ax+2ba= gcc, 
by Rule 1. ax= gcc — aba, 


and by Rule 2. x= 25. 


| RULE III. 
572. If the unknown quantitity is divided by am 
. quantity, that quantity may be taken away if 


you multiply all be other members le the = 
tion y it,” Thus, 


K hs 1 8745 21 wth 
| | then ſhall _— „ N wt 


462 + "os 
— * n 
and by Rule. 1. x=50—20= 90. 


P LF, as » 
* 


If 
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1 2 65 


eee 8 
by Rule 1. 9 or 54 au, 


and by Rule 2. x=E8=27, 


By this Rule an equation, whereof any part is 
a fraction, may be reduced to an equation that 
ſnall be expreſſed by integers. If there are 
more fractions than one in the given equation, 
you may, by reducing them to a common de- 
nominator, and then multiplying all the other 
terms by that denominator, abridge che calcula- 
tion thus; 


11 ES 7 | : 
then 2 5. 8 
and by this Rule 3 57 165 — 10gs 
and by Rule 1 and 2. K 716. 3 


RU LE Iv. 

8 73. If the member of the equation that in- 
volves the unknown quantity he a ſurd root, 
then the equation is 10 be reduced to another 

_ that ball be free from any ſurd, by bringing 
that member firſt to ſtand alone upon one fide 
of the equation, and then "taking away the 
radical fign from it, aud raiſing the other fide 
of the equation to the power denominated by the 


A 
” Thus 
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Thus if V4x+16=12, 
A4 48+16=194, 
and Ax = 144— 16-128, 
and = 32. 
ws 4 * 5 
If V ax+b*—c=d, 
then VaxFPF=d+c, 
| ard. Tad c,, 
x * —— a 
1 „ 4 
If Vax— 24, 
then @*x—/x=a", 
a® 
and x=_— 
1 4 1 
RULE v. 


974. If that fide of the equation that con- 
tains the unknown quantity be a compleat ſquare, 
cube, or other power; then extract the ſquare 

root, cube rout, or the root of that power, 
from both fides of the equation, and thus the 

equation ſhall be reduced to one of  @a lower 
degree”. OE. 


If a*+6x4+9=20, 
then x +3==V20, 
and x==V20=3. 
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8 If Kerb. 
= | then x +== +, 


and = þ— 
If * ter 127, 
then x ＋ == II, 
and * d= or —18. 


RULE VI. 


$ 75. A proportion may be converted into an 
equation, aſſerting the product of the extreme 
terms equal to tb product of the mean terms; 
or any one of the extremes equal to the pro- 
duct of the means divided by the other ex- 
treme. | 


If I2—#; =; 4: 1, 
then 12-2. . 35 12 avs and x=. 


Ur if 20 : 12: 7: 3, 
then 60a x. 600 10 60... and rb. 


RULE VII. 


576. F any quantity be found on both des of 
the equation with the ſame ſign prefixt, it may 
be taken away from both : «« Alſo, if all the 


' quantities in the equation are multiplied or 
divided 
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divided by the ſam quantity, it may be ſtruck 
out of them all.” Thus, 


I 3 Tb. 5 3 a.. and 28-5. 
8.—., 


If 3ax + gab = Bac.. 3x + g dc. . and x 


If E +=. . . 2X 14 8216. . and x=4: 


RU LE VIII. 


577. © Inſtead of any quantity in a equation 
you may ſubſtitute another equal to tt,” 


Thus, if 33 4 224. 
and 5 9 


24=9_ 


then 3 4 9 24. . & g. 


If 35 + gx 120, 
and y=5x; 
then 15x + 5x (=20x) A 


and x=2=6. 
20 | | 


The further | improvements of this Rule ſhall 
be taught in the following chapter, 


k CHAP, 
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C HAP. IX. 


of the Solutions of queſtions that 
produce ſimple equations. 


\IMPLE equations are thoſe wherein the un- 
known quantity is only of one dimenſion?” 


In the ſolution of which we are to obſerve the 
following directions. 


/ 

DIRECTION I. 
$ 78. After forming a diſtinſt idea of the que- 
ſtion propoſed, the unknown quantities are 10 be 
expreſſed by letiers, and the particulars to be 
tranſlated from the common language into the 
algebraic manner of expreſſing them, that is, 
into ſuch equations as fhall expreſs the rela- 
tions or properties that are given of ſuch quan- 

lities. 


Thus, if the ſum of two quantities muſt be 60, 
that condition is expreſſed thus, x +y=60. 
If their difference muſt be 24, that condition 
T 2 2. 9214 
If their product muſt be 00. then xy = 1640. 


If their quotient mult be 6, then 76. 


If their proportion is as 3 to 2, then &: ):: 32, 
or 2#=3y; becauſe the product of the ex- 
| 4 tremes 
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tremes is equal to the product of the mean 
terms. 


bit on II. 
& 79. After an kgualion is fornied; if you 
have one unknown quantiiy only, then, by the 
Rules of the preceding Chapter, bring it to land 
alone on one fide, ſo as to have only known 


quantities on the othtr fi de: thus yon fhail 
diſcover its value. 


EXAMPLE. 
A perſon being aſked what was his age, an- 
ſwered that 3 of his age multiplied by Ar his 


age gives 4 produt? equal to his age. Qu. what 
was his age ? 


It appears from the queſtion, that if you call 
his 888 &, then ſhall © + „ Ex = 


that iss EI 


and by Rule 3. 6.6 37 =48x, 
and by Rule 7. . 3 =48, 
whence by Rule 2. 216. 


DIRECTION III. 
$ 804 „ If there are two unknown quantities, ben 
there muſt be two equations ariſing from the 
conditions of the queſtion : Suppoſe the quan- 
tities x and y ; find a value of x er , from 
F 2 each 
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each of the equations, and then by putting 
theſe two values equal to each other, there 
will ariſe a new equation involving one un- 
known quantity; which muſt be reduced by the 
Rules of the former Chapter.” 


EXAMPLE I. 


Let the ſum of two quantities be s, and their 
difference d. Let s and d be given, and let it be 
required to find the quantities themſelves, Sup- 


poſe them to be x and y, then, 15 the 
poſition, 


X + y=s 
x—y=d 


K = S—y 

whence 0 3 
and d+y=s —y 

2y=s —d 

924 


J=—— 


2 


d T- 
2 
EXAMPLE II. 


Let it be required to find two numbers whoſe 
ſum is 5, and their Proportion as a lo 3. Let the 
numbers be x and y, then ſhall 


Suppol. 
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x+y=s 
Suppol. _ 11 551625 


bx=ay N | 23 
b 

x=5—y \ 

ay | 25 


7 2 


3 
71D 


ay As 
a+bxy=bs 


{ 


N= 


EXAMPLE III. 


A privateer running at the rate of 10 miles 
an hour, diſcovers a ſhip 18 miles off making 
way at the rate of 8 miles an hour: It is de- 
nanded how many miles ns Hip can run before 
ſhe be overtaken ? 


Let the number of miles the ſhip can run 
before ſhe be overtaken be called x; and the 
number of miles the privateer mult run before 
ſhe come up with the ſhip, be y; then ſhall 


(by Supp.) . .. .y=x+18. . nd :: 8 
whence Io 8 =. . and xzy-18. 


— , wu 
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. 
To find the time, ſay, if 8 miles 3 n hour; ; 
72 miles will give 9 hours. — Thus, 8: 1:: 72:9. 


EX AN FPELE IVV. 
| Suppoſe the diſtance between London aud Edin- 
burgh 1 be 360 miles, and that a courier ſets out 
from Edinburgh running at the rate of 10 miles 
an hour; another ſets out at the ſame time from 
London, and runs 8 miles an hour. It is re- 
quired to know where they will meet? Suppoſe the 
courier that ſets out from Zdinburzh runs x miles, 
and the other y miles before they meet ; then ſhall 


by ſu 1 17 —5— 
7 PP 54 


# 360 9 = 200. 


EXAMPLE V. 
Two perſons diſcourſing of their revenues, ſays 
A, if B would yield bim a poſt be bas of 25 l. 4 


year, 
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year, their revenues would be equal : Says B, if 
A would give him a place he holds of 221. per 
annum, the revenue of B would be double that of 
A. Qu. their revenues ? 

| Tet the revenue of A be called x, that of B, 
; then, 


x+25= 235 
1 „ 44 


J= *+25+ 25= * to 
J=2x%—44=— 22=2x—66 
2x%—66= x+ 50 
x=66--50=116 
Y e350 = 166. 


EXAMPLE VI. 
A gentleman diftributing money among ſome poor 
people, found he wanted 10 8. to be able to give g 8. 
to each; therefore he gives each 45. only, and finds 
that be bas 5s. lafit. Qu. the number of ſhillings 
and poor people ? 
Call the number of the poor x, and the num- 
ber of ſhillings y; then, 
by ſupp. = 
7.000 22 7 5 
 5=25x—10 
=4%+ 5 
5X— TOZ4X +5 
E5X—4X=15 
1 
9=4%+ 5 =6g. | 
F 4 E X- 
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EXAMPLE VII. 

Two merhants were copariners ; the ſum of their 
fecꝶ was 300 l. One of their flocks continued in com- 
pany 11 months; but the other drew out h:s ſtock in 
g months; when they made up their accounts tbey | 
divided the gain equally. Qu. What was each man's 
ftock? Suppoſe the ſtock of the firſt to be x, 

and the ſtock of the other to bey; then, 


by ſupp. . 


== —=300 —Yy 
r19+99=3300 

203= 3300 | 
„ 2 166 . = 300—J=135: 


| "EXAMPLE. VEL 

There are two numbers whoſe ſum is the 6th part 
of their produtt, and the greater is to the leſſer as 
3 to 2, Qu, What are theſe numbers 2 Call them 


& and y; then, 


. 
ſupp. 5 l 8 Fon * | 
Cx ::: 3:2 1252 3 — 18 
ts x 30% = 
v =06x+ by 30 = 
Jx— Ge 6 3 
ine "5p ts Te 
5 1 
—— . 
3y 


— — 
F= 2 =, whence * 


$ 
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DIRECTION IV. 
81. * When in one of the given equations,” the 
unknown quantity is of one dimenſion, and in 
the other of 4 higher dimenſion ; you muſt find 


à value of the unknown quantity from that 


equation where it is of one dimenſion, and then 
raiſe that value to the power of the unknown 
quantity in the other equation; and by com- 
paring it, ſo involved, with the value you de- 
duce from that other equation, you ſhall obtain 
an equation that will bave only one unknown 
quaniity, and its powers.” 


That is, when you have two equations of dif- 


ferentdimenſions, if you cannotreduce the higher 
to the ſame dimenſion with the lower, you muſt 
raiſe the lower to the ſame dumenton with the 
higher. 


EXAMPLE 1x. | 
The ſum of two quantities, and the difference of 


their. fquares, being given, to find the quantities. 


"Suppoſe them to be x andy, their ſum 3, and 
difference of their ſquares d. Then, 


d = —25y, whence * 


* ＋ =8 

N = * apa 
— — Sams 
* =8 —y 11 
— D 244 


d De —29 +)" | 
_ EXAMPLE 
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EXAMPLE X. 


Let the proportion of two numbers and the fun 
of their ſquares be given, and let it be required to 


find the numbers themſelyes, Suppoſe their pro- 
rtion to be the ſame as that of @ to 3, and 


let the ſum of their ſquares be c; that is, let 


5 en 
(* ＋ 5 =e 


chen * 
a*y* 
but K —y, 
; ** 
2 — 
whence 0 8 


þ* — 


EXAMPLE XI. 


Let the proportion of two numbers be that of 
4 to b, and the difference of their cubes be d. 
Qu.: * are the numbers Then, 


"$:9:: 9:6 7: l 


ay? 
* =2,,and HD "IF" 
but x 


whence r 


' the 


and 20 —biyi=g#f 
ab? | 


DIRECTION V. 


5 32. & If there are three untnoum quantities; 
there muſt be three equations in order to deter- 
mine them, by comparing which you may, in 
all caſes, find two equations involving only 
two unknown quantities ; and then, by Direc- 
tion 3, from theſe two you may deduce an 

equation involving only one unknown quantity; 
which may be reſolved by the Rules Y the laſt 

| 9 25 


From three equations involving any three 
unknown quantities, x, y, and z, to deduce two 


equa- 
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equations involving only two unknown quan- 
tities, the following Rule will always ſerve. 


RULE. 


« Find three values of x from the three given equa» 
tions; then, by comparing the firſt and ſecond 
value, you will find an equation involving only 
y and 2; again, by comparing the firſt and 
third, you will find another equation involving 
only y and x; and laſtly, thoſe equations are 
io be reſolved by Direction 3. 


EXAMPLE XII. 
Suppoſe 


x+ 5+ 2212 I2— y— 2 iſt 
x+ 2) +32=20 then,] 20—2y—3z | 24d) 


* — 
* * 6 FIT . 3d 


12 —J—Z=20—2)—Z2 


I2—J—Z= 18—2— 3 


Theſe two laſt equations involve only y and 
2, and are to be reſolved, by DireAies 35 4s 
follows. 


* 
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| 2 9 +32—2=20—12=8 
y+22=8 


36—3y—62=24—2y=—22 


12 = y+42 
8—22,. Iſt value. 
12=42 . . 2d value. 


whence y= 


8 —22=12—42Z 
22 12— 8=4 
and 2=2 . 
a= 8—22)=4 
' #(=12—y— Z=6. 


$ 83. This method is general, and will ex- 


tend to all equations that involve three unknown 


quantities: but there are often eaſier and ſhorter 
methods to deduce an equation involving one 
unknown quantity only; which will be beſt 
learned by practice. | | 


EXAMPLE XII. 


x + 3+2=26 
9 Xx — J=4 


xX—2=06 


by addition 2 36 
ha 36 
12 - 
3 
y=x — 4=8 
Z= X — 6=6. 
| EX. 


— % n u N 
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EXAMPLE XIV. 


x y = a 
| rene K ＋ 2=b 


Y+Z=C 
ka- 
a—y+2=b 
Je 
a+0+22=b+c 
| 22=b+c—4 


F 84. It is obvious from the zd and 5th Di- 
rections, in what manner you are to work 
there are four, or more, unknown quantities, 
and four, of more, equations given. By com- 
paring the given equations, you may always at 
length diſcover an equation involving only one 
unknown quantity; which, if it is a ſimple 
equation, may always be reſolved by the Rules 
of the laſt Chapter. We may conelude then, 
that « When there are as many ſimple equations 
given as quantities required, theſe quantities 
may be diſcovered by the application of the pre- 
ceding Rules.“ 
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$ 85. © If indeed, there are more quantities 
required than equations given, then the que- 
ſtion is not limited to determinate quantities; 
but is capable of an infinite number of ſolu- 
tions.” And, If there are more equations 

iven than there are quantities required, it may 
be impoſſible to find the quantities that will 
anſwer the conditions of the queſtion ;”? be- 
_ cauſe ſome of theſe conditions may be incon- 
ſiſtent with others. 


h 5 + 0 * it + i | te | ON 4 Fl 
CHAP. XI. 

_ Containing ſome Genetal Theorems 

for the exterminating unknown 

Quantities in given Equations. 


N the following Theorems, we call thoſe co- 
efficients of the © ſame order” that are pre- 
fixt to the ſame unknown quantities in the dif- 

| ferent equations. Thus, in Theor. 2. a, d, g. 
are of the ſame order, being the coefficients of 

* alſo 5, e, B, are of the ſame order, being 

the coefficients of y: and thoſe are of the ſame 

order that affect no unknown quantity. 
But thoſe are called “ oppoſite”? coefficients 
that are taken each from a different equation, 
| . and 
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and from a different order of coefficients: As, 
4, e, and d, b, in the firſt Theorem; and 
a, e, k, in the ſecond > alſo, a, b, F; and 


"76, #, 4, &c. 


THEOREM . 


5 86. Suppoſe that two equations are given, 
involving two unknown quantities, as 
ax + De 
dx + ey =f 
af —dc 
ae — db 


then ſhall y = 


Where the numerator is the difference of the 
products of the oppoſite coefficients in the or- 
ders in which y is not found, and the deno- 
minator is the difference of the products of the 
oppolite coefficients taken from the orders that 
involve the two unknown quantities. 

For, from the firſt equation, it is plain that 


ax =c—by..ands = , 
from the 2d, de f- ey. and x , | 


therefore = = WE - — . and <d—dby=af—ary 
- 3 acy — dby g cd, 


of 
and 28223 
. wel 
after the ſame manner, x = — 5 


E X- 
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deer 


5 T YE 10⁰ 
Sopp 3x +8y= 80 


01102 100 


then or 553557 * = Sr 
and . 
| 19 


EXAMPLE II. 


8 90 
| 3x — 2y=160 


4 * 160—3 X90 __ 646270. 370. 
J= 4x —2—3x8 © —=8—24 —32 
THEOREM II. 
$ £5. Suppoſe now that there are three un- 
known quantities and three equations, then call 
the unknown quantities x, y, and 2. 
ax + by + £2=m 
Thus | 


==11ez5 


dx + ey + fs=n 
er LH 


| ann | 
ac — abf + abc — ade + gb/—gec : 


T hen ſhall 2 


Where the numerator conſiſts of all the dif- | 
ferent products that can be made of three oppo- 
ſite coefficients taken from the orders in whichæ 

is not found; and the denominator conſiſts of 
all the products chat can be made of the three 
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oppolite coefficients taken from the orders that 
involve the three unknown quantities. For, 
from the laſt it appears, that 


, and thar 


- ae—db 


ap —akz — gm + gez 


; therefore 


* ah—gb 
an -r dm + dz ap al gm T ge an d 
de — ab 8 ah—gb ; 


an —afz —th + dee X ab — gb x an — afz + 
 gbam — gbdcz = ap — gm — akz + gez X ae — 
ab X ap — akz + gbdm — gbdczꝝ. 
Take gbdm—gbdcz from both ſides, and di- 
vide by a, ſo ſhall 
an am —afz + acz x bh —gbn + E = 
ap — gm —akz + gcz x e- ab + dbkz. 
Tranſpoſe and divide, fo ſhall you find 
ach — ahn + dhm— db +gen—gem 
 ack—abf + dhc — 277 gbf —gec © The . 
lues of x and y are found after the ſame manner, 
and have the ſame denominator. Ex gr. 
| aſd —atn + dim— ap + gor—gfin | 
" Fang ack—abf + dhe — dbk- + gbf—gec * | 
If any term is wanting in any of the three 
given equations, the values of z and y will be 
found more ſimple. Suppoſe, for example, that 
F and & are equal to nothing, then the term fz 
vill vaniſh in the ſecond equation, and &z in the 
third, and z = a a ran > he 
ahe—gec 


. gen—dep | 
ale gec If 
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If four equations are giyen, involving four 

unknown quantities, their values may bę found 

much after the ſame manner, by taking all the 

products that can be made of four oppoſite 

coefficients, and always prefixing cantrary ſigns 

to thoſe that involve the products at's two oppo- 
ſite coefficients. 


CHAP. XIII. 


Of Quadeatle EQUATIONS. 


$ 88. IN the ſolution of any queſtion where 

you have got an equation that involves 

one unknown quantity, but involves at the ſame 

time the ſquare of that quantity, and the pro- 

duct of it multiplied by ſome known quantity, 

then you have what is called a Quadratic equa- 
tion; which may be reſolved hy the following 


RULE. 
1. © Tranſport all the terms that involve the un- 


known quantity to one fide, and the known 
terms to the other fide of the equation. 


2. If the ſquare of the unknown quantity is mul- 
tiplied by any coefficient, you are to divide all 
the terms by that” coefficient, that the- coefficitnt 

G 2 - of 


to both ſides 


775 
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of the Jquare of the unknown Ong ny 1 

* nit. 

3. Add to both Ales FY ſquare of half 1b4 . 
ficient prefixed to the unknown quantity itſelf, 
and the fide of the equation that involves the 
unknown quantity will then be a — 
ſquare. | 

4. Extraft the ſquare root from both fi as of the 
, equation ; which you will find, on one fide, al- 
ways to be the unknown quantity with half 
the foreſaid coefficient ſubjoined to it; ſo that 
by tranſpoſing this half you may obtain the vas 
lus of the unknown quantity expreſſed in known 
— Thus, - - | 


Suppoſe y* + ay = b, 
Add the ſquare of — Jy +9 +$=5+ 


Extract the root, y + < = zV/ b+ K 
py Tranſpoſe 7 2 * A. + —— 2 


$ 89. The ſquare root of any quantity, as 
+ aa, may be + a, or — a; and hence. Al 
quadratic equations admit of two ſolutions.” 
In the laſt ALS. after finding that y* + 


* 


"ST 7 =b + 7 it may be inferred that 


5 = . 7 * or te V 6 += ; ſince 
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8 7 even b +£ 


well as * b+=x Tat There 
are therefore two ans of y; the * gives 


y= ++ i the oder | 


5 2 7 | 1 2 If 


2 


$ go. Since the ſquares of all quantities are 
poſitive, it is plain that . The ſquare root of a 
negative quantity is imaginary, and cannot be 
aſſigned.” I herefore there are ſome quadratic 
equations that cannot have > any ſolution, For 
example, a | 
Suppoſe Y*—ay+34"=9, 
then 9 — 92 3a* ; 
add—to bath, y* —ay+ 7 3 +; — . 


4 
114* 
extract the root, 24 e 


and y== W NT 


whence the two values of y mult be 1 imaginary or 
impoſſible, becauſe the root of — = cannot 
poſſibly be aſſigned, 
But of this we ſhall treat more fully in the 
Second Part, 
G 3 Suppoſe 
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Suppoſe that the quadratic equation propoſed 
to be reſolved is 5* =. 


3 theny*— 1 =b + | oo meg 
„ 


3 7 = v +5. gh 


If the ſquare root of þ - += © cannot 'he ektrafte d 


exactly, you muſt, in di to determine the 
value 0 3 nearly approximate to the value of 


VS b+ = „by the Rules in Chup. 8. The fol- 


lowing examples will illuſtrate the Rule for 
quadratic equations. 


EXAMPLE 1. 
Jo find: that number, which if you multiph by 


8, the product ſhall Be equal to the ſquare 7 the 
ſame nuniber, having 12 added to it. : 
Call the number y; then a 
11 Y'+ 12=8y,. 
wranſp. ) — 85 12, 
Add the ſq. of 4, y 1 168 
extract the root y — 4 K „, 
tranſp. J=4 * 285, or 2. / 


4 i ? 


> EXAMPLE 
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EXAMPLE II. 


To find a number ſuch that if you fubtra# it 
from 10, and multiply the romainder by the nnmber 


itſelf, the produit ſhall give 21. 
Call it 55 then 
10 —YXJ=21. 

that is, 105 - 2 213 

tranſp. NI = -t. 
add the ſq. of 5,y*—109 + 25=—21+ agN＋4, 
extr. the ſq. root y — S XVII. 

andy = 5K 27, or 3. 


EXAMPLE III. 


The ſum of two quantities is a, their produit 
2. Qu. What are the quantities? 


* ＋ 9a .. then .. 
Suppole . , then Kr 


therefore a — y = =, | 


and y- 
tranſp. y* =, 
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EXAMPLE Iv. 
The ſum of two en is a, and the ſum 


of their ſquares b, Qu. the quantities? 
x +y =4...thens = a=—y, 
Suppoſe - & ＋ 5 — 5. 562 25 —5˙ | 


invol. x*=4a*—2a9 +47, 
whence 4*—2ay +y* S z 
tranſp. 2 — os 
and di- 1>- = Ys 
vide 


2% a? 2b —at 


add ©, of — ay + Ent 7 
extr. 1 4 EZ = =; . 


2 . 2 | 


2 
a * = 6 — 
* ; ny ; 1 


Or thus, JETT 


A company dining * in an inn, Jind their 
bill amounts to 175 ſhillings ;, tꝛvo of them were 
not allowed to pay, and the 2 found that their 
ſhares amounted to 10S. a man more than if all 
had paid. Qu. How many were in company ? 


Suppoſe their number x; then if all had paid 


each man's ſhare would have been , ſeeing 


x —2 1s the number of thoſe that pay. It is 
therefore, by the queſtion, TOR 
175 
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275 10, 


1— 2 
and 173 — 175 ＋ 350 10 — 20 
that is, 10 — 20 350, 
and * zb 351 | 
add 1. Tn W+1=35 +1236, 
extr. V".,x—1=#6, | 
, #=1 £6=7, or- 5. 
It is obvious that the poſitive value 7 ers | 
the ſolution of the queſtion ; the negative va- 
lue— 5 "ws in the preſent caſe, uſcleſs | 


E XAMPLE W 
There are three numbers in continual geometrical 
proportion ; the ſum of the firſt and ſecond i is 10, 
and the difference of the _ * 3d is 24. 
Qu. the numbers? 


Let the firſt be x, and the ſecond will be 10, 
and the third, 3 therefore, 
5 lo-: 10 — .: 34, 
and * —x*=100—20x+x* , 
tranſp. 0 54X =100-+ 2x*, 
and 2 & — 271 50, 
add 22 * A. . K* —27＋ 4255 729 50. 
extract © 22 er. 
5 and 4425 65 2283, or 2. 
1 
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So the three continued proportionals are 

2:86: 32, or 
29: — 15: 9. | 

§ 91. Any equation of this form a- +ay"=), 
where the greateſt index of the unknown quan- 
tity y is double to the index of y in the other 
term, may be reduced to a quatraticz*+az=6, 


by putting y* = ⁊, and conſequently VK. 
And this * reſolved as above, gives 


xc * b+ = — 


And ſeeing yy» =2=— —= = V * 
j=v AAN b+=. 


EXAMPLE I. 


9 be product of two quantities is a, and the Jun 
of their ſquares b. Qu. the quantities? 


M= . or, x == S . 
Supp. BE or be bas” 


mult. by * bf —y =, 
tranſp. - —@&. 


Put now y . and conſequently y=2', 
and 1 it 38 


- Mo 
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2 LI; | 
add =, Bl SED, 


ext. 1 7 


— 


| 1 
and 2==+V 75 ; and, ſeeing y=v/2, 


"EXAMPLE II. 
To find a number from the cube of which if you 


ſebtraf? 19, and multiply the remainder by that 
cube, the product ſhall be 216. 


Call the number required * and then, by 
the queſtion, 


r- NK H 216, 
| 2 22216. 
Put . „ z, and it eil be 


2 195 U E 82 164+ . end 
e. 244. 
whence „* Ty 
But vr Vs wherefore n=, or -a: 


E X- 
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a 
7 o find the value of x, Juppeing. that t 1 
” *=8. — 


Put * and 585 5 
5 then 2 '—72=8, 


CHAP. XIV. 
Of SURrDs. 


§ 92. I. a leſſer quantity meaſures a greater 
ſo as to leave no remainder, as 24 
meaſures. roa, being found i in it five times, it is 
ſaid to be an aliquot part of it, and the greater 
is ſaid to be a multiple of the leſſer. : The leſſer 
quantity in this caſe is the greateſt common mea- 
| ſure of the two quantities; for as it meaſures the 
greater, ſo it alſo meaſures itſelf, and no quan- 
tity can meaſure it that is greater than itſelf, 
When a third quantity meaſures any two pro- 


poſed quantities, as 24 meaſures 6a and 104, it 
is 
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is ſaid to be a common meaſure of theſe quanti- 
ties; and if no greater quantity meaſure them 
both, is is called their greateſt common meaſure. 
Thoſe quantities are ſaid to be commenſurable 
which have any common meaſurt; but if there 
can be no quantity found that meaſures them 
both, they are ſaid to be incommenſurablt; and if 
any one quantity be called rational, all others 
that have any common meaſure with it, ate alſo 
called rational : But thoſe that have no common 
meaſure with it, are called irrational quanti- 
ties. 
$93. If any two quantities 4 and b have any 
common meaſure x, this quantity x ſhall alſo 
meaſure their ſum or difference a + þ, Let x 
be found in a as many times as unit is found in 
m, ſo that a=mx; and in b, as many times as 
unit is found in 1, ſo ſo that b=#x; then ſhall 


a b mx q u A * #3; ſo that x ſhall be 
found in a6, as often as unit is found in n: 
Now ſince m and # are integer numbers, n 
muſt be an integer number or unit, and there- 
fore x muſt meaſure a . | 

$ 94. It is alſo evident, that if x meaſure any 
number as a, it muſt meaſure any multiple of 
that number. If it be found in @ as many 
times as unit is found in m, ſo that a=my, 
then it will be found in any multiple of a, 28 
na, as many times as unit is found in ; for 
 na=mnx, | 


$ 95- 
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595. If two quantities @ and þ are propaſed, 
and þ meaſure @ by the units that are in (that 
is, be found in @ as many times as unit it found 
in m) and there be a remainder c; and if j be 
ſuppoſed to be a common meaſure of à and 

we 4 ic ſhall be alſo a meaſure of c. For by tie 
ſuppoſition @ = mb + c, ſince it contains & as , 
many times as there are units in m, and there 
is c beſides of remainder z therefore a — mb 

Sc. Now x is ſuppoſed to meaſure @ and 4, 
and therefore it meaſures mb (Art. 94-) and 
W a — mb (Art. 93.) which 1 18 eqpp! 
to c. | 
Is meaſures} by the units in #, and there he a 
remainder d, ſo that þ= gc +4, and b — — =h, 
then ſhall x alſo meaſure 4; becauſe it is ſup- 
poſed to meaſure 6, and it has been proved that 
it meaſures c, and conſequently uc, and 6 — ne 
(by Art. 94.) which is equal to d. Whence, as 
after ſubtracting 5 as often as poſſible from a, 
the remainder c is meaſured, by x; and after 
ſubtracting i as often as poſſible from b, the re- 
mainder dis alſo meaſured by x; ſo, for the ſame 
reaſon, if you ſubtra& 4 as often as poſſible 
from c, the remainder (if there be any) muſt 
till be meaſured by x: and if you proceed, 
ſtill ſubtracting every remainder from the pre- 
ceding remainder, till you find ſome remainder 
. ſubtracted from the preceding leaves no 
further remainder, but exactly meaſures it, this 


2 
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laſt remainder will till be meaſured * x, any 
common meaſure of @ and B. 

$ 96. The laſt of theſe 3 viz that 
which exactly meaſures the preceding remain- 
der, muſt be a common meaſure of, a and : 
ſuppoſe that d was this laſt remainder, and that 
it meaſured c by the units in r, then ſhall c=rd, 
and we ſhall have theſe equations, | 


a nb e, 
5 = nc + 4, 


c=rd. 


Now it is plain that ſince d meaſures c, it 
muſt alſo meaſure ac, and therefore muſt mea- 
ſure nc d, or b. And ſince it meaſures þ and c, 
it muſt meaſure mb +c, or a; ſo that it muſt he 
a common meaſure of @ and . But further, it 
muſt be their greateſt common meaſure; for 
every common meaſure of à and þ muſt meaſure | 
a4, by the laſt article; and the greateſt number 
that meaſures d, is itſelf, which therefore is the 
greateſt common meaſnre of à and 5. 

$ 97. But if, by continually ſubtracting every 
remainder from the preceding remainder, yqu 
can never find one that meaſures that which pre- 
cedes it, exactly, no quantity can be found that 
will meaſure both @ and &; and therefore they 
will be incommenſurable to each other. 
. if there was any common meaſſ 

quantities, as æ, it would neceſſat 
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all the remainders c, d, &c. For it would 
meaſure a—mb, or c, and conſequently þ—nc 
or d; and ſo on. Now theſe remainders de- 
creaſe in ſuch a manner, that they will neceſſa: 
rily become at length leſs than x, or any aſſign. 
able quantity : for c muſt be leſs than ta be- 
cauſe c is leſs than i;, and therefore leſs than h. 
and conſequently leſs than £c + £ mb, or 34. In 
like manner 4 mult be leſs than 25; for d is leſs 
than c, and conſequently leſs than 2 4+ Z xc, or 
25. The third remainder, in the ſame manner, 
muſt be leſs than 3 c, which is itſelf leſs than £ a: 
thus theſe remainders decreaſe ſo, that every 
one is leſs than the half of that which preceded 
it next but one. Now if from any quantity you 
take away more than its half, and from the 
[remainder more than its half, and proceed in 
this manner, you will come at a remainder leſs 
than any aſſignable quantity. It appears there- 
fore that if the remainders c, d, &c. never end, 
they will become leſs than any aſſignable quan- 
tity, as x, which therefore cannot poſſibly mea- 
ſure them, and therefore cannot be a common 

meaſure of a and 6. 
'$ 98. In the ſame way, the greateſt cc common 


: 8 of two numbers is diſcovered. Unit 


is a common meaſure of all integer numbers, 
and two numbers are ſaid to be prime to each 
other, when they have no greater common mea? 


ſure than unit; ſuch as g and 25. Such always 
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are the leaſt numbers that can be aſſumed in 
any given proportion; for if theſe had any 
common meaſure, then the quotients that would 
ariſe by dividing them by that common mea- 
ſure would be in the ſame proportion, and being 
leſs then the numbers themſelves; theſe num- 
bers would hot be the leaſt in the ſame pro- 
portion; againſt the ſuppoſition. | 
$ 99- The leaſt numbers in any proportion 
always meaſure any other numbers that are in 
the ſame proportion. Suppoſe @ and & to be. 
the leaſt of all integer numbers in the ſame 
proportion, and that c and d are other numbers 
in that proportion, then will meaſure r, and 
b meaſure d. 
For if a and & are not aliquot parts of c and 
4, then they muſt contain the ſame number of 
the ſame kind of parts of c and d, and therefore 
dividing # into parts of c; and & into an equal 
number of like parts of d; and calling one of 
the firſt n, and one of the latter 2; then as 21 
is to u, ſo will the ſum of all the m's be to the 
ſum of all the »'s; that is, m:n:;::a:Þ; 
therefore a and & will not be the leaſt in the ſame 
proportion; againſt the ſuppoſition: Therefore 
a and b muſt be aliquot parts of c and d. Hence 
we fee that numbers which are prime to each 
other are the leaſt in the ſame proportion; for 
if there were others in the ſame proportion leſs 
than them, theſe would meaſute them by the 
H _ 
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ſame number, which therefore would be their 
common meaſure againſt the ſuppoſition, for 
we ſuppoſed them to be prime to each other, 

. F 100. If two numbers à and & are prime to 
one another, and a third number c meaſures one 
of them a, it will be prime to the other 5. For 
if c and þ were not prime to each other, they 
would have a common meaſure, which becauſe 
it would meaſure c, would alſo meaſure a, which 
is meaſured by c, therefore @ and 4 would have 
a common meaſure, againſt the ſuppoſition. 

$ 101. If two numbers à and b are prime to 
c, then ſhall their product ab be alſo prime to c: 
For if you ſuppoſe them to have any common 
meaſure as d, and ſuppoſe that d meaſures ab 
by the units in e, ſo that de= ab, then ſhall 
d: a:: b: e. But ſince d meaſures c, and c is 
ſuppoſed to be prime to a, it follows (by Art. 100.) 
that à and a are prime to each other; and there- 
fore (by Art. 99.) d muſt meaſure; and yet 
fince d is ſuppoſed to meaſure c, which is prime 
to 6, it follows that d is alfo prime to 5 : that is, 
d is prime to a number which it meaſures, which 
is abſurd. 

8 102. It follows from the laſt article, that 
if a and c are prime to each other, then 4˙ will 
be prime to c: For by ſuppoſing that a is equal 
to b, then ab will be equal to a* z and conſe- 
quently a* will be prime to c. In the ſame 
manner c will be prime to a. 


8 103. 
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$ 103. If two numbers à and 5, are both 
prime to other two c, d, then ſhall the product 
ab be prime to the product cd; for (by Art. 10m.) 
ab will be prime to c and alſo to 4, and there- 
fore, by the ſame article, ed will be prime 
to ab. 

F 104. From this it follows, that if a and e 
are prime to each other, then ſhall 2 be prime 
to c, by ſuppoſing, in the laſt, that agb, and 
c=d, It is alſo evident that a will be prime 
to c, and in general any power of 4 to any 
power of c whatſoever. 

$ 105. Any two numbers, a and 5, being 
given, to find the leaſt numbers that are in the 
ſame proportion with them, divide them by their 
greateſt common nteaſure x, and the quotients c and 
d ſhall be the leaft numbers in the ſame propor- 
tion with a and b. 

For if there could be any other numbers in. 
that proportion leſs than c and d, ſuppoſe them 
to be e and , and theſe being in the ſame pro- 
portion as a and h would meaſure them: And 
the number by which they would meaſure them, 
would be greater than x, becauſe e and F are 
ſuppoſed lefs than c and d, ſo that x would not 
be the greateft common meaſure of a and bz 
againſt the ſuppoſition. 

§ 106, Let it be required to find the leaſt 
number that any two given numbers as a and þ 
can meaſure, Firſt, if they are prime o each 

41 2 other, 
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other, then their product ab is the leaft number 
which they can both meaſure. | 

For if they could meaſure a leſs number than 
eb as c, ſuppoſe that c is equal to ma, and to nb 
and ſince e is leſs than ab, therefore ma will be 
leſs than ab, and m leſs than ; and 15 being 
leſs than ad, it follows that » muſt be leſs than a 
but ſince ma=ndb, and conſequently a: b:: un: wm, 
and à and 6 are prime to each other, it would 
follow that a would meaſure u, and & meaſure 
mz; that is, a greater number would meaſure a 

leſs, which is abſurd, 

Bur if the numbers @ and & are not prime to 
each other, and their greateſt common meaſure 
is x, which mealures a by the units in , and 
meaſures ò by the units in , ſo that am,, and 
6=nx then ſhall ax (which is equal to im, be · 
cauſe a: B:: mw: u: : u, and therefore an 
=dbm) be the leaſt number that a and þ can 
both meaſure, For if they could meaſure any 
number c leſs than ua, ſo that c=la=#b, then 
a: Um :I; and becauſe x is ſuppoſed 
to be the greateſt common meaſure of à and 6, it 
follows that m and u are the leaſt of all numbers 
in the ſame proportion, and therefore m mea- 
ſures &, and zz meaſures J. But as c is ſuppoſed 
to be leſs than za, that is, la leſs. than na, 
therefore / is leſs than u, ſo that a greater would 
meaſure a leſſer, which is abſurd. Therefore 


@ and & cannot meaſure any number leſs than 
| ud; 
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na; which they both meaſure, becauſe na= 
mb. 

It follows from this reaſoning, that if @ and 
d meaſure any quantity c, the leaſt quantity xa, 
which is meaſured by à and 6, will alſo mea- 
ſure c. For if you ſuppoſe as before that c=1a, 
you will find that » mult meaſure i, and u 
muſt meaſure Ja or e. 

$ 107, Let à expreſs any integer number, and 


— any fraction reduced to its loweſt terms, ſo 


that and n may be prime to each other, and 
conſequently — . alſo prime to u, it will fol- 


low that an + # will be prime to , and 


an+m 


= will be a fraction in its leaſt 


terms, and can never be equal to an integer 
number. r herefore the ſquare of the mixt num- 


ber. a + = — is ſtill a mixt number, and never 


an integer. In the ſame manner the cube, bi- 
quadrate, or any power af a mixt number, is 
ſtill a mixt number, and never an integer. It 
follows from this, that the ſquare root of an in- 
teger muſt be an integer or an incommenſurable. 
Suppoſe that the integer propoſed is B, and 
that the ſquare root of it is leſs than a+ 1, but 
greater than @, than it muſt be an incommen- 
iurable ; for if it is a commenſurable, let it be 


&+ — where 1 repreſents any fraction reduced 
H 3 to 


conſequently = 
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to its leaſt terms ; it would follow that @ + > 


ſquared would give an integer number B, the 
contrary of which we have demonſtrated. 

$ 108. It follows from the laſt article, that 
the ſquare roots of all numbers but of 1, 47 9, 
16. 25, 36, 49, 64, 81, 100, 121, 144, &c. 
(which are the ſquares of the integer numbers 
I, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, Oc.) are 
incommenſurables; after the ſame manner, the 


cube roots of all numbers but of the cubes of 


1, 2, 3, 4, 5» 6, 7, &, 9, Sc. are incommenſu- 
rables: and quantities that are to one another 
in the proportion of fuch numbers muſt alſo 
have their ſquare roots or r cube roots incom- 
menſurable. : 3 
$ 109. The roots of ſuch numbers being in- 


commenſurable are expreſſed therefore by pla- 


cing the proper radical ſign over them; thus, 


2, Vg, Vs, Vb, VT, V, Vio, Sc. expreſs 
numbers incommenſurable with unit. Theſe 
numbers, though they are incommenſurable 
thernſelves with unit, are commenſurable in power 
with it, becauſe their powers are integers, that 
is, multiples of unit. They may alſo be com- 
menſurable ſometimes with one another, as the 


As, and the \/2, becauſe they are to one an- 
other as 2 to 1: And when they have a com- 


mon meaſure, as y/2 is the common _— 
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of both, then their ratio is reduced to an ex- 
preſſion in the leaſt terms, as that of commen- 
ſurable quantities, by dividing: them by their 
greateſt common meaſure. This common mea- 
ſure is found as in commenſurable quantities, 
only the root of the commori meaſure 1s to 


be made their common diviſor. Thus . 
422 a —.— Ve. 1 


§ 110. A rational quantity may be reduced 
to the form of any given ſurd, by raiſing the 
quantity to the power that is denominated by 
the name of the ſurd, and then ſertiog the ra- 


dical ſign over it thus, a= Va'= Vat V's 
I 55 | 
vi Sa,, and 4 = Vi6=vV64= V256= 
; ke. ; 
vV 1024=v/4". 
$ 111. As ſurds may be conſidered as powers 
with fractional exponents, hey are reduced to 
others of the ſame value that ſhall have the ſame 


radical fign, by reducing theſe ſraftional expo- 
nents to fractions having the fame _ and a 


common denominator. Thus A2 2 a”, | and 


£ x 
Va = a", and = — = == 5 = 7755 and there- 
fore Va and 5 reduced to the ſame radical 

1 ſign, 
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ſign, n * and 2 If you are to re- 
duce * 2 and * to the me denominatgr; com 
ſider * 3 as equal to. 3* , the V2 as equal to 
27, whoſe indices reduced to a common deno- 
minator, you have 3* =3* and 27 7 255 ang 
conſequently Fs Pang and N 2 Vet 
=V4: ; ſo that the propoſed ſurds * 3 and 92 


are reduced to other equal ſurds Vi and 2 
having a common radical ſign. 


§ 112. Surds of the ſame rational quantity are 
multiplied by adding their exponents, and divided 
by ſubtracting them. 


RR R L 22 5 6 
Thus Aa x Maghαœᷓ x = = N,; 
* — — 
. a a3 1 fy 2 1 5 
and - === . 2 Tx wt, 
. 
mM - MITA 75 . 2 3 
' aa 
_ PAETE rein 
Va 
hy 
V. NJ N Nn 
2 


$ 113. If the ſurds are of different rational 


quantities, asVa* and V 55, and have the ſame 


ſi is, multiply theſe rational quantities into one 
anather 
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another, or divide them by one another, and 
ſet the commom radical fi * their pro- 


duct or gunna Thus . X VP = VET, 


V2 NH 2. * A. 


* 
7 3 £94 3 
— 2 1 3 
+9 = 2=vi=tv3 
24 24 8 


If the ſurds have not the ſame radical ſign, 
reduce them by the 11th Art. to ſuch as ſhall have 
the ſame radical An, and - ap as before. Thus 


Nax Nb v 2 LEASE 2 . 3 Y Va= 


4 3 2 6 6 
2*X4'=2* X4*= VINX == NN 
6 | Fu x "I & 6 
KEN Va. 4 4 7 "T6 
MN; e 13 
98 


= 4 2. If the ſurds have any rational coeffici- 
ents, their product or en muſt be prefixed. 


Thus 23 * 56 = _ 10/18, 

$ 114. The powers of ſurds are found as the 
powers of other quantities, by multiplying their 
exponents by the 11 of the {agar * Thus 


the ſquare of Va is 23 X2 27 = v4; the 
cube 
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cube of 75 = 55 =; = v 125. Or you 
need only, in involving ſurds, raiſe the quan- 
tity under the radical fign to the power required, 
continuing the fame radical fign ; unleſs the index 
of that power is equal to the name of the ſurd, 


or a multiple of it, and in that caſe the power 1 


the ſurd becomes rational, Evolution is per. 
formed by dividing the fraction which is the eu- 
Ponent of the ſurd by the name of the root re- 
quired, 


Thus the ſquare root of V2; 1s VP , or 31 


$ 115. The ſurd . and in like 
manner, if a power of any quantity of the ſame 
name with the ſurd divides the quantity under 
the radical ſign without a remainder, as here 
a divides ax, and 25 the ſquare of 5 divides 


75» the quantity under the ſign in Ny 6s with- 
out 2 remainder, then place the root of that 
power rationally before the ſign, and the quo- 
tient. under the ſign, and thus the ſurd will 
be reduced to a more Umple expreſſion. Thus 


v75 = 5V31 ; 48 = J * 10 = 85 ; 


81 = TH 3 — 23. 
$ 116. When furds by the laſt article are re- 


duced to their leaſt expreſſions, if they have 


the ſame irrational part, they are added or ſub- 
tracted, 


2 
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tracted, by adding or ſubtradting their rational 
coefficients, and prefixing the ſum or difference 10 
the common irrational part, 


Thus 77 748 = = 5V3 + 4/3 = av oh 
761 + U 3/3+2v3= 5981 V 150. 


754 2 56-39% 2/6; Ver ＋ V 
SA ＋ D ATX Vs. 


$117. Compound ſurds are tak ag py” of 
two or more joined together, The ſimple ſurds 
are commenſurable in power, and by being mul- 
tiplied into themſelves give at length rational 
quantities; yet compound ſurds multiplied into 
themſelves commonly give ſtill irrational pro- 
ducts. But when any compound ſurd is pro- 
poſed, there is another compound ſurd which mul- 
tiplied into it gives a rational product. Thus 
Va ＋ s multiplied by /a — & gives a—6b, 
arid be inugfigation of that ſurd which multiplied 
into the propoſed ſurd will give a rational produt?, 
is made eaſy by the a Theorems, 4 


THEOREM TI. 


$ 118. Generally, if you multighys an — * 

by au- oþ gn—ampm . a- b 4. gn—4nh3m, &c. 

. till the terms be 1 in number equal to 
= the produc ſhall be a —bn; for 


* 
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| . ts into. & c... 
X a" — bm . | 


L. 4. g 


an an- u . an-anham. az bzu, &c. 


| arb a anhin. — -= han, &c.— * 


= 7 — —_ N 


THEOREM II. | 
nn — ani hm — an zu han cm i &c. 
multiplied by a= T, gives a , which 
is demonſtrated as the other. Here the ſign 


of 55 is poſitive, when —is an odd number. 


$119. When any binomial ſurd is ; propoſed, 
ſuppoſe the index of each number equal to m, and 
let n be the leaſt integer number that is meaſured 
by m, then ſhall an & an- ang gn—injzm, &c. 
give a compound ſurd, which multiplied into the 
Propoſed ſurd a" + b will give a rational produt. 
Thus fo. find the ſurd which multiplied by 


1 will give a rational quantity. Here 
mn , and the leaſt number which is mea- 
ſured by + is unit; let 2 = 1, then ſhall 


ar- + a- + , &c. = = 47 + 
„ 2 ü 
a 5 +4a% = a7 + a3 þ7 + 57 = - VF + 


A ab + VP, which multiplied by y -N, 
gives a'—b, | 
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1 1 e 
1 find the ſurd which multiplied by Va + 


a. 147345 gives a rational product. Here 
nf and #=3, * a- - an A , 


&c. = = + 4% 38 = 
TIE TIN - n | 
„% 7 

THEOREM III. 


9120. Let an## be multiplied by a 
gr—nþl T a = . + Se. and the 


product ſhall give a” + 2 : therefore n muſt be 
taken the leaſt integer that ſhall give — — alſo an 


integer. 
Dem. ar" = 55 + a = 1 . 


1 = I. . . &c. a 


a" F a = + go—2njal, &c. 


+ -e a- &c. + — 


an | 5 * * | * + þnm * 

| "= | 
—_ . - . . * PS. 
The ſign of 3“ is poſitive only when 775 is 
an odd number, and the binomial propoſed is 
an + . 
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§ x21. If any binomial ſurd is propoſed 
whoſe two numbers have different indices, let 
theſe be m and /, and take x equal to the leaſt in- 


teger number that is meaſured by mand by 75 


and a ? gr}! o gr=3njil = ar—4*}, &c, 
| ſhall give a compound ſurd, which multiplied 
by the propoſed an + þ! ſhall give a rational pro- 


duct. Thus is 4 — V7 4 being given, ſuppoſe 

mn =, I= 7. and 7 . therefore you have 
13, and . 4 — a- E- ar-amby 
+ &c. = 2 1 + 4a 255 + 225577 12 34 
a” 237 — 457 = a* + 4˙55 — 4767 + ab + 
4 + Ur = Vi +0 x V+ VT x vÞ 
' + ab + Var VF + 1 S e vb 


+avex VP +ab +baxVh+bx VF, 
2 3 . 
which multiplied by the Va- V, gives 
nl | 3 


- 7 = . 


$ 122. By theſe Theorems any binomial ſurd 
whatſoever being given, you may find a ſurd 
which multiplied by it ſhall * a rational * 
duct. 


| Suppoſe that a binomial furd was to be 4 
vided by another, 204 V1 2, by -N 
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20 ＋ 2 
VS NY 
But it may be expreſſed in a more ſimple form 
by multiplying both numerator and denominator by 
that ſurd which multiplied into the denominator 


V20+V1I2 _ 


the quotient may be expreſſed. by 


gives a rational produt?. Thus 


MS—-V3. 
+20 -Hſ12 * Se+ 3... 3 100 + 24/60 +6 
v5=v3 © 5+ v3 FI 
= i242 = 8+ 2/15. 5 


$ 123. In general, when any quantity is di- 
vided by a binomial ſurd, as * , where m 
and I repreſent any fractions whatſoever, tate u 
the leaft integer number that is meaſured by m and 


75 multiply both numerator and denominator by 


a 7 þ a9=2"}l '. an—3nþal, &c. and the dinomi- = 
nator of the produtt will become rational, and equal 
. uf 


to an — bm , then divide all the members of the 
numerator by this rational quantity, and the quote 
ariſing will be that of the propoſed quantity divided 
by the binomial ſurd, expreſſed in its leaſt terms. 


Thus „„ . =vV/5 + V2; 


52 
7 
£9 PTS I V20_ — 20 
Sand . 9-9 


7 
X E = v 20 29242+v4 
1 7 


7624 V4 749 272424 2 
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— +29/20+ 80 50 
OE =1//5+/20+v/103 


Alſo 


= (becauſe m = 4, / * „ 7 "i 
9-75 | 


and a. 5 =8=g==1)= 
4 20+44/ 10x 342/208 224462 EL 1 2 


=—8/5—4V/10 x n= * 
GVIO NGN NVS XV -3Vio 79. 


$ 124. When the ſquare root of a ſurd is re- 
quired, it may be found nearly by extraFing the 
root of a rational quantity that approximates to its 
value. Thus to find the ſquare root of 3+ 2/2; 
we firſt calculate y2=1, 41421, and therefore 
3+2v/2=5, 82842, whoſe root is found to be 


nearly 2, 41421: fo that —_ 2/2 is nearly 
2, 41421. But ſometimes we may be able to 


expreſs the roots of ſurds exactly by other ſurds; 

as in this example the | the ſquare root of 3＋2 9 

is re Ls + vYV2X1+ Va=l + v8 
=3 + 272. . 

90 order to know when and how this may be 
found, let us ſuppoſe that x ＋ is a binomial 
ſurd, whoſe ſquare will be * + y* + 2xy: If x 
and y are quadratic ſurds, then x* + * will 


be rational, and 2xy irrational; ſo that 2 
| ſhall 


4 
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ſhall always be leſs than & + - J's | becauſe the 
difference is ** +5* — 2xy =x — 9, which is 
always poſitive, Suppoſe that a propoſed ſurd 
conſiſting of a rational part A, and an irrational 
part B, coincides with this, then * +y* = A 
and xy = + B : Therefore by what was ſaid of 
Equations, Chap, 13th, 


* A- ==» and therefore 
Ar- N. and -A = 0 
4 1 


from whence we have x* = 


F =2= LIES Therefore when a quantity 


partly rational and partly irrational is propoſed to 
have its root extracted, call the Fational part A, 
the irrational B, and the ſquare of the greateſt 


member of the root ſball be = 1 — 5 and the 


fquare of the leſſer part ſhall be = A = 
And as often as the ſquare root of A* — B* can 
be extracted, the ſquare root of the propoſed 
binomial ſurd may be expreſſed itſelf as a bino- 
mial ſurd. For . if 3+ 20/2 1 is pro- 
poſed, then A 3, B 24/2, and Al- B. 


—8=1. Therefore * ks LYLE 25 =2, and 
1 — =; Therefore 44 17%. 


— < hy ; 
I to 
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Io find the ſquare ro. root of — 1 92 fap- 
"We —1, B= ES ſo that 1 6 


21 


= ==—2, ls the root required 
1s 1 2 V — 2. — 


$ 125. But though x and y are not quadratic 
furds or roots of integers, if they are the roots 


of like ſurds, as if they are equal to m/z 
and VV, where m and u are integers, then 


„ 
7 K x, and * i . _— — 


—— An xz ; ral — 2 
6 — = N my = _— 
Nx, and x + y= Vim + 2 The 
part A here eaſily Gager itſelf from 5 by 
its being greater, 
$ 126. If x and y are equal to br, an 
VL, then & + 2xy +35 N + n/1+2 
msi. So that if £ or f be not multiples 
one of the other, or of ſome number that mea- 
fures them both by a ſquare number, then will 
A itſelf be a binomial. 
+ 127. Let x +y 2 expreſs any trindchin 
furd, its ſquare x* + y* + * + 2xy + 2x2 ＋ 2 
may be ſuppoſed equal to A+B as before, 4 
rather 
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rather multiply any two radicals as 200 by 2x2, 
and divide by the third 2yz, which gives the 


- quotient 24* rational, and double the ſquare of 
the ſurd # required. The ſame rule ſerves when 


there are four quantities, 7 + 5* + & + 5 + 
2xy + 2#5 + 2X ＋ 22 ＋ 2954225, multiply 2xy 
by 2xs, and the product 4 divided by 29 

gives 2x" 4 rational quotient, half the ſquare 
of 2x. In like manner 2xyx v #2, which 
divided | by 25 another member gives 23%, a ra- 
tional quote, the half of the ſquare of 2y, In 
the ſame manner z and s may be found; and 
their Tum x + y + z +65, the ſquare root of the 
ſeptinomial * + * + &* + 5* + 2 + 2 + 
242 ++ h ＋ 295, diſcovered, 

For example, to find the ſquare root of 
1444+ Ve. Vb I try , 
which 1 find to be / 164, the half of the ſquare 
root of the double of which, viz. 4x v/8 Va, | 
is one member of the ſquate root required; next 


22 — 90 — 6, the half of the ſquare root of 


the Joudla of which is Iz, another member of 


the root required, laſtly, = — — ro, which 


gives Vs for the third member of the root re- 
quired : From which we conclude that the ſquare 
root of 10+V/24 +40 + 60 is Ha ＋ V3 
* 53 and trying you find it ſucceeds, ſince 
I 2 | multi- 
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multiplied by itſelf it gives the propoſed . 
drinomial. 

$ 127 For extracting the higher- raots of a 
' binomial, whoſe two members being ſquared 


are commenſurable en, there i is the ſol- 
lowing 


R ULF. _—_ 

* „Let the quantity be A + B, whereof A is 
the greater part, and c the exponent of the 
root required. Seek the leaſt number n whoſe 
power ue is divif ble by AA — BB, the qu0- 


tient hep Q. Copa i Ty ＋B 2 Q in the 

neareſt integer number, which ſuppoſe to be r. 

Divide AV/Q by its greateſt rational divifor, 
14 = 


and let the quotient be s, and let — „in the 
neareſt integer number, be t, '/o ſhall the root 


te K Vl — 1 


required 3e — 


i 
A * B can be extracted. 


EXAMPLE A 
Thus to find the cube root of Ves +25, 
we have A* — B. = 343, whoſe diviſors are 
7s To T whence # = 7, and Q = 1. Further, 
IBN that is, 968+25 is alittle more 


* Arithm. Univerſal. 5 59. 2 1 
A | t an 


„F the c root of 
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than 56, whoſe neareſt cube root is 4. Where- 
fore r=4. Again, dividing vgos by its great- 
eſt rational diviſor, we * A 9 * 22%, and 

4 — | 


_ 2 
the radical part 2 = s, and _—_ or 2 in 


the neareſt integers, is 2 = A And laſtly, | 
6 


15=2v2, VF —1 ne, and * 111 
Whence 202 ＋ l 1s the root, whoſe 0. upon 
trial, 1 find to be vg68 + 25. 


VR EXAMPLE II. „ 

To find the cube root of 68 — /13m4: z We 
have A*—B*= 250, whoſe diviſors are 5, 5, 5, 2. 
Thence #:= X 2:= 10, and Gs and 


7 A Bx Dor 7 68+ Ae 
ly 7=r3 again, A N or b = EN V, 


ö 3 


=4=t. | Therefore ts = 4» Ae. s . | 

* — 
and 2 es v2, whence the root to be 
4— . 20 | 


V2 


EXAM P L E IIT, 
' Suppoſe the fifth root of 2946 + 47 V3 is 
demanded, A* — B*=3, and 1 3; Q=81, 


I 3 ra 


tried 1 is 
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. S=+M6, ans FE —7 e 


and . 7818 v9. And therefore trial j 15 
h L 2! 

49 1 | 

In theſe operations, if the quantity is a fracs 

tion, or if its parts have a common diviſor, you 

are to extract the root of the numerator and de- 

nominator, or of the fattors ſeparately. "Thus 


to extract the cube root of A a! — 121, 
this reduced ta a common denominator is 


A . — —— 
and 8 ſeparately found, give the 
root .. And if you ſeek any root of 


3 


3 
53593 * * 17578125 5, divide i its parts by the - 


common diviſor 3, and the quotient being 
1x + V 125, the root of the quantity propaled = 


will be found by taking the roots of * and 
of 11+V 12 55 and — them! into each 
„ 

$ 128. The ground of this Rule may be ex- 
plained from the following 


THEOREM 
Let the ſum. or difference of two quantities x 


end y be raiſed 10 @ power whoſe exponent is c, 
| | | and 


to be made wit 


And the roots of the numerator 
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and let the 1ſt, 3d, 5th, tb, &c. terms of that 
power, collected into one ſum, be called A, and 
the reſt of the terms, in the even places, call B; 
the difference of the ſquares of A and B ſhall be 
equal to the difference of the ſquares of * andy 

raiſed to the ſame power c. | 


For the terms in the c power of x + y (writ- 
ing for their Fortleicars, reſpectively, 1, c, d, 
e, &c. are 
ve oxy + d- A er- 55 +, & c. = A+B, 
and the ſame power of x 5 (changing the 
ſigns in the even places) is 
x*— cue iy dreay- Py +, &c. A-, 
and therefore v7 — = ITB A 


AN (T x = = = 
Q. E. D. 


Let one, or both, of the quantities x, , be 
a quadratic ſurd, that is, let x 45, the c root 
of the propoſed binomial A + B belong to one 
of theſe forms, p +1v 9, 19 t or 1 
And it follows, 

1. If x+y=p+V4, that, c being any whole 
number, A, the fum of the odd terms, will be 
a rational number; and B, the ſum of the terms 
in the even places, each of which involves an odd 
power of y will be a rational number multi- 
plied into the quadratic ſurd vg. 

2. Let c, the exponent of the root ſought, 
be an odd number, as we may always ſuppoſe 
14 i. 
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it, becauſe if it is even, it may be halved by the 
extraction of the ſquare root, till it becomes 
odd; and let x+y9=kvp+49, Then A will 
involve the ſurd Vp, and B will be rational. 

3. But if both members of the root are irra- 
tional (x +y=kv/p+lyg) A and B are both 
irrational, the one involving p, and the other 


the ſurd /. 
And in all theſe caſes, it is eaſily ſeen chile 


when x is greater than y, A will be yrouer 


than B. 
$ 129. From this compoſition of the bino- 


mial A +B, we are led to its reſolution, as in 
the * rule, by theſe * 
. 14 vg 
When A is rational, and A. — B* is a per- 
fect c power. 


1. By the T heorem, AF accu- 
rately; and therefore extracting the c root of 
A*—B* it will be -. Call This root » 

2. Extract in the-neareſt integer, the c root 
of AB, it will be (zearly) x+y. Which 
Putzer. N 3 

3. Divide & — * (= n) by x + (r) the 
quotient is (nearly) x—y; and the ſum of the 
diviſor and quotient is (more nearly) 2x ; that is, 
if an integer value of x is to be found, it will 

coin "RITA 
be the neareſt to N 
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4. e or, Ar — n =: 


whence y= of 24 —7, and therefore, put- 


17+ 


ting ? = —— —— the root fought x + y = + 


Vn; the ſame expreſſion as in the rule, 
when Q= 1, $=1, that is, when A*—B* is 
a perfect c power, and the greater member A 
is rational, | 
II. 
When A is irrational, and 


=” 
7 


By the ſame procel = —— ( =T) and 


V=. But ſeeing A is 3 irratio- 
nal, and c an odd number, x will be irrational 
likewiſe; and they will both involve the ſame. 
irreducible ſurd /p, or 5, which is found by 
dividing A by its greateſt rational diviſor. Write 
therefore for x or T, its value / x 5, and x — y 
= 1s +» "Wa 7 62 | 
.. 2 
If the c root of A*—B* cannot be taken, 
multiply A* — B* by a number Q, ſuch as that 
the product may be the (leaſt) perfect c power 
1. ( AQ B'.) And now (inſtead of 


A+. 
L 
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A + B) extract the c root of A+B x VQ, 


which, found as above, will be t5 N = 
and conſequently the e root of A + B will be 


is + Vi, divided TN the c root of V 2 
ts ＋ VN = — 


that is, 
MS 1 
It is required in the rule that a perfect c power 
(1) be found which ſball be à multiple of A*— 
B' by the whole number Q. To find this -wer, 
let the given number A* — B* be repreſented 
by the product af; whoſe ſingle diviſors 
, & „ b, 1 4 and 
the product of theſe divicacs raiſed to the- power 
c, which is achedeſt, divided by a"b*df will give 
the quotient q—"þ—zd&—ft— = Q a whole 
number, provided ſome index, as m or p, be 
not greater than c. If it is, take, inſtead of the 
ſingle diviſor @ or 6, 4 or , & or l, &c. 
till there be no negative index in the v e 
that is, till Q be a whole number. nat 
$ 130. We may add the following 35 
1. If the reſidual A —B is given, it is evi- 
dent from its geneſis by involution, that the 
ſame rule gives its root x—y. 
2. The extracting the c root of AB, or of 


A+BxvwvVQ, in the neareſt i integer, neglect- 
ing the fractional part, will always give x + y 
ſuch, that the value of x which reſults in the 
operation ſhall not differ from its true value by 

unity; 
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unity; that is, it ſhall be mw true integer va» 


lue ſought. 
For f being ſome proper fate, let x +9 


+ 7 be the accurate value of 1 ATB VQ, 


and let the quotient of x* — y* divided by it i 
x —IF&3 then, the ſum of the diviſor and 
quotient being 2x+f=g, if our reckoning the 
fractional part could make a difference of unity 
in the value of x, it would follow that g 
org —f 2. Which is abſurd, g, as well as 
V, being a proper fraction. | 

3. If both A and B are irrational; or, if the 
leſſer of the two members is rational, no root 
denominated. by an even number can be faund. 
4. When the greater member is rational, 
and the exponent c is an even number, it is am- 
biguous whether the greater member of the root 
is rational or ſurd. And though a root in the 
form of p + I-/q is not found, yet a root in 
the farm of kv p ＋ 2, ar, that failing, in the 
form k/p + 1 may be obtained. | 

If we look for a root kp 9, we are now 
to ſubtrat x- from x+y, and half the remain- 
der will give y (or ) the rational part. And to 
* — 9? Ty ") adding y*, the ſum wil be *. 


80 that y = 


expreſſions being the ſame as when c is odd, 
6 . with 


5 
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with the. ſign of à changed. If this does, not 
ſucceed, and a prime number ſtands under the 
radical ſign, no farther trial need be made. 

But if a compoſite number ſtands under the 
radical ſign, the root may poſſibly belong to 
the form (p; and that compoſite num- 
ber being p x g, ſince Fp—I'q=n, and ky p=s, 
the numbers k, /, may be ſought for in the 
neareſt integers, and trial made wich K- 'P + v9, 
as in this | | 


N A M P ' E. 

To find the fourth root of 49849 289 5½¹=. 
The 4th root of A.- B; is 1 5 u en, 
and the 4th root of A—B, that is, x — 1 =r=9 
near ly : and — — — = = 17 nearly. Whence 


6 $227 2821 3. But now the leaſt radical fac- 


tor in B being Viz * 7 * 45 1 put 13 () 
= K N, and & in the neareſt integer = 5. A- 
gain K g = 17 -, 221573 that 
is, P x2 = 18, and 12 33 which gives the 
root 5/7 — 39 ⁹⁰0 . 

In this manner the even roots may be ſought 
immediately. But to avoid ambiguity and need- 
leſs trouble, it is better firſt to depreſs them by 
extracting the ſquare root, as in 8 124. 


A SUP- 
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A SUPPLEME NT 
1 THIS 


CHAPTER 


$ 131. 31. HERE occur ſometimes, eſpecially 
in the reſolution of cubic equations 
by Cardan's Rule (Part. II. 5 79.) binomials of 


this form ABV —g, whoſe cube roots muſt 
be found. To theſe the foregoing rule cannot 
be applied throughout, becauſe of the imagi- 
nary factor -. Yet if the root is expreſſi- 
ble in rational numbers, the firſt ſtep of that 
rule will often lead us to it in a ſhort way, 
not merely tentative, the trials being confined 
to known limits. b 


For it being, univerſally, A= T= — 


and, in the preſent caſe, AN A*+BY(=x*—y") 
=P + Xq; if we divide the part under the 
radical ſign by its greateſt rational diviſor, the 


_ is the 1 Imaginary ſurd V —g, 95 and from 


* N A ſubtracting p*, the ſquare of ſome 
diviſor of A, the remainder is Þ x q, a known 
multiple of the ſquare of / a diviſor of B, 
That 
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That p and J are diviſors of A and B reſpec- 
tively is evident; for cubing p + 1V —g, you 
find A=p x#—3/g,B=! Xx 3 i_Þeq. And 
the ſigns of p and / muſt be ſuch as will as will give the 


products of p x p*— 3q, 1x 3p —Þ7q of the 
ſame ſigns as A and B reſpectively. 


EXAMPLE. 
To find the cube root of 81 + V—2700z | 
81 + 320V/—3. FOG 


Here Ag 81, B= 30, 9233 N- 
21 =P. Subtracting therefore from 21, 
the ſquare of (p) & 3, which is a diviſor of A, 
there remains (Pxq=) 2x 2K 3. And (I) 2 
is a diviſor of 30. Laſtly, A (=pxp*—3/4) 
being poſitive, and the factor p* 39 nega- 
tive, muſt have the negative ſign; and for the 
like reaſon / = +2, So that the root ls — 3 
+2v/—3 

It will be ſhown in the ſecond' Part of this 
Treatiſe that every cube or other power has 
as many roots, real and imaginary, as there are 
units in the exponent of the power ;” particu- 
larly, that unity itſelf has the cube roots 1, 


— — 1 and . If therefore 


we i find the other two cube "1000s 2 this 


example, ſeeing 2*=2'X 1, and 2 x 7 1 
0 
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(vi repreſenting any cube whatever, and z any | 
of its roots) we are to multiply — 3 +2 3. 
the root already found, by — & + . and 


by—1—1 23 —3and the products 1-12. 3, 
and 24-4 z will be the root required, 

Or, becauſe the denominator of the imagi- 
nary roots of unity is 2, taking p = 4, one 
half of a diviſor of A, we have.21 —=2= 2 
*gg, that is I g; and p* — 370 as well 
as 3p*—1'q being negative, 1 2 and / muſt be 


negative, and the root is — . — ; fag. 3. Again 
take p=2, and you ſhall * I=+3; fo the 
remaining root is 2 fg, as before. 
We may here obſerve that the operation ought 
to be abridged, where it can be done, by divid- 
ing the given binomial by the greateſt cube 
that it contains; and finding the root of the 
quotient; which multiplied by the root of the 
cube by which you divided, will give the root 
required. Thus, in the foregoing Example, 
| $1+V — 2700=27X3 and the 
roots of 3 + V — +32 bring now, more e 
found to be —=1+2V -, —E—£V —+, and 
3+1V —+, theſe mokiplied by 3, the cube root 
of+27, give the roots required the ſame as above. 
If the coefficient of the imaginary mem- 
ber of the binomial has a contrary ſign, the 
roots will be the ſame, with the ſigns of the 
imaginary 
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imaginary parts changed.” Thus the cube roots 
of 81 — 9 or 81 — 30% , will be 


3-2 —3, - 2 T4 = and 1 i 
And therefore A. 81+ Ao 700+ * 8 = '—2700 

=—z3x2=—6, or = — 1x2=—3,0r=2x 29; 

the imaginary parts vaniſhing by the 29 

of their ſigns. 


We may obſerve likewiſe, that ſuch rocks, 
whether expreſſible in rational numbers, or 
not, may be found by evolving the binomial 


A + BV — q by the Theorem in pag. 41, and, 
ſumming as alternate terms. As, in the fore- 


going example, 81 + 309 TW „or rather 


113 x1+22 ==, being expanded into a 
ſeries, the ſum of the odd terms will continually 
approach to 4. 5 = 2, and the ſum of the co - 
efficients of the even terms to Z, which is the 
coefficient of the imaginary part. But for a ge- 
neral and elegant ſolution, recourſe muſt he had 
to Mr. de Moivre's Appendix to Dr. Saunderſons 
Algebra, and the continuation of it in Philo. 
Tranſ. Ne 451. What has been explained above 
may ſerve, for the preſent, to give the Learne 

ſome notion of the compoſition and reſolution of 
thoſe cubes; that he need not hereafter be ſur- 
priſed to meet with expreſſions of real en 
which involve 1 Imaginary roots. 


End of the FIRST Part. 
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of che Geneſis and ReGlutica of E- 
QUATIONS of all degrees; and of 
the different Affections of the 


Roors. 


c n 
of theGenefis andReſolutionof Rynations 
in general; and the number of roots an 
equation of any degree may have. 


(FTEHR the ſame manner as the 
higher powers are produced by 
| the multiplication of the lower 
powers of the ſame root; equations of ſu- 
perior orders are generated by the multiplica- 
tion of equations of inferior orders involving the 
| wu unknown quantity. And an equation of 
K "P 


| 
( 
| 
| 
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any dimenſions may be conſidered as produced by tbe 
multiplication of as many ſimple equations as it 
bas dimenſions; or of any other equations what- 


| ſerver, if the ſum of their dimeh/ions is equal to 


the dimenſion of that equation. Thus any cubic 


equation may be conceived as generated by 
the multiplication of ee ſimple equations, or 


of one quadratic and one ſimple equation, A 
biquadratic as generated by the multiplication 
of four J ſimple equations, or of two quadratic 
equations; or laſtly, of one cubic and one /i mple 
equation. 

§ 2. If the equations which you 2 900 mul- 
tiplied by one another are be ſame, then the 
equation generated will be nothing elſe but ſome 
power of thoſe equations, and the operation is 
merely involution; of which we have treated ak: 
ready : and, when any ſuch equation is given, 
the ſimple equation by whoſe multiplication it 
is produced is found by evolution, or the extrac- 
tion of a root. 

But when the equations that are ſuppoſed, to 
be multiplied by each other are different, then 
other equations than powers are generated; 
which to reſolve into the ſimple equations whence 
rhey are generated, is a different operation from 
involution, and is what is d T. be en 
of equations. 

But as evolution is kong by obſerving 
and tracing back the ſteps of involution ;- ſo to 

diſcover 


6 
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diſcover the rules for the reſolution of equa- 
tions, we muſt l obſerve their ** 
. 7 as þ RN bb 


93. Suppoſe the unknown quantity to be 4 
and its values in any ſimple equations to be 
a, B, c, d, &c. then thoſe ſimple equations, by 
bringing all the terms to one fide, become 
x—4=0,x—-b=0, -c o, &c. And, the 
product of any two of theſe, as x —a x x—b=0 
will give a quadratic equation, or an equation of 
two dimenſions. The product of any three of 
them, as 4 * * = O will give a, 
cubic equation, or one of three dimenſions. The ' 
product of any four of them will give a biqud- 
dratic equation, or one of four dimenſions, as 


— 4 — 


x -4 Xx X 5 * Te x duo. And, in ge- 
neral, Ir the equation produced, the higheſt di- 
menſion of the unknown quantity will be equal to 
the number of ſimple om ons that are * d 
by each other, | 


54. When en any equation 8 to ohh 
biquadratic x — aX x —bXx Y Arg is 
propoſed to be reſolved, the whole difficulty con- 
fiſts in finding the ſimple equations x —@ =O, 
x—b=0,x eo, x—d =o, by whoſe mul- 
tiplication it is produced; for each of theſe 
ſimple equations gives one of the values of x, 


and one ſolution of the propoſed equation. For, 
K 2 | * 
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if any of the values of x deduced from thoſe 

ſimple equations be ſubſtituted in the propoſed 
equation, in place of x, then all the terms of 
that equation will vaniſh, and the whole be 
found equal to nothing. Becauſe when it is 
ſuppoſed that x = @, or x = b, or x or x=4, 

then the product n X . -c X 7 
does vaniſh, becauſe one of the factors is equal 

to nothing. T here are therefore four ſuppoſi- 
tions that give #=a X #—Þ X #—c X #—d=0 
according to the propoſed equation; that is, 
there are four roots of the propoſed equation. 

And after the ſame manner, Any other equa- 
tion admits of as many ſolutions as there are 
ſimple equations multiplied by one another that 
produce it,” or * as many as there are units in 
'the higheſt dimenſion of the unknown quantity 
jn the propoſed equation.“ 


$ 5. But as there are no other V what- 
ſoever beſides theſe four our (a, 5, c, d, d,) che that ſubſti- 


tuted in the product 4 X x—b = X x—@, 
in the place of x, will make the product vaniſn; 
therefore, the equation * 4 NC IN Ne 
x — 4 o, cannot poſſibly have more than theſe 
-four roots, and cannot admit of more ſolutions 
than four, If you ſubſtitute in that product a 
quantity neither equal to 4, nor , nor c, nor 
d, which ſuppoſe e, then ſince neither e — 4, 
e—b, e—c, nor e—d is equal to nothing; their 
product 


8 
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product 7Eaxe—Þ Xe 112 cannot be 

equal to nothing, but muſt be ſome real pro- 
duct: and therefore there is no ſuppoſition be. 
ſide one of the foreſaid four, that gives a juſt 
value of x according to the propoſed equation. 

So that it can have no more than theſe four 
roots. And after the ſame manner it appears, 
that “ No equation can have more roots than 
it contains eee, of the unknown quan- 
tity.” 


$6. To make all this ſtill plainer by an ex- 
ample, in numbers; ſuppoſe the equation to be 
reſolved to be #*—10%* + 35x8*— 50 +240, 
and that you diſcover that this equation is the 
ſame. with the product of = x #—2 X #—3 
* #—4, then you certainly infer that the four 
values of x are 1, 2, 3, 43 ſeeing any of theſe 
numbers placed for x makes that product, and 
conſequently x*— 104% + 35 - 50x ++ 24, equal 
to nothing, according to the propoſed equation, 
And it is certain that there can be no other 
values of x beſides theſe four : ſince when you 
ſubſtitute any other number for in thoſe fac- 
tors x 1, 2 — 2, # 3, # 4, none of the 
factors vaniſh, and therefore their product can- 
not be equal to nothing according to AYE qua- 
tion. 

$ 7. It may be uſeful ſometimes to conſider 
equations as generated from others of an infe- 
K-23 rior 
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rior ſort beſides ſimple ones. Thus a cubic 
equation may be conceived as generated from 
the quadratic ** — x +q = ©, and the Simple 
equation x — 4 = o, multiplied by each other; 
whoſe product 

r =0 may expreſs any cubic 
equation whoſe roots are the quantity (a. the 
value of x in the ſimple equation, and the two 
roots of the quadratic equation, viz. 


ADE —47 4 E —47. 


— an 2 28 appears from 


Chap.” 13. Pari J. Ang according as theſe roots 
are real or impoſſible, two of the roots of the 
cubic equation are real or impoſſible. | 

§ 8. In the doctrine of involution we ſnewed 
that © the ſquare of any quantity poſitive or 
negative, is always poſitive,” and therefore © the 
_—_ met of a negative is impoſſible or ima- 
ginary.“ For example, the \/# is either + 4 


or — a; tout La can neither be + nor 
-a, but muſt be imag.nary. Hence is under- 
| ſtood that © a quadratic equation may have no 
impoſſible expreſſion in its coefficients, and yet, 
when it is reſolved into the ſimple equations 
that produce it, they may involve impoſſible 
expreſſions.” 'Thus the quadratic equation 
* + a* = © has no impoſſible coefficient, but 
the ſimple equations from which it is produced, 


| vi. a o and x — Va 8 
| ot 
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both involve an imaginary quantity; as the 
ſquare - —4* is a real quantity, but its ſquare 
root 1s Imaginary. After the ſame manner a 
biquadratic equation, when reſolved, may give 
four ſimple equations, each of which may give 
an impoſſible value for the root: and the ſame 
may be ſaid of any equation that can be pro- 
duced from quadratic equations only; that is, 
whoſe dimenſions are of the even numbers, 


$ 9- But. « a cubic equation (which cannat 
be generated from quadratic equations only, 
but requires one ſimple equation beſides to pro- 
duce it) if none of its coefficients are impoſſible, 
will have, at leaſt, one real root,” the ſame 
with the root of the ſimple equation whence it 
is produced. The ſquare of an impoſſible quan- 


= a be real, as the ſquare of V —# is 
but * the cube of an impoſſible quan- 
oy is fill impoſſible,” as it ſtill involves the 


ſquare root of | A negative : as, 2 2 


| SIR x VF = n = 
plainly imaginary. From which it appears, 
that though two ſimple equations involving 
impoſſible expreſſions, multiplied by one an- 
other, may give a product where no impoſſible 
expreſſion may appear; yet «+ if three ſuch ſim- 
ple equations be multiplied by each other, the 
impoſſible expreſſion will not diſappear in their 


K 4 pro: 
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product.“ And hence it is plain, that though a 
quadratic equation whoſe coefficients are all real 
may have its two roots impoſſible, yet © a cubjc 
equation whoſe coefficients are real cannot haye 
All ; its three roots impoſlible,” 


$ 10. In general, it appears that the impaſ: 
ſible expreſſions cannot diſappear in the equation 
| produced, but when their number is even; that 
there are never in any equations, whoſe coeffi- 
cients are real quantities, ſingle impoſſible roots, 
or an odd number of impoſſible roots, but 
that the roots become impoſſible in pairs; 
and that an equation of an odd number of * 
menſions has always one real root.“ 


F 11. The roots of equations are either 
Alive or negative according as the roots of the 
ſimple equations whence they are produced are 
poſitive or negative.” If you ſuppoſe x, 
* = B, „ = = c, x = = d, &. then ' ſhall 
#44a=0, M g O, x+-c=0, x4+-d= a; and 


the equation & ＋ Xr X #+c x do 
will have its roots, — 4, — þ, — 6 —4 Kc. 


negative. * 


But to know when he roots of equatibik 
are poſitive and when negative, and how many 
there are of each kind, ſhall be explained in ty 
next chapter. 


CHAP, 
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CHAP. * 


of the Signs and Coefficients of 
 EqQuaTIONS. 4 


$ 12. HEN any 3 imple equa- | 
W tions are multiplied by each other, 


it is obvious that the higheft dimenſion of the 
unknown quantity in their product is equal to 
the number of thoſe ſimple equations; and, the 
term involving the higheſt dimenſion 1s called 
the fr/t term of the equation generated by this 
multiplication. The term involving the next 
dimenſion of the unknown quantity, leſs than 
the greateſt by unit, is called the ſecond-term | 
of the equation; the term involving the next di- 
menſion of the unknown quantity, which is leſs 
than the greateſt by two, the bird term of the 
equation, Ac. And that term which involves 
no dimenſion of the unknown quantity, but is 
ſome known quantity, is called the ia term of 
the equation. 

« The number of term. 16 alvays greater than 
the higheſt dimenſion of the unknown quantity by 
unit. And when any term is wanting, an 
aſteriſt is marked in its place. The guns and 
coefficients of equations will be underſtood by 
conſidering the following TasLz, where tho 


wk 
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plied by one another, 
the higher equations. 
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ſimple equation x — 4, x 3, &c. are multi- 
and produce ſucceſſively 


| abc o, a Cubic. 


| 


Xx+abcd=0, a Bi- 
[quadratic, 


& — 420 

X x—b=0 
=x at =0, a Quadratic, 
X x —c=0 „ Te 
=* —4 +ab 3 
1 8 xo 

— | +6c 
2 x*—4a + ab —abe 

— ＋ ac -ab 

h — 

3 + bc XX — bd 
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8 13. From the inſpection of theſe equations 
it is plain, that the coefficients of the firſt term 
is unit. | 

The coefficient of the ſecond term is the 
ſum of all the roots ( a, b, 6 d, e ) having their 
ſigns changed. 

The coefficient of the third term is the ſum 
of all the produtts that can be made by mulli- 
plying any two of the roots (a, b, c, d, e) by one 
another. 

The coefficient of the fourth term is the fun 
of all the produfts that can be made by multiplying 
into one another any three of the roots, with their 
figns changed. And after the ſame manner all 
the other coefficients are formed. 

The laſt term is always the produd? of al the 
roots having their ſigns changed, multiphed. by 
one another. 

$14. Although in the Table ſuch ſimple equa- 
tions only are multiplied by one another as have 
poſitive roots, it is eaſy to ſee,” that *©* the. co- 
efficients will be formed according to the ſame 
rule when any of the ſimple equations have 
negative roots.” And, in general, if x — px 
 +9x—r=0 repreſent any cubic equation, then 
ſhall p be the ſum of the roots; q the ſum of 
the products made by multiplying any two of 
them; r the product of all the three: and, if 
— p- + 7. — r. +5, —t, + , &c. be the 
coefficients of the 2d, 3d, 4th, 5th, 6th, 7th, 

c. 
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Sc. terms of any equation, then ſhall ↄ be 
the ſum of all the roots, g the ſum. of the 
products of any two, r the ſum of the products 
of any three, 5 the ſum of the products of any 
four, . the ſum of the products of any five, 
A the ſum of the products of any ſix, Sc. 


8 15. When therefore any equation is pro- 
poſed to be reſolved, it is eaſy to find the ſum 
of the roots, (for it is equal to the coefficient 
of the ſecond term having its ſign changed :) 
or, to find the ſum of the products that can be 
made by multiplying "= determinate wuraber 
of them. 
But it is alſo eaſy © to find the cam of: * 
ſquares, or of any powers, of the roots.“ 
The ſum of the ſquares is always p. — 23. 
For calling the ſum of the ſquares B, ſince the 
ſum of the roots is p ; and © the ſquare of the 
ſum of any quantities is always equal to the ſum 
of their ſquares added to double the products 
that can be made by multiplying any two of 
them, therefore p* = B29, and confequently 
B =p — 29 For example, a +4 ＋ c = 
4 0 80 c + 2a + 2ac + 260; that is, P 
+29. And ae T = ＋ & 
+d +2 Xab + ac + ad + bc + 3d + cd, that is 
again, p* = B + 24, or B — 24; And ſo 
for any other number of quantities. In general 
therefore, © B the ſum of the ſquares of the 
roots 
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roots may always be found by ſubtracting 23 
from p*;” the quantities p and g being always 
known, fince they are the coefficients i in the pro- 
poſed equation. | 

$ 16. * The ſum of the cubes of the roots of 
any equation is equal to p — 3Þq + 3r, or to 
Br —pq+3r.” For B- xp gives always 
the exceſs of the ſum of the cubes of any quan- 
tities above the triple ſum of the products that 
can be made by multiplying any three of them. 


je OE SE" "IR _ 


Thus 4 # ++ —ab—ac— bc X a FE +7{(= 
ND = +# ＋ 4 gabe. Therefore 
if IS ſum of the cubes is called C, then ſhall 


FB=qxp=C—3r, and C = By — gp. + 3r 
(becauſe B = P — 29) =þÞ* — 35 + 3r. 


After the ſame manner, if D be the ſum of 


the 4th powers of the roots, you will find that 

 D=pC—9qB +pr—4s: and if E be the ſum of 
the gth powers then ſhall E D -C +rB — 
25 + 5t. And after the fame manner the ſum 
of any powers of the roots may be found; the 
progreſſion of theſe expreſſions of the ſum of 
the powers being obvious. | 


$ 17. As for the figns of the terms of the : 
equation produced, it appears from inſpettion 
that the Ggns of all the terms in any equation 
in the Table are alternately and — : theſe 
equations are generated by multiplying conti- 
neee * b, * — c, x d, &c. by one 
5 | another, 
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another. The firſt term is always ſome pure 
power of x, and is poſitive; the ſecond is à 
power of x multiplied by the quantities — 4, 
— 5, — c, &. And ſince theſe are all nega- 
tive, that term muſt therefore be negative. 
The third term has the products of any two of 
theſe quantities (— 42, — 3, —c, &c.) for its 
coefficient; which products are all poſitive, be- 
cauſe — x — gives +. For the like reaſon, 
the next coefficient, conſiſting of all the pro- 
ducts made by multiplying any three of theſe 
quantities, muſt be negative ; and the next po- 
_ fitive. So that the coefficients. in this caſe, will 
be poſitive and negative by turns. But “ in 
this caſe the roots are all poſitive ;” ſince x = a, 
xz=b,,z=c,x=&6,x=e, &c. are the + 
ſumed ſimple equations. It is plain then, that 
en all the roots are poſitive, the figns are al. 
ternately + and — - 

$ 18. But if the roots are all negative, then 
+a X XT * x+c x x+4, &c. So, will ex- 
preſs the equation to be produced; all whoſe 
terms will plainly be poſitive ; fo that © when all 
the roots of an equation are negative, it is plain 
there will be no changes in the ſigns of the lernt 
of that equation.” 

519. In general, © there are as many . | 
tive roots in any equation as there are changes 
in the ſigns of the terms from + to —, or 
from — to + ; and the remaining roots are 
negative.” 
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negative.” The Rule is general, if the impoſ- 
ſible roots be allowed to be cither poſitive or 
negative. 

$ 20. In quadratic equations, the two roots 
are cither both politive, as in this 

= * * 32 ) x*—ax + ab=o, 
bx 

where there are two changes of the ſigns: Or 
they are both negative, as in this | 


(x+84 x x+b= 3 & T abo. 


where there is not any change of the ſigns. 
Or there is one e politive and one negative, as in 


(x—axx+b= oy Tl -= | 
where there is neceſſarily one change of the 
ſigns; becauſe the firſt term is poſitive, and the 
laſt negative, and there can be but one changs 
whether the ſecond term be + or —. 

Therefore the rule given in the 1 gth ſection 
extends to all quadratic equations. 


{ 21. In cubic equations, the roots may be, 
15. All poſitive as in this, xx K 
= 0, in which the ſigns are alternately + and 
, as appears from the Table; and there are 
thre 5 of the ſigns. 
The roots may be all all negative, as in ts 


equation T X x +# X cg, where there 
can be no change of the ſigns, Or, 


2 


3. 


=. 44 Txrarist of Part II. 
3. There may be two poſitive f roots and 
one negative, as in the equation 72 X— 4 * 7—5 
R X 20, which gives 
ll +#þ | e 
| 7 * ＋ abe S © 
ch} —dbc}. 
Here there muſt be two changes of the ſigns : 
becauſe if a + 6 is greater than k, the ſecond 
term muſt, be * its coefficient being 45 
—b + c. 

Andifa+bis leſs than c, then the third 
term mult be negative, its coefficient + 26 
ar — be (ab — cxa+6)* being in that caſe 
negative, And there cannot poſſibly be three 
changes of the ſigns, the firſt and laſt terms 
having the ſame ſign, 

4. There may be one Poſitive rc root and two 
negative, as in the equation x 7 ＋ 4 a * * + 7 * 
eo, which gives 


** ＋ 42] +ad6 : 
+b> „ac fx — abe So. 
— e —à c 


Where there mk be always one change of the 
ſigns, fince the firſt term is poſitive and the 
laſt negative. And there can be but one change 
of the ſigns, ſince if the ſecond term is ne- 
gative, or a + 6 leſs than c, the third muſt be 


_ ®Becauſe the rectangle a X 6 is leſs than the ſquare 
42 14 * 4 16, and therefore much leſs than a + & X e. 
negative 
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negative alſo, ſo that there will be but one 
change of the ſigns. Or, if the ſecond term 
is affirmative; whatever the third term is, there 
will be but one change of the ſigns. It ap- 
pears therefore, in general, that in cubic equa- 
tions; there are as many. affirmative roots as 
there are changes of the ſigns of the terms of 
the equation: 

The ſame way of reaſoning may be ex- 
tended to Equations of highet dimenſions, and 
the rule delivered in $ tg, extended to all kinds 
of equations: | 


$ 22, There are ſeveral conſectaries of what 
has been already demonſtrated, that are of uſe 
in diſcovering the roots of equations. Bur 
before we proceed to that, it will be convenient 
to explain fome transformations of equations, 
by which they may often be rendered more 
ſimple, and the inveſtigation of their roots 
more eaſy, 


- 
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CHAP. II. 


Of the Transformation of Equa- 
TIONS ; and exterminating their 
intermediate terms. 


$ 23. E now proceed to explain the 
transformations of equations that 
are moſt uſeful : and firſt, + The offirmative 
roots of an equation are changed into negative 
roots of the ſame value, and the negative roots 
into affirmative, by only changing the ſigns of the 
terms alternately, beginning with the ſecond,” 
Thus the roots of the equation x* — #3 — 19 
+49x —30=0 are +1, +2, +3, —5 3 where- 
as the roots of the ſame equation having only 
the ſigns of the ſecond and fourth terms changed, 
vi. * ＋ & — 19%" — 49 — 30 So, are — I, 
— 2, — 3, +5- | 
To underitand the reaſon of this rule, let us 


aſſume an equation, as x —a X #=b NN c 
x —dXx*—e, &c. = o, whole roots are + a, 
+6, +c, +4, +e, &c.-and another having its 
roots of the ſame value, but affected with contra- 


ꝙ6ʒßꝑ..ñ — cd Sw w . —— \{ «ww wwoaw 


&c. = ©. It is plain, that the terms taken al- 
ternately, beginning from the firſt, are the ſame 
| in 
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in both equations, and have the ſame ſign, 
« being products of an even number of the 
roots; the product of any two roots having 
the ſame ſign as their product when both their 
ſigns are changed; as +ax —d=— a x +b. 
But the ſecond terms and all taken alter- 
nately from them, becauſe their coefficients in- 
volve always the products of an odd number 
of the roots, will have contrary ſigns in the 
two equations. For example, the product of 
four, viz; abcd, having the ſame ſign in both, 
and one equation in the fifth term having 
abed e, and the other abd x -e, it follows 
that their product abcde muſt have contrary 
ſigns in the two equations: theſe two equa- 
tions therefore that have the ſame roots, but 
with contrary ſigns, have nothing different but 
the ſigns of the alternate terms, beginning with 
the ſecond: From which it follows, © that if 
any equation is given, and you change the ſigns 
of the alternate terms, beginning with the 
ſecond, the new equation will have roots of. tlie 
ſame value, but with contrary ſigns.” 

§ 24+ It is often very uſeful © 7 trangſerm an 
equation into another that ſhall have its roois 
greater er leſs than the roots of the prepoſed equa- 
tion by ſome given difference.” 

Let the equation propoſed be the cubic 

* Dx" +g*—r=0. And let it be required to 
transform it into another equation whoſe roots 

L 2 hall 
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' ſhall be leſs than the roots of this equation by 
ſome given difference (e), that is, ſuppoſe 
y=x—e, and conſequently x =y +e; then 
inſtead of x and its powers, ſubſtitute y + e_ 
and its powers, and there will ariſe this new 
equation. 


(A)y + 307 + 365 + # 
＋ 90 + ge 
— 7 


whoſe roots are leſs than the roots of the pre- 
ceding equation by the difference (e). 


If it had been required to find an equation 
whoſe roots ſhould be greater than thoſe of 
the propoſed equation by the quantity (e), then 
we muſt have ſuppoſed y = x + e, and conſe- 
quently x ge, and then the other equation 
would have had this form ; 


(B) y'= 309) + ge'y — 6 | 
, +2yg-t o. 
＋ 9 gef 

— 17 / 


che propoſed equation be in this form, 
* +px*+qx+r=0, then by ſuppoſing x e=y 
there will ariſe an equation agreeing in all re- 


ſpects with the equation (4), but that the ſe- 
cond and fourth terms will have contrary ſigns. | 


And 
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And by ſuppoling x — e= y, there will ariſe 
an equation agreeing with (B) in all reſpects, 
but that the ſecond and fourth terms will have 
contrary ſigns to what they have in (B). 

The firſt of theſe Tppoiitons gives this 
equation, 


(C) yp 2 
+ ff 2p ＋ pe 
+9 2 
+r 


The ſecond ſuppoſition gives the equation 
(D) + 39” + 3er + © 


rs 
+ gy A e ; 
+ F 


— . 


$ 25. The firſt uſe of this transformation of 
equations is ta ſhew © bow the ſecond (or other 
ilermediate ) term may be taken away out of an 
| equation.” 
It is plain that in the equation (4) whoſh ſe- 


cond term is 3e—p X , if you ſuppoſe e=3p, 
and conſequently 3e — So, then the ſecond 
term will vaniſh. 


In the equation (C) whoſe ſecond term is 
—_— DN ſuppoſing e 21g, the ſecond 
term alſo vaniſhes. | 

Now the equation (A) was deduced from 

x —px* + gu — r= 0, by ſuppoſing y=x—e: 

L 3 £7 and 
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and the equation (C) was deduced from vw 4px 
+ gx +r = 0; by ſuppoſing y=x+e. From 
which this Rule may eaſily be deduced for ex- 
terminating the ſecond term out of any cubig 
equation. 


te Aud to the unknown quamity of the given equa: 
tion the third part of the coefficient f the 
ſecond term with its proper ſign, viz. + p, 
and ſuppoſe this aggregate equal to @ new un- 
| known quantity (y)). From this value of y find 
a value of x by tranſpoſition, and ſubſtitute this 
value of x and its powers in the given equa- 
"tion, and there will ariſe à new equation that 
ſhall want the ſecond term.” 


EXAMPLE. 


Loet it be required to exterminate the ſecond 
term out of this equation, x? — gx* + 26x — 
34 So, ſuppoſe y 3 , ory + 3 x; and 
ſubſtituting according to the Rule, you will find 


* + 279 + 27 | 
9 


In 
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In which there is no term where y is of two 
dimenſions, and an afteriſk is placed in the room 
of the ſecond term, to ſhew it is wanting. 

$ 26, Let the equation propoſed be of any 


number of dimenſions repreſented by (n); and 
let the coefficient of the ſecond term with its ſign 


prefixed be — p, then ſuppoſing * — 5 = 


and conſequently x = y +>, and ſubſtituting 
this value for x in the given equation, there 


will ariſe a new equation that ſhall want the ſe- 


cond term. 
It is plain from what was demonſtrated i in 


Chap. 2. that the ſum of the roots of the pro- 
poſed equation is +p; and ſince we ſuppoſe 


J=x— — it follows, that in the new equation, 
each value of y will be leſs than the reſpective 
value of x by X z and, fince the number of the 


roots is 1, it follows that the ſum of the values 
of y will be leſs than p, the ſum of the values 


of x, by n * - the difference of any two roots, 


that is, by +p.: therefore the ſum of the va-. 
lues of y will be +2 —2=0- 

But the coefficient of the ſecond term of the 
equation of y is the ſum of the values of y, viz. 
+ -p, and therefore that coefficient is equal 
to nothing; and conſequently, in the equation 


. of 


154 ATR EATISE of Part IT, 


of y, the ſecond term vaniſhes. It follows then, 
that the ſecond term may be exterminated oyt 
_ of any given equation by the following 


RULE. 


Divide the coefficient of the ſecond term of the 
propoſed equation by the number of dimenſions 
of the equation ; and aſſuming a new unknown 
quantity y, add to it the quotient baving its 
Len changed. Then ſuppoſe this aggregate 
equal to x the unknown quantity in the pro- 
poſed equation, and for x and its powers, 
ſubſtitute the aggregate and its powers, ſo 
Hall the new equation that ariſes want its fi- 
cond term. 


$ 27. If the propoſed equation is a quadratic, 
as * — px +q =o, then, according to the 
rule, ſuppoſe y + £p = x, and ſubſtituting this 
value for * you will find, 


„1 1 l- 
2-1 
＋ 7 


„* F 1 0. 


And from this cxample the uſe of exterminat- 
ing the ſecond term appears : for commonly the 
ſolution of the equation that wants the ſecond 


term is more eaſy. And, if you Fan find the 
value 
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value of y from this new equation, it is eaſy 
to find the value of x by means of the equation 
3 +ip=sx. For example, 

Since y* +9 —ip*=0, it follows that 

522 4 and y = =X VEDP—9q, — 4 ſo 

that # PA = Vip 
which agrees with what we demonſtrated, Chap- 
ter 13. Part. 1 


2 the won equation ts a biquadratic, as 

p + i — Tx + o, then by ſuppoling 
-P), or x =y + 3, an equation ſhall ariſe 
having | no ſecond term. And if the propoſed 
is of five dimenſions, then you muſt ſuppoſe 
x r p. And ſo on. 


F 28. When the ſecond term in any equa- 
tion is wanting, it follows, that, © the equation 
has both affirmative and negative roots, and 
that the ſum of the affirmative roots is equal 
to the ſum of the negative roots : by which 
means the coefficient of the ſecond term, which 
is the ſum of all the roots of both ſorts, va- 
niſhes, and makes the ſecond term vaniſh. 

In general, << the coefficient of the ſecond 
term is the difference between the ſum of the 
afirmative ropts and the ſum of the negative 
roots :” and the operations we have given ſerve 
only to diminiſh all the roots when the ſum of 
the affirmative is greateſt, or increaſe the roots 
when the ſum of the negative is greateſt, ſo 

as 
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as to balauce them, and reduce them to an 
equality, 

It is obvious, that in a quadrade equation 
that wants the ſecond term, there muſt be one 
root affirmative and one negative; and theſe | 
mult be equal to one another. 

In a: cubic equation that wants the ſecond 
term, there mult be either, two affirmative roots 
equal, taken together, to a third root that muſt 
be negative; or, two negative equal to a third 
that muſt be poſitive. | 

Let an equation x* — px* r- r = Obe 
propoſed, and let it be now required to extermi- 
nate the third term.” 

By ſuppoſing Exe, the coefficient of the 
third term in the equation of y is found (ſee equa- 
tion A) to be ge! — 2p ＋ . Suppoſe that co- 
efficient equal to nothing, and by reſolving the 
quadratic equation 36 — 2pe + q =o, you wi 
find the value of e, which ſubſtituted for it in 
the equation y = # — &, will ſhew how to tranſ- 
form the propoſed equation into one that ſhall 
want the third term. 

The Nm 3e — 2p ＋ f = gives 


2 ——. —— . $0 that the propoſed cubic 
will be transformed into an equation wanting the 


third term by ſuppoſing y = x — 2 c AN. 
7 4 1 


3 
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If the propoſed equation is of x dimenſions, 
the value of e, by which the third term may be 
taken away, is had by pope, the quadratic 
—— So. ſuppoſ 
ing —p and ꝗ to be the coefficients of the ſe- 
cond and third terms w the men _ 
tion. 

The fourth t term of any equation may betaken 
away by ſolving a cubic equation, which is the 
coefficient of the fourth term in the equation 
when transformed, as in the fecond article of 
this chapter. The fifth term may be taken 
away by ſolving a biquadratic; and after the 
ſame manner the other terms can be exterminat- 
ed if there are any. . 


$ 29. There are other tranſmutations of equa- 
tions, that on ſome occaſions are uſeful. 

An equation, as #* — p + qy —r = o, may 
be transformed into another that ſhall have its roots 
equal to the roots of this equation multiplied by a 
given quantity, as A by ſuppoſing y = fx, and 
conſequently y = =» and ſubſtituting this value 
for x in the e equation, there will ariſe 
7 — F — 7 —r=0, and multiplying all by 
F. . - ＋ F Air So, where the co- 
efficient of the ſecond term of the propoſed equa- 


tion multiplied into F makes the coefficient of 
the 


equation 4 + — = X e + ——=— 


4 
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the ſecond term of the transformed equation ; 
and the following coefficients are produced by 
the following coefficients of the propoſed equa- 

tion (as g, 7, &c.) multiplied into the pun of 
F, ,, &c.) 

Therefore *© to transform any equation into 
another whoſe roots ſhall be equal to the roots 
of the propoſed equation multiplied by a given 
quantity” (f), you need only multiply the 
terms of the propoſed equation, beginning at 
the ſecond term, by 7, F, f*, f*, &c. and put- 
ting y inſtead of x there will ariſe an equation 
having its roots equal to the roots of the pro- 
poſed equation multiplied by (/ as required. 


$ 30. The transformation mentioned in the 
| laft article is of uſe when the higheſt term of 
the equation has a coefficient different from 
unity ; for, by it, the equation may be tranſ- 
formed into one that ſhall haye the coefficient 
of the higheſt term unit. 


If the equation propoſed is a —px* + gx—r 
o, then transform the equation into one 
whoſe roots are equal to the roots of the pro- 
poſed equation multiplied by (@). That is, 


2 „and there will ariſe 


ſuppoſe y = ax, or 2 
4 a* 


EL. + —LZO; ſo that y N + gay 
ral =O. | 


j 


From 
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From which we eaſily draw this 


RULE. 

« Change the unknown quantity x into another y, 
prefix no coefficient to the higheſt term, paſs 
the ſecond, multiply the following terms, begin- 
ning with the third, by a, a“, al, a*, &c. the 
powers of the coefficient of 2 higheſt term of 

the propoſed equation, reſpectively.“ 

Thus the equation 31 —1 31 ＋ 143+ 16=0, 
is transformed into the equation 
* — 135 +14X3Xx#+16xX9=0, or 
* — 13) + 42, + 144 2. 

Then finding the roots of this equation, it 
will eaſily be diſcovered what are the roots of 
the propoſed equation: ſince 3x=y, or x =; y. 
And therefore ſince one of the values of y is 


— 2, it follows that one of the values of x is 
3 | 


§ 31. By the laſt Rule © an equation is eafily 
cleared of FO Suppoſe the equation 


propoſed i 18 * — ++ * — 2 =0. Mul- 
tiply all the terms by he product of the deno- 


minators, you find 
mne X * — nep X * + mq X * — Mr S o. 
Then (by laſt ſection) transforming the equation 
into one that ſhall have unit for the coefficient 
of the higheſt term, you find 
ne XM mien xy - mer = 0. 
Or, 
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qi neglecting the denominator of the laſt 

term - > you need only multiply all the equa- 

tion by un, which will give 

mn x * — 1 X * ＋ mM Xx=L=0. And 

then y* — #p X y* + ming xy eo 
Now after the values of y are found, it will 

be eaſy to diſcover the values of &; ſince, in the 

firſt caſe, x = e in the ſecond, 1 2 755 

For exam ple, as equation 


1 * —4K— , do is firſt reduced 


this form Ago, and then trans: 
formed into y**— 125 1462 0. 

Sometimes, by theſe transformations, . Surds 
are taken away.” As for nee 
The equation à = py/a x x* + gx — rVa=0, 


by putting y Va X x, or x =L, is trans- 
formed into this equation, 


2x 2 2 ＋ 2 es. 
Which by mii all the terms by 2%, 


becomes * .— pay* + gay ra. S o, an equa- 
tion free of ſurds. But in order to make this ſuc- 
ceed, the ſurd (Va) muſt enter the alternate 
terms beginning with the ſecond. 


532. 
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$ 32. An equation, as #*—px* +qr —r =0, 
may be transformed into one whoſe roots ſhall be 
the quantities reciprocal of Xx; by ſuppoſing 
| = and „A,. or, (by one ſuppoſition) 
*, becomes 2 q2* + Prz — =0. 


In the equation of y, it is manifeſt that the 
order of the coefficients is inverted ; ſo that if 
the ſecond term had been wanting in the pro- 
poſed equation, the laſt but one-ſhould have 
been wanting in the equations of y and z. If 


the third had been wanting in the equation pro- 
poſed, the laſt but two had been _— in the 


equations of y and 2, 
Another uſe of this transformation i is, that 
« the greateſt root in the one is transformed into 


the "0 root in the other.” For ſince x ==» 


and r It is plain that when the value of 


is ak the value of y is leaſt, and con- 
verſely. 


How an equation is transformed ſo as to have 
all its roots affirmative, ſhall be ann in we 
following chapter. 


„ | CHAP. 
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CHAP. IV. 


Of finding the Roots of Equations 
when two or more of the Roots 
are equal to each other. 


$33. DEFORE we proceed to explain bon 

to reſolve equations of all ſorts, we 
ſhall firſt demonſtrate “ how an equation that 
has two or more roots equal, is depreſſed to u 
Iower dimenſion ,”” and its reſolution made, con- 
ſequently, more eaſy, And ſhall endeavour to 
explain the grounds of this and many other 
rules we ſhall give in the remaining part of this 
Treatiſe, in a more ſimple and conciſe manner 
than has hitherto been done. 

In order to this, we muſt look back to 5 24. 
where we find that if any equation, as x* — px* 
+4qx—7=0, is propoſed, and you are to tranſ- 
form it into another that ſhall have its roots 
leſs than the values of x by any given difference, 
as e, you are to aſſume y=x—e, and ſubſti- 
tuting for x its value y + e, you find the trans- 
formed equation, 


Y ＋ 3% + 30% + EO 
W 
+ 4) ＋ 4e 

— 4 


Where 


163 
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Where we are to obſerve, 

1* That the laſt term ( p# + 9g2—7) is 
the very equation that was | GY: _— * 
in place of x. 

_ coefficient of the laſt denn bur obe 
is 3e. — 20% + q, Which is the quantity that 
ariſes by multiplying every term of the laſt 
coefficient e — pet ge by the index of . 
in each term, and dividing the product GO" 
2pe* + ge by the quantity e "char is common to 
all the terms. . 

3 The coefficient of the laſt term a two 
is 32—p, which is the quantity that ariſes by 
multiplying every term of the cofficient laſt 
found (3e* — 2pe +9) by the index of e in i each 
term, and dividing the whole by 25. | 

$ 34+ Theſe fame obſervations Sent to 
equations of all dimenſions. If it is the biqua- 
dratic x. px* + qx* — 7x +5 = o that is pro- 
poſed, then by ſuppaling y=x—e, it. will be 


15 transformed i into this other, 


+49 b + +40 +4] 
= v8 303M 
+ +299 e fo. 
= ty -re | 
0 +85. x 


Where again it is revs that the laft term is' 
the equation that was propoſed, having e in 


oe of x; That the laſt term-buy- one has 
M | for 
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for its coefficient the quantity that ariſes by 
multiplying the terms of the laſt quantity by 
the indices of e in each term, and dividing 
the product by e. That the coeffjeient of the 
laſt term but two (viz. 66 — 3pe +9) is de- 
duced in the ſame manner from the term imme- 
diately following; that is, by multiplying every 
term of 4 — 3p +298 — r by the inden 
of e in that term, and dividing the whole by 
e multiplied into the index of y in the term 
ſought, that is, by ex 2. And the next term 


56 4 P — 


x” | 
The demonſtration of this may eaſily be cls 
general by the Theorem for finding the powers 
of a binomial, ſince the transformed equation 
conſiſts of the powers of the binomial y+e that 
are marked by the indices of e. in the laſt term, 
multiplied each by their coefficients 1, — 65 
+ 7. r, +5, &c. reſpectively. 


$ 35. From tha laſt two articles we can ea 
fily find the terms of the transformed equation 
without any evolution. The laſt term is had 
by ſubſtituting e inſtead of * in the propoſed . 
equation ; the next term, by multiplying every 
part of that laſt term by the index of . in 
each part, and dividing the whole by e; and 
the following terms in the manner deſcribed in 
the foregoing article ; the reſpective diviſors 
5 ming 
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being the quantity. + muliiplicd by the index of 
y in each term. 

The demonſtration es finding hs two of 
inore roots are equal will be eaſy, if we add to 
this, that “ when. the - unknown quantity enters 
ll the terms of any equation, then one of its va- 
lues is equal to nothing.” As in the equation 

x — pr + gx = Oz where x O = © being 
* of the ſimple. equations that produce 
pr + . = o, it follows that one of the 
— of x» ls o. In like manner two of the 
* of are equal to nothing in this equation 

Pr. 1 arid three of them vaniſh 1 in the 
1 A — 9 = = 

fc is alſo obvious ( converſely ) that if # 
does not enter all the terms of the equation, 
i. e. if the laſt term be not wanting, then i dong 
of the values of x can be equal to nothing; 
for if every term be not multiplied by x, then 
x—0 cannot be a diviſor of the whole equation; 
and ebnſequently o cannot be one of the values 
of x. If x dots not enter i into all the terms 
bf the equatidn, then two of the values of &, 
| tannot be Equal fo nothing. If & does not en- 
ter into all. the terms of the: equation, then 
three of the values of x cannot be equal to no- 
thing, &c. 

$ 36. Suppoſe now that two values of x are 
equal to one anöther, and to e; thera it is plain 
that two values of y in the transformed equation 


M 2 Will 


+ 
f 
; 
4 
| 
] 
4 
1 
f 
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will be equal to-nothing : ſince y = <4 
And conſequently, by the laſt article, the t- 
laſt terms or the ee I S muſt 
| vaniſh. 4 ö 5 23001 ian 


Soppole i it is the bie equation of $7 3 3 "that 
is propoſed, viz. x p -T, and be- 
cauſe we ſuppoſe x =e, therefore the laſt term bf 
the transformed equation, viz e — pe +9e—r 
will vaniſh. And fince'two values of y vaniſh, 
the laſt term but one, viz. 30. — 2pey +4 
will vanifh at the fame time. So that 3..— 
abe 4 2 O. But, by ſuppoſition, 12270 
therefore, when two values of x; in the equi- 
tion x*—px*-+gx—r=0, are equal, it follows, 
that 3* — 2p Ao. And thus & the pro- 
poſed cubic is depreſſed to a quadratic that has 

one of its roots 7 to one of the roots of ys 
eden 
If it is the biquiddratic that is propoſed, wiz, 
p +qx* —rx+5=0, and two of its roots 
be equal; then ſuppoſing e, two of the Va- 
lues of y muſt vanifh, and the equation « of 8 0 ö 
will be reduced to this, form, h 
ell. 
— of — 3000 = So that 

* go 1 


4e e + 296 — o; or, becauſe wes 
| 4 1 1 2 e. | 


In 
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In general, when two values of x are equal 
to each other, and to e, the two laſt terms of 


the transformed equation vaniſh : and conſe- 


quently, “ if you multiply the terms of the 
propoſed equation by the indices of x in each 
term, the quantity that will ariſe will be=o, 
and will give an equation of a lower dimen- 
fion than the propoſed, that ſhall have one of 
its roots equal do one of the roots of the pro- 
poſed equation.“ 


That the laſt two terms of the N va- 
'niſh when the values of x are ſuppoſed equal to 
each other, and to e, will alſo appear by con- 
ſidering, that ſince two values of y then be- 
come equal to nothing, the product of the va- 
lues of y muſt vaniſh, which is equal to the laſt 
term of the equation; and becauſe two of the 
four values of y are equal to nothing, it follows 
alſo that one of any three that can be taken out 
of theſe four muſt be So; and therefore, the 
products made by multiplying any three muſt 
vaniſh ; and conſequently the coefficient of the 


laſt term but one, which is yl to ms ſur Nef = 


theſe products, muſt vaniſh. 


8 37. After the ſame meer, if hve! are 
three equal roots in the biquadratie x. — pg. 
qx* — rx ＋ 5 = ©, and if e be equal to ene of 


them; three values of y (= * e) will vaniſh, 
and conſequently y. will enter all the terms of 


M 3 the 


3 a= * ED — * by 


n 


r 


— VO. —_—_ = 
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the transformed equation ; which will have 
this form, | 
** d, 80 chat here 

62: — 3pe +9=0, or, ſince e x, therefore, 
6x* — 2p*+q=0: and one of the roots of 
this quadratic will be equal to one of the rooty 
of the propoſed biquadratic. 


In this caſe, two of the rpots of the cable 
equation 4 — 3Þx* + 29 S are roots of 
the propoſed biquadratic, becauſe the quantity 
6x* — 3px ＋ i deduced from 4% — 35. + 
29x , by multiplying the terms by the in- 
dexes of x in each term. 

In general, et whatever is the number of 

equal roots in the propoſed equation, they will 
all remain but one in the equation that is de- 
duced from it, by multiplying all the terms by 
the indexes of x in them'; and they will all re- 
main but two in the equation deduced in the 
fame manner from That ; * and ſo of the reſt. 


$ 38. What we obſerved of the coefficients of 
equations transformed by ſuppoſing Se, 
leads to this eaſy demonſtration of this Rule; 
and will be applied in the next chapter to de- 
monſtrate the Rules for finding the limits of 
equations, | 


It is obvious however, that though we make 


uſe of equations whoſe lee change alternately, 
the 


the ſame reaſoning extends to all other equa- 
tions. 


It is a conſequence alſo of what has been 
demonſtrated, that * if two roots of any equa- 
tion, as #3 — px* +gx — r =o, are equal, then 


multiplying the terms by any arithmetical ſeries, 
as a + gb, a ＋ 20, 4 ＋ b, a, the product will | 


Wo 

For ſince ax* — #px* ＋ agx ar = ©; and 

3 — 2px +9 Xx bx = ©, it follows that 

þ + 3bx* — apx* — 2bpx* ＋ ax + bqx ar =0. 
Which is the product that ariſes by multiplying 
the terms of the propoſed equation by the 
terms of the ſeries, a + 3b, a +2b,a+6,a; 
which may repreſent any arithmetical progrel- 
ſion, | 
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CHAP. v. 


Of the Limits of Equarions. | | 


"XY i = cmd.» tr ow 
diſcover the limits of the roots of 


equations, by which their l is much f. 
cilitated. 
Let any equation, as x — pet + qx—r=0, 
be propoſed z and transform it, as above, into 
the equation 


„＋ 30 +309 ＋ 
. 
EIT” 


Where the values of y are leſs than the reſpec- 
tive values of x by the difference e. If you 
ſuppoſe e to be taken ſuch as to make all the 
coefficients, of the equation of y, poſitive, viz. 
e! — pe + ge—r, 3 — 200 +, 3e—p 3 then 
there being no variation of the ſigns in the 
equation, all the values of y muſt be negative; 
and conſequently, the quantity e, by which the 
values of x are diminiſhed, muſt be greater than 
the greateſt poſitive value of *: and conſe- 
quently muſt be the limit of the roots of the 


equation x —px* + gx - So. 
| | It 
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It is ſufficient therefore, in order to find the 
limit, to i enquire what quantity ſubſtituted for 
x in each of theſe expreſſions p + rr. 
3 2 α.＋ 9, 3p, will give them all po- 
ſitive;” for that quantity will be the limit re- 
quired. 

How theſe expreſſions are mad from one 
another, was explalneddn the beginning of the 
| laſt chapter. 


EXAMPLE. 
$ 40. If the equation x* — 2x* — 10 + 30 


+63x+120=0 is propoſed and it is required 


to determine the limit that is greater than any 
of the roots z you are to enquire what integer 
number ſubſtituted for x in the propoſed equa- 
tion, and following equations deduced from 
it by § 35, will give, in each, a poſitive quan- 
tity. 


„l | 
5*¹ C IN +15 © | 

5* = 48 = . . 
5 LI 


The leaſt integer panther which gives each 
of theſe poſitive, is 2 z which therefore is the 
limit of the roots of the propoſed; equation; 


or a number that exceeds the — puſiti vs 
root. 
If 


r OUT SOIT 


3 * 2 
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If the limit of the negative roots is required, 
you may, by F 23, change the negative into 
poſitive roots, and then proceed as before to find 
their limits. Thus, in the example, you will 
find that — 3 is the limit of the negative roots, 
So that the five roots of the propoſed equation 
are betwixt —3 and +2, | 

$ 41. Having found the limit that ſurpaſſes 
the greateſt poſitive root, call it u. And if you 
aſſume y =. — x, and for x ſubſtitute m — y, 
the equation that will ariſe will have all its roots 
poſitive z becauſe m is ſuppoſed to ſurpaſs all 
the values of x, and conſequently m— * (= <y) 
muſt always be affirmative. And by this mea a 
any equation may be changed inta one that ſb 
Fave all its roots affirmative. 

Or if — # repreſent the limit of the negative 
roots, then by aſſuming y=x+#, the propoſed 
equation ſhall be transformed into one that ſhall 
have all its roots affirmative; for + x being 
greater than any negative value of x, it follows; 
that y=x+» muſt be always poſitive. 

$ 42. © The greateſt negative coefficent of any 
equation increaſed by unit, always exceeds the greateſt 
root of the equation.” 

To demonſtrate this, let the cubic * 
—gx#—r=0 be propoſed ; where all the terms 
are negative except the firſt, Aſſuming y=x—e _ 
it will be transformed into the following equs- 
tion. 


* | | (4) 
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(4)y +30 + 30% + O 
= Bf -2pg—0(_, 
— 9 — e (© 
— 1 


1. Let us ſuppoſe that the cortiching p. 9 . 
are equal to each other; and if yoy alſo ſuppoſe 
exp+1, then the laſt equation becomes 


(BD + 29% +BY + 4 

+ 3X7 h327 50, 

_— TY | 

Where all the terms being poſitive, it follows. 

that the values of y are all negative, and that 

* conſequently e, or 2 * . is greater than the 
greateſt value of * in d equation, 


7 f., If 4 and de MH bye lefs than it, 
4 for e you ſtill ſubſtitute p-þ 1 (ſince the ne- 


gative part 6 9 1 4 ) becames leſs, the 


poſitive remaining undiminiſned) @ fortiori, all 
the coefficients of the equation (become po- 
ſitive. And the ſame is obvious if q and r have 
poſitive ſigns, and not negative ſigns, as we 
ſuppoſed. It appears therefore, that, if, in 
any cubic equation, p be the greateſt negative 
coefficient, then * muſt ſurpaſs _ greateft 
value of x.“ 


$ 43. 3. By the ſame reaſoning it appears, 
that if q be the greateſt negative coefficient of 
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the equation, and emqg+ 1, then there will be 
no variation of the ſigns in the equation of : 

for it appears from the laſt article, that if all 
the three (p, g, r) were equal to one another, 
and e equal to any one of them increaſed by 
unit, as to 37 1, then all the terms of the 

equation (4) would be poſitive. Now if e be 
ſuppoſed ſtill equal to q + 1, and p and r to be 
leſs than 4, then, a fortiori, all theſe terms will 


be poſitive, the negative part, which involves p 


and er being diminiſhed, while the poſitive part 
and the negative involving q remain as before, 
4. After the ſame manner it is demonſtrated, 
that if i is the greateſt negative coefficient in the 
equation, and e is ſuppoſed r + 1, then all 
the terms of the equation (A) of y will be po- 
fitive z and conſequently r + 1 will, be greater 
than any of the values of x. 

— we have ſaid of the cubic equation 

—px* . = = 0, is calily applicable to 
| — 
1b general, we conclude that . the greateſt 
negative coefficient in any equation increaſed by 
unit, is always a limit that exceeds all the roots 
of that equation. g 


But it is to be obſerved at the * time, that 
the greateſt negative coefficient increaſed- by 
unit, is very ſeldom the neareſ limit: that is 
beſt diſcovered by the Rule in the 39th article, 
| $ 44+ 


A 
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$ 44. Having ſhewn in- . 41. how to change 
any propoſed equation into one that ſhall have 
all its roots affirmative 5; we mall onby treat of 


ſuch as have all their roots poſitive, in what re! 
mains relating tothe limits of 2 — NOT 


Any ſuch equation ma be repreſented by - 
— una Huaveyy 4 
SETI 2, Ne. e, whole 
roots ate a, 5, c, d, &c. Won, _ 

And f a all ſach equations two limit? are 
eaſily diſcovered from what precedes, vjz. 9, 
| which is leſs than the leaſt, and e, found ac- 
cording to 5 39. which . the greatelt 
root of the equation. 

But beſides theſe, we ſhall now. thew. how 
© to find otber limits betwixt the roots themſelves. 
And, for this purpoſe, will ſuppoſe « 4 to be the 
leaſt root, the ſecond root, © the third, wy; 0 
on; it being arbitrary. 

948. If you ſubſtitute o in ee: of the un- 


77 2 1 


term of the (ve all the Che that ſnl 
x, vaniſhing, * 

If you ſubſtitute for x a quanti ity leſs chan the 
leaſt root a, the quantity reſul ing Will have 
the ſame ſign as the laſt term; that, i is, will be 
poſitive or negative according as the equation. 5 
of an even or odd number o "di enlions. For 
all the factors x — 4, * 2 AY &c, will 
be negative, and their produt will be N 
or 
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or negative according as their number is eveſ 
or add. -- 
If you ſubſtitute for « a quaritiey greater than 
the leaſt root a, but leſs than all the other 
roots, then the ſign of the quantity reſulting 
will be contrary to what it was before; becauſe 
one factor (x — a) becomes now poſitive; all 
the others remaining negative as before. 
If you ſubſtitute for x a quantity greater thari 
the two leaſt roots, but leſs than all the reſt; 
th the factors x — a, x — þ, become poſitive, 
nd the reſt remain as they were. So that the 
whole product will have the ſane igri as the 
laſt term of the equation. Thus ſucceſſively 
placing inſtead of & quantities that are limits 
| betwixt the roots of the equation, the quanti- 
ties that reſult will have alternately the ſigns 4 
and —. And, converſely, « if you find quanti- 
ties which ſubſtituted in place of x in the pro: 
poſed equation, to give alternately poſitive and 
negative reſults, thoſe quantities are e the limits 
of that equation.” | 
It is uſeful to obſerve, that, in general, 
« when, by ſubſtituting any two numbers for 
& in any equation, the reſults have contrary 
| ſigns, one or more of the roots of the equation 
muſt be betwikt thoſe numbers.” Thus, in 
| the equation * — 24 — 5 =O, if you ſubſti- 


a9. _- oy 7 $0 


** 


and 3: for when theſe reſults have different 
| Ggns, one or other of the factors which pro- 


duce the equations muſt have changed its ſign; 
ſuppoſe it is xe, them it is plain that'e muſt be 


| betwixt the numbers ſuppoſed equal to x. 


$ 46. Let the cubic equation x* — px* A 2. 


—r=0 be propoſed, and let it be transformed, 
by aſſuming y=x=%, into the equation | 


* +39 ＋ 3% T . 


Let us tappoſe e equal ſucceſſively to the q 


three values of x, beginning with the leaſt value; 
and becauſe the laſt term & — pe* + ge — 1 will 
vaniſh in all theſe ſuppoſitions, the 2 2 
will have this form, „ 
* pig] ELIT 
229 — 206, >=@' 1 
"7.4 RY 


where the laſt term 3e — 2ye + 9 is, from the 


nature of equations, produced of the remaining 
values of y, or of the exceſſes of two other va- 


lues of x above what is ſuppoſed equal to ez | 


_ always y=x—e. Now, 
1. If e be equal to the leaſt value of x, then 


thoſe two exceſſes being both poſitive, they 


will give a poſitive product, and conſequently 
ge* — 2 pe 2 will be, in this caſe, poſitive. 
| N | 8 9 2 


% 
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1 
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2. If e be equal to the ſecond value of , 

then, of thoſe two exceſſes one being negative 

and one poſitive, their produèt 30 — 2fe + 'S 


will be negative. 


3. If e be equal to the third awd greateſt 
— 4 of x, then the two exceſſes being both 
negative, their product 3e 250.4 is poſitive. 
Whence, 

If in the equation 36% 2p + q = ©, you 
ſubſtitute ſucceſſively in the place of e, the three 
roots of be equation & — pe. + ge —r = o, 
the quantities reſulting will ſucceſſively have the 
ſigns +, —, +; and conſequently the three 
roots of the cubic equation are the limits of the 
roots of the equation 3e* — 2pe +q = o (by 
$ 45-) That is, the leaſt of the roots of the 
cubic is leſs. than the leaſt of the roots of the 
other; the ſecond root of the cubic is a limit 
between the two roots of the other; and the 
greateſt root of the cubic is the limit that ex- 
ceeds both the roots of the other. 


$ 47. We have demonſtrated that the roots 
of the cubic equation & — pe* + ge — r=0O are 
limits of the quadratic ge* — 2pe ＋ ; whence it 
follows (converſely) that the roots of the qua- 
dratic 3e — 2p ＋ = © are the limits between 
the Grft and ſecond, and between the ſecond and 
third roots of the cubic & — pe + ge 1 =o. 
Sq that if you find the limit that exceeds the 
greateſt 


2 
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greateſt root of the cubic, by. $ 39. you will 
(Ain (with o, which is the limit leſs than any 


of the roots) four limits for * thie roots of 
the propoled eubic. 


It was demonſtrated in $ 35. how the qua- 
dratic 30 — 3pe + q is deduced from the pro- 
poſed cubic & pe + ge —+ = o, viz. by mul- 
tiplying each term by the index of e in it, and 
then dividing the whole by; and what we have 
demonſttated of cubic equations is eaſily extend- 
ed to all others; ſo that we conclude, that the 
laſt term but one of the tfansformed equation 
is the equation for determining the limits of 
the propoſed equation,” Or, that the equation 
ariſing by multiplying each term by the index 
of the unknown quantity in it, is the equation 
whoſe roots give 'the limits of the propoſed 
equation; if you add to them the two men- 
done in 944. | 


I 48, For: the ſame iwatda, it is plain ee 

the root of the ſimple equation ge — p = 
(i. e. 250 is the limit between the two roots of 
un quadratic" 36 — 2p +4 = 0: And, as 
qe* — 3pe + 290 — So gives three limits of 
4 equation e“ — pes + e — re S2 o, fo 
the quadratic 6e* 30e + q=0o gives two li- 
mits that are betwixt the roots of the cubic 
4e — 3p6 ＋ 29e — 1 o; and 4e = o 
gives one limit that is betwixt the two roots of 
N | the 
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the quadratic 6e. — 3pe +4 o. So that we 
have a compleat ſeries of theſe equations ariſing | 
from a ſimple equation to the propoſed, each of 
which determines the limits * che 8 

equation. | 


8 49. If two roots in the propoſed cds 
are equal, then © the limit that ought to be be- 
twixt them muſt, in this caſe, become equal to 
one of the equal roots themſelves.” Which 
perfectly agrees with what was demonſtrated in 
the laſt chapter, concerning the Rule for finding 
the equal roots of equations, | 

And, the ſame equation that gives the li- 
mits, giving alſo one of the equal roots, when 
two or more are equal, it appears, that if 
you ſubſtitute a limit in place of the unknown [3 
quantity in an equation, and, inſtead of a po- 
ſitive or negative reſult, it be found o, then 
you may conclude, that not only the limit it- 
{elf is a root of the equation, but that there 
are two roots in that equation equal to it and 
to one another.” | 


$ 50. It having been n that the 
roots of the equation & — px) + qr —r oO 
are the limits of the roots of the equation 
3x* — 2px + g= o, the three roots of the cubic 
equation, which ſuppoſe to be a, B, c, ſubſti- 
ruted for x in the quadratic 3*— 2px+g, muſt 
give the n poſitive and negative alter- 

nately. 
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nately. Suppoſe theſe three reſults to be + N, 
— M, + L; that is, 3a — 294 +q=N, 
30 — 2pb +q=—M, 30 —2pc+q=L ; and 
ſince a —pg* + ga —r o, and ga*—2p4* + 4a 
= N x a, ſubtracting the former multiplied 1 in- 
to 3 from the latter, the remainder is pa. — 29a 
＋ zi = NN a. In the ſame manner pb.— 25 
+zr=—Mxb, and pc: 29c + 37 =+ L xc 
Therefore px*— 59x + gr is ſuch a quantity that 
if, for a, you ſubſtitute in it ſucceſſively a, b, c, 
the reſults will be + N x a, MH, + LXc. 
Whence a, , c, are the limits of the equation 
px — 24 ＋ 37 o (by 845.) and, converſely, the 
roots of the equation px* — 29x + 3r = © ate 
limits between the firſt: and ſecond, and be- 
tween the ſecond and third roots of the cubic 
* —P#* -r go. Now the equation p 
29x +3r=0 ariſes from the propoſed cubic by 
_ multiplying the terms of this latter by the atith- 
metical progreſſion o, 1, —= 2, —,3- And 
in the ſame manner it may be ſhewn that the 
roots of the equation p — 29 + 3 — 4 
are limits of the equation & — py? + al — 
+$5=0. 
Or, multiply the terms of the equation 
DN -r O 
by 25 a+2b,a+b,a, 


ax — aÞx* + aqx—ar „(So) - 


+ 2bx% = 2bpx* +bqx(= 3x" px +9X0x). 
N 2 Any 
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Any arithmetical ſeries where a is the leaf term 
and h the common difference, and the products 
(if you ſubſtitute for æ, ſucceſſively, a, b, c, 
the three roots of the propoſed cubic) ſhall be 
+Nxbs, — Mxbr, +Lxbs. For the firſt 


part of the product ax x*—px* Far—r=0; and 
a, b, c, being limits in the equation ns 113+; 
=o, their ſubſtitution muſt give reſults V, M. 

L, alternately poſitive and negative. 


In general, the roots of the equation 1 — 
Pan- 1＋ g u 3, Cc. So are limits of 
the roots of the equation * 1-1-1 x puts 
＋ u — 2 * Nhe. Fe. o 
or of any equation that is deduced from it by 
multiplying its terms by any arithmetical pro- 
greſſion a , a 2b, a ꝙ 3b, a 4b, &c. And 
converſely, the roots of this new equation will 
be limits of the propoſed equation. 

| n — p . I 2, Sc. So. 

& If any roots of the equation of th} El 
ere impoſſible, then mnſt there be ſome roots of 
the propoſed equation impoſſible.” For as (in 
& 46.) the quantity 3e*—=2pe4+q was demon- 
ſtrated to be equal to the product of the ex- 
ceſſes of two values of x above the tHird ſup- 
poſed equal to e; if any impoſſible expreſſion be 
found in thoſe exceſſes, then there will of c. 
ſequence be found impoſſible e irtheſ® 


two values of x, 5 
8 3% 17.0000 
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And © from this obſervation rules may be 
deduced for diſcovering when there are impoſ- 
ſible roots in equations,” Of which we ſhall 
treat afterwards. | | 

$51. Beſides the method already explained, 
there are others by which limits may be deter- 
mined, which the root of an equation cannot 
exceed. 

Since the ſquares * all real quantities are 
affirmative, it follows, that . the ſum of the 
ſquares of the roots of any equation muſt be 
greater than the ſquare of the greateſt root.” 
And the ſquare root of that ſum will therefore 
be a limit that muſt excced the greateſt root 
of the equation, 

If the equation propoſed is x. + gun—3 
—ru"—3-+, Cc. o, then the ſum of the ſquares 
of the roots (by $ 15.) will be p*—2g. 80 that 


7 P —27 will exceed the greateſt root of that 
equation. 

Or if you find, by 5 16. the ſum of the 4th 
powers of the roots of the equation, and ex- 
tract the biquadratic root of that ſum, it will 
alſo exceed the greateſt root of the equation. 

§ 52, If you find a mean proportional be- 
tween the ſum of the ſquares of any two roots, 
4 3, and the ſum of their biquadrates ( el. 
this mean proportional will be 


* af TQ =D. And the ſum of the 
5 T5 | cubes 
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cubes is a ＋ . Now ſince 4 ab “ is 
the ſquare of a =, it muſt be always poſitive 
and if you multiply it by , the produd 
4 2 + a*b+. will alſo be poſitive; and 

conſequently 4 U. will be always greater 
than 240. Add a*%+45, and we have fa! 
* + V greater than a® * a2 ; 


and extracting the roat A a e 72 a*b* + „ 
greater than a'+4%, And the ſame may be 


demonſtrated of any number of raots what- 
ever. 5 


Now if you add the ſum of all the 25 
taken affirmatively to their ſum with their proper 
ſigns, they will give double the ſum of the 
cubes of the affirmative roots, And if you 
ſubtract the ſecond ſum from the firſt, there 
will remain double the ſum of the cubes of the 
negative roots. Whence it follows, that © half 
the ſum of the mean proportional betwixt the 
ſum of the ſquares and the ſum af the biqua- 
drates, and of the ſum of the cubes of the 
roots with their proper ſigns, exceeds the ſum: 
of the cubes of the affirmative roots: and 
te half their difference exceeds the ſum of the 
cubes of the negative roots.” And by ex- 
tracking the cube root of that ſum and diffe- 
rence, you will obtain limits that ſhall exceed 
the fums of the affirmative and of the negative 
roots. And fince it is eaſy, from what has 

| been 
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been already explained, to diminiſh the roots 
of an equation ſo that they all may become ne- 
gative but one, it appears how by this means 
you may-approximate very near to that root, 
But this does not ſerve when there are B 

ſible rodts, 


Several other Rules like thefe fight be given 
for limiting the roots of equations. We ſhall 
give one not mentioned by other Authors, 


In a cubic #=—px*+gx—r=0 find g*—2gr, 
and call it “; then ſhall the greateſt _— of 


the equation always be greater than , or 


v3 
2 _ hal | 
In? any equation *— gent. garde; — x3 


+, Sc. o find —.— and extracting the 


root of the fourth er out of that quantity, 
it ſhall always be leſs than the greateſt root of 
the en | 
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CHAP. vr. 


of the Reſolution of Equitiahs at 
| whoſe Roots a are commenſurate, 


$ 52. FT was POL VEG in Chap. 2. "that 

the laſt term of any equation is the 
product of its roots: from which it follows, 
that the roots of an equation, when commenſu- 
rable quantities, will be found among the di- 
viſors of the laſt term. And hence we have for 
the reſolution of equatons this 


RULE. 


Bring all the terms to one fide of the e quation, | 
find all the diviſers of the laſt term, and ſub- 
ſtitute them ſucceſſi vely for the unknown | 
tity in the equation, So ſpall that diviſor 
which, ſubſtituted in this manner, gives the 

reſult = o, be the root of the propeſed equa 


tion. 


For example, pot i equation is to be 
. 
— gax* + 20% — 20% 
— bx + zabx ; =Y 
where the laſt term is 29's, whoſe imple lite- 
ral 
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ral diviſors are 47 B, 2a; 2b, each of which may 
he taken either poſitively or negatively: but ag 
here we find there are variations of ſigns in the 
equation, we need only take them poſitively. 
Suppoſe v=8 the firſt of the diviſors, and ſub- 
ſtituting a for *, the . Wecomes”” 


3a 3 
9 45 vor "or or, 3 , ah an-. lo. 
So that, the whole eatifhing, it follows that 4 
is one of the roots of the equation. 

After the ſame manner, if you ſubſtitute bi in 
place of x, the equation 2 


6 — 34. +2020 15 ak ; 5155 
3. 47. 15 


which vaniſhing ſhews 7 0 be Ae root of 
the equation. 

Again, if you ſubſtitute 24 for x, you will 
find all the terms deftroy one another ſo as to 
make the ſum =0. For i it will then be 


$8) — 123 +107} =« lags 
— 44b + 6 2 
Whence we find that 24 is the third root of 
the equation. Which, after the firſt two (+a, 
+5) had been found, might have been col- 
lected from this, that the laſt term being the pro- 


duct of the three roots, +8, +6 being known, 
the 
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the third muſt neceſſarily be equal to the laſt 


term dived by the product ab, that 3 = 
24a*b he 


== 


Let the roots of the cubic equation 

* — * — 333 +90 go be — IRE 
And firſt the diviſors of go are found to be 
Is 2, 3» 5 6, 9s 10, 15, 18, 30, 45; 90. If you 
ſubſtitute 1 for x, you will find 5 
+9056; ſo that x is not a root of the equa 
tion. If you ſubſtitute g for , the reſult will 
be 24: but putting x=g, you have | 
* 2K - 3* g ] r o. 
So that 3 is one of the roots of the propoſed 
equation. The other affirmative root is +5; 
and after you find it, as it is manifeſt from the 
equation, that the other root is negative, you 
are not to try any more diviſors taken poſi- 
tively, but to ſubſtitute them, negatively taken, 
for x: and thus you find that —6 is the third 
root, For putting x=—6, you have 26 
* — 23% — 23% ＋ 90 - 216-72 +198 + 90=0, 
This laſt root might have been found by di- 
viding the laft term go, having its ſign chang- 
ed, by 1 5» the product of the two roots already 
found. 


$55. When one of the roots of an equacian 

is found, in order to find the reſt with leſs trou- 
ble, divide the propoſed equation by the ſimple 
equation which you are to deduce from the root 
already. 
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already found, and the quotient ſhall give an 
equation of a degree lower than the propoſed; 
whoſe roots will give the remaining roots re- 
quired. 

As for example, the root 3. firſt ford, 
gave #33 of K- 3g, whence dividing thus, 
* — 3) *. 2 33* +90 * wn 

4 — 3 | 


* — 33* ＋ 90 
„„ „„ 
| = 30#+90 

2 


n 4 ut. 


WW? 

The quotient ſhall give a quadratic equation 
* ＋ - 30=0, which muſt be the product of 
the other two ſimple equations from which the 
cubic is generated, and whoſe roots therefore 
muſt be two of the roots of that cubic. 

. Now the roots 'of that quadratic equation 
are eaſily found by Chap. 13. Part I. to be +5 
and —6, For, 


* Tx 303 52 
1 1 121 
add . . . Kb x +==20 + == 
+ ne 
fcc * ＋ 22 * — + 
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$ 56. After the ſame mannet, if the biqua- 
dratic x*— 2x* — 25x*-þ 26K ＋ 120=0 is to be 
reſolved; by ſubſtituting the diviſors of 120 
for x, you-will find that +3, one of thoſe di- 
viſors, is one of the roots; the ſubſtitution of 


3 for x giving 81—54—225+78 +120= 


279—279=0. And therefore dividing the pro- 


poſed equation by x 3, you muſt enquire for 
the roots of the cubic x'+ x* — 22 40 g o, 
and finding that ＋ 5, one of the diviſors of 40, 
15 one of the roots, you divide that cubic by 
x—5, and the quotient gives the quadratic 
x*+6x+8=0, whoſe two roots are — 2, —4. 


So that the four roots of the biquadratic are 


＋ 3, - 5» —2, — 4 
$ 57. This Rule ſuppoſes that you can find 


all the diviſors of the laft term; which you may 


always do thus. 


«© it is a fe mple quantity, divide it by its leaſt 
diviſor that exceeds unit, and the quotient 


again by its leaſt diviſor, proceeding thus till 


| you have à quotient that is not diviſible by any 


number greater than unit. This quotient, 
with theſe diviſors, are the firſt or Ample di- 
viſors of the quantity. And the products 
of the multiplication of any 2, 3» 4. Se. = 
them are the compound diuiſors.“ 


As, to find the diviſors of 60; firſt 1 Uivide 


by 2, and the quotient 30 again by 2, then the 


next 


my 
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next quotient 15 by 3, and the r of this 

diviſion 5 is not farther diviſible by any, Integer 
above units; ſo that „„ 
The ſimple diviſors. are, etl ” 3. 5. 
The products of two, + + . + 4, 6, 10, 15 
The products of three, ...... 12, 20, 30. 
The Product of all four, K 


The diviſors of 90 are found after the fame 
EY manner. 

Smp. cos » 2) 3. 3, 5. 
The products of two. . . . 6, 9, 10, 15+ 
The products of three... 18, 30, 45: 
The product of all four. . . . . 90. 


The diviſors of RO 


The ſimple diviſors, | 5... 3, 7, a, , b. 
The products of two, 2 1, 34, 3%, 74, 7b, ab, 55. 
The products of three, 2 14, 210, ab, 36 b. 
nab, bb, abb. 
The a0 of four, 2 lab, 2 üb, gabb;; yabb. 
nm of the five... 2146. 


$ 58. But as the laſt term may Ck very 
many diviſors, and the labour may be very 

great to ſubſtitute them all for the unknown 
quantity, we ſhall now ſhow how it may be 
abridged, by limiting to a ſmall number the 
diviſors you are to try. And firſt. it is plain, 
aw $ 42. that © any diviſor that exceeds the 
| greateſt 
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greateſt negative coefficient by unity is to be 
neglected. Thus in reſolving the equation 
* a2 — 25x* + 26x ＋ 120 g, 28 25 is the 
greateſt negative coefficient, we conclude that 


the diviſors of 120 that exceed 26 may be neg. 
ted. 


But the labour may be ſtill abridged, 1K we 
make uſe of the Rule in 5 393 that is, if we 
find the number, which fubMicure in theſe fol- 
lowing expreſſions, 


Wm 2x3 — 268% + 26x+1 120 
2* — 3X = 25x + 13, 
6* — G =25, ᷑ B 
2 — I, 


will give in . all a poſitive reſult for that 

number will be greater than the greateſt root, 
and all the diviſors of 120 that exceed it may 
be neglected. | 


That this inveſtigation may be eaſier, we 
ought to begin always with that expreſſion, 
where the negative roots ſeem to prevail moſt; 
as here in the quadratic expreſſion 6x*—6x— 253 
where finding that 6 ſubſtituted for æ gives that 
expreſſion poſitive, and gives. all the other ex- 
preſſions at the ſame time poſitive, I conclude 
that 6 is greater than any of the roots, and that 
all the diviſors of 120 that exceed 6 may be 
neglected, | 

4 If 
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If the equation 1 ＋ It + 10 - on 
propoſed, the Rule of 5 42 does not help to 
abridge the operation ; the laſt term itſelf . 
ing the greateſt negative term. But, by 5 39. 


e enquire what number ſubſtituted for * will 
give all theſe expreſſions poſitive: 
* + 114 + 10 — 72, 
39 + 22k + 10, | | 
3x + 11. 
Where the labour is very ſhort, ſince we need} 
only attend to the firſt expreſſion; and we ſee 
. immediately that 4 ſubſtituted for x gives a po- 
ſitive reſult, whence all the diviſors of 72 that 
exceed 4 are to be rejected; and thus by a few 
trials we find that +2 is the poſitive root of 
the equation. Then dividing the equation by, 
x—2, and reſalving the quadratic equation that 
is the quotient of the diviſion, you fa tie other 
two roots to be —9,. and —4. | 


$ 59. But there is another method that ”"y 
- duces the diviſors of the laſt term, that can =" 
uſeful, ſtill to more narrow limits. | 
Suppoſe the cubic equation x D - 
So is propoſed to be reſolved. Transform it 
to an equation whoſe roots ſhall be leſs than 
the values of x_ by unity, aſſuming y=x—T. 
And the laſt. term of the transformed equation 
will be 1 — p+q—r3 which is found by ſub- 


ſtituting unit, the _— of x and y, for x, 
in 


U 7 
7 


194 4 Tkearise of Part It; 


in the propoſed equation; as will eaſily appeat 
from $ 24. where, when Se, the laſt tetm 
of the transformed equation was ene fe-. 
Transform again the equation & —px* + qr 
—7=0, by aſſuming y = x x, into anequa- 
tion whoſe roots ſhall exceed the values of x 
by unit, and the laſt term of the transformed 
equation will be —=1 —p—g—7, the ſame 
that ariſes by ſubſtituting — 1, the difference 
betwixt x and y, for x, in the propoſed equa 
tion. | 
Now the values of x are ſome of the diviſors 
of 7, which is the term left when you ſuppoſe 
x=0; and the values of the y's are ſome of the 
diviſors of + 1 —pþ+9=r, and of — I 9 1. 
reſpectively. And theſe values are in arithme- 
tical progreſſion increaſing by the common dif- 
ference unit; becauſe *—1, „% X 1, are in 
that progreſſion. And it is obvious the ſame 
reaſoning may be extended to any equation of 
whatever degree. So that this gives a general 
method for the reſolution of equations ww 
roots are commenſurable. 4 Py 


R UI. E. 


&« Subſtitute in place of the unknown — fie 
ceſively the terms of the progreſſion 1, o, 
—1, &c. and find all the diviſors of the ſums 
that reſult; then take out all the arithmetital 
P ons you can find among theſe diviſors, 

whoſe 


4 
e 
4 
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whoſe commen difference is unit; and the vas 
lues of x will be among the diviſors ariſing from 
the ſubſtitutions of x = o that belong to tbeſe 
progreſſions.” The values of x will be affir- 
mative when the arithmetical progreſſion in- 
creaſes, but negative when it decreaſes. 


EXAMPLE. 


§ 60. Let it be required to find one of the 
roots of the equation ** — * — iox+6= o. 
The operation is thus: 


(Suppoſfe. : "Rejulr. : | Diorfers. | Arith, —. der | 
= Fi <- + + — 411,224 4 8 

x= OH lor 462 + 01, a, 3. 613 gives x = — 3 
— * + „ 60 + +» WE © Qs +14 I1,2,7,14 2 


Where the ſuppoſitions of K, xo, x=—1 
give the quantity -x 10x46 equal to —4, 
6, 143 among whoſe diviſors we find only one 
arithmetical progreſſion, 4, 3, 2; the term of 
which oppoſite to the ſuppoſition of x=0o, be- 
ing 3, and the ſeries decreaſing, . we try if — 3 
ſubſtituted for x makes the equation vaniſh; 
which ſucceeding one of its roots muſt be — 3. 
Then dividing the equation by x+3, we find 
the roots of the (quadratic) quotient 
xX*—=4x4+2=0 are 24x .. 


$ 61. If it is required to find the roots of 
the equation & 3* - 46x — 72 = ©, the 
operation will be thus : 


o : FS Coppoſ. 
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— 1 - : 

Suppoſ. 858 Diviſors. | 8 Progreſſions. 
— 1 — 120 1, 2, 3, 4. 5,6, , 10, 12, 15, 20, 24,30, 40, 60, 120. 8 . 45 

* Oſ— 721, 2, 3, 4, 6, 8, , 12, 18, 24, 36, 72. 9 2 3 4 

* — 307, 2, 3, 5, 6, 10, 15 30. | 10 1 2 3 


Of theſe four arithmetical progreſſions hav- 


= 
CY 


heir common difference equal. to unit, the 


ing t 


er 


4 
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firſt gives x=9, the others give x =- 2, X==3z 
x==—4; all which ſucceed except x=—3: io 
that the three values of x are +9, — 2, — 4 


CHAP. VI. — 


Of the Refokiion of Equations by 
finding the equations of a lower 
degree that are their diviſors. 


862. * find the roots of an equation is 

| the ſame thing as to find the / imple 
equations, by the multiplication of which into 
one another it is produced, or to find the ſim- 
ple equations that divide it without a remain- 
der. ; 

If ſuch ſimple equations cannot be found, 
yet if we can find the guadratic equations from 
which the propoſed equation is produced, we 
may diſcover its roots afterwards by the reſolu- 
tion of theſe quadratic equations. Or, if nei- 
ther theſe ſimple equations nor theſe quadratic 
equations can be found, yet, by finding a cubic 
or biquadratic that is a diviſor of the propoſed 
equation, we may depreſs it lower, and. make 
the ſolution more eaſy. | 


O2. "Mow © 
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Now, in order to find the Rules by which 
theſe diviſors may 1 nn we ſhall ſup. ' 
poſe that 


ux — n | . 
mx* ux +r are the! quadratic - 
mx ux + 7X—sS | cubic 


diviſors of the propoſed equation; and if E 
repreſent the quotient ariſing by dividing the 
propoſed equation by that diviſor, then 


Ex mx - u, 
 Exmi*—ne+r, 
or, Exms'—nx*+rx—s, will repreſent the 
propoſed equation itſelf. Where it is plain, 
| that © ſince mn is the coefficient of the higheſt 
term of the diviſors, it muſt be a diviſor of 


the coefficient of the higheſt term of the pro 
poſed equation.“ 


$ 63. Next we are to obſerve, that, 5 
the equation has a ſimple diviſors mx n, if 


we ſubſtitute in the equation E x mx M, in 
place of x, any quantity, as a, then the quan- 
tity that will reſult from this ſubſtitution will 
neceſſarily have n= u for one of its diviſors; 
ſince, in this ſubſtitution, mx — 7 becomes 
mau. 

If we ſubſtitute een for x any arith- 
metical progreſſion, a, a—e, 4 206, &c. the 
quantities that will refult- from theſe ſubſtitu- 
tions, will have among their diviſors 


ma 
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ma — u, 
ma — me —n, 
ma — ame — u, which are alſo in arithme- 
tical progreſſion, having their common diffe- 
rence equal to me. = 
If, for example, we ſubſtitute for x the terms 
of this progreſſion, 1, o, — 1, the quantities 
that reſult have among their diviſors the arith- 
metical progreſſion m , — #, — mt — 13 
or, changing the ſigns, 1 — m, n, n + m. 
Where the difference of the terms is n, and the 
term belonging to the ſuppoſition of x = © 
is 1. 
8 64. It is manifeſt therefore, that when an 
equation has any ſimple diviſor, if you ſubſti- 
tute for x the progreſſion 1, o, — 1, there will 
be found amongſt the diviſors of the ſums that 
reſult from theſe ſybſtitutions, one arithmetical 
progreſſion at leaſt, whoſe common difference 
will be unit or a diviſor m of the coefficient of 
the higheſt term, and which will be the coeffici- 
ent of x in the ſimple diviſor required: and 
whoſe term, arifing from the ſuppoſition af 
x o, Will be n the other member of the ſim- 
ple diviſor - A. 
From which this Rule is Jeduced for diſco- 
vering ſuch a ſimple diviſor, when there is 
any. | 


03 RULE. 
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RULE. 
« Subſtitute for x in the propoſed equation ſuc- 
- cefſrvely the numbers 1, o, — 1. Find all the 
diviſors of the ſums that reſult from this ſub- 
 Nitution, and take out all the arithmetqcal 
progreſſions yau can find amongſt them, whoſe 
difference is unit, or ſome diviſor of the co- 
efficient of the higheſt term of the equation. 
Then ſuppoſe # equal to that term of any one 
progreſſion that ariſes from the ſuppoſition of 
* =O, and m = the foreſaid diviſor of the 
coefficient of the higheſt term of the equation, 
which m is alſo the difference of the terms of 
this progreſſion, ſo ſhall you have m — 1 
for the diviſor required.” 
You may find arithmetical progreſſions giv- 
ing diviſors that will not ſucceed; but if there 


is any diviſor, it will be found thus by means of 
theſe arithmetical progreſſions. 


$ 65. If the equation propoſed has the coef- 
ficient of its higheſt term 1, then it will be 
M=1, and the diviſor will be x—x, and the 
rule will coincide with that given in the end of 
the laſt chapter, which we demonſtrated after a 
different manner; for the diviſor being , 
the value of „ will be +», the term of the 
progreſſion that is a diviſor of the ſum that 
_ ariſes from ſuppoſing xo. Of this caſe we 
| gave 
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gave examples in the laſt chapter; and though 
it it eaſy to reduce an equation whoſe higheſt 
term has a coefficient different from unit, to one 

where that coefficient ſhall be unit, by '$. 303 
yet, without that reduction, the equation may 
be reſolved by this rule, as in the following 


EXAMPLE. 


5 66. | Suppoſe 8x) —26x* +. 11s: + 10 = ©, 
and that it is required to find the values of 


* hs operation is thus: * 
Suppoſe | Rejulti. © ' TDiwifers. Progr. 5 
2. 1 + 3|l, 3. 3 3 
x= oſ8zx*—26x* +11x + 10 2 4 ＋＋ 101, 2, 5, 10.2 5 
X == 1 | — 36 11,5. 7435-11 7 


— — 


—_— 


The difference of the terms of the laſt arith- 
metical progreſſion is 2, .a diviſor of 8, the co- 
efficient of the higheſt term of the equa- 
tion, therefore ſuppoſing m=2, ng, we try 
the diviſor 2y—5; which ſucceeding, it fol- 
lows that * Sr, or x A1. 
The quotient is the quadratic 4 — 3K— 2 


So, whoſe roots are —.— and -, 
ſo that the three roots of the propoſed 


are 22, * — — The other arith- 
: 8 04 medical 
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metical progreſſion gives x +2, for a diviſor; 
but it does not ſucceed. 


$ 67. If the propoſed equation has no ſimple. 
diviſor, then we are to enquire if it has not 
ſome quadratic diviſor (if itſelf is an equation 
of more than three dimenſions). 


An equation having the diviſor mx*—nx+r 
may be expreſſed as in the firſt article of this 
chapter, by Ex Mm - nx; and if we ſub- 
ſtitute for x any known quantity a, the ſum that 
will reſult will have ma* — na + r for one of its 
diviſors; and, if we ſubſtitute ſucceſſively for 
x the progreſſion a, a—e, a—2e, a—ge, &c. 
the ſums that ariſe from this ſubſtitution will 
have 


ma na +r, | 
m N Aa - e -N ee, 
mxa—20 = 1Xa—2+r, 


_ 4 — geh —1Xa—3e+r, 
c. 


amongſt their diviſors, reſpectively. 
Theſe terms are not now, as in the laſt caſe, 


in arithmetical progreſſion; but if you ſub- 
tract them from the ſquares of the terms a, 
a—t, 4 20, 4 — ze, &c. multiplied by m a 
diviſor of the higheſt term of the propoſed equa- 
tion, that is from 


ma" 


2 
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ma", 
M Xx a — el, 
MX a — 2:1", 
m — , &c, the remainders, 


1a — 7, 


AX A — 7 

n 4 20x, | 

1X ger, &c. ſhall be in arithme- 
tical progreſſion, having their common diffe- | 
rence equal to nx. 


If, for example, we HOP the aſſumed pro- 
greſſion a, 4 — e, a 2c, a—3e, &c. to be 
2, I, o, -t, the diviſors will be 

e which [!* . 
ws 3 ſubtracted 0 reſpectively, 
mu fr, from in 

leave 21 —r, | 
2 —_ ry 


wm 7, 
nr, an arithmetical progreſſion, 
whoſe difference is Tn; and whoſe term 
ariſing from the ſubſtitution of o for x is —r. 


From which it follows, that by this opera- 
tion, if the propoſed equation has a quadratic 
diviſor, you will find an arithmetical progreſ- 

| ſion 
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fion that will determine to you n and r, the co- 
efficient being ſuppoſed known; ſince it is 
unit, or a diviſor of the coefficient of the higheſt 
term of the equation. Oahu you are to ohſerve, 
that if the firſt term mx* of the quadratic di- 
viſor is negative, then in order to obtain an 
arithmetical progreſſion, you are not to ſub- 
tract, but add the diviſors — n — 21 + r, 
mM -M r, r. —n +2 +7, to the terms 
4m, ths 05 mM, 


$ 68. The general Rule therefore, deduced | 
from what we have ſaid, is, i 


bs Subſtitute in the Propoſed aquation for x the 
terms 2, I. o, —1, &C. ſucceſſively. _ 

all the diuiſors of the ſums that reſult, add 
ing and ſubtratting them from the ſquares if 
theſe numbers, 2, 1, o, —1, &c. multiplied by 
a numerical diviſor-of the higheſt term of the 
propoſed equation, and take out all the arith- 
metical progreſſions that can be found amongſt 
theſe ſums. and differences. Let r be that 
term in amy progreſſ ion that ariſes from the 
ſubſtitution of x=qQ, and let + n be the diffe- 
rence ariſing from ſubtracting that term from 
the preceding term in the progreſſion ; laſtly, let 
mn be tbe foreſaid dtviſor of the higbeſt term; 
then foall mx* nx be the diviſer that 
 0ught to be tried.” And one or other - 
the 
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the diviſors found in this manner will ſuc- 


+ ceed, if the propoſed equation has a qua- 
dratic diviſor, : 


$ 69. Suppoſe, for example, the biquadra- 
dratic x*— gx? + 7x* — 5x —6=0 is propoſed, 
which has no fimple diviſor; then to diſcover 
if it has any quadratic diviſor, the operation 18 
thus ; 


Part II. 


2 
E 


S 
© 
8 
Q 


Aritbmetical Pro- 


x= 2|= 121, 2, 3,4, 6, 12. 
I 
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* 
1 


2 
1 

j 

— 
＋ 
— 
8 


| 


| "To i On | 
Re- 753 I Sums and differences of the diviſors and 
. -j% ſquares. , | greſfions. 
4 |— 8,—2, o, I, 2, 3, 5, 6, 7, 8, 10, 16. | | 8 3 —8 2 
mm 81, 2, 4, 8. | I — 7,>— 3, — 1, O, 2, 3, 5, 9. 1 
— Gt, 2, 3, 6, o |— 6,—3, —2,—1, 1, 2, 3, 6. 2 —3 —6 1 


1 330 


| 


link 25 32 45 6, 12.1 — 11. — 5, 3, — 2, — 1, O, 23,4713 


2 
O 
Q 


_— 
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The firſt arithmetical progreſſion gives the 
diviſor x*— 3x 2; the ſecond gives K - 2K ＋ 3: 
both which ſucceed, ſo that the roots of the two 
equations * 3 — 2 =0o, and x*— 2X ＋ 3=0, 


_— 
vix. —.— and x =V —2, are the four roots 


of the propoſed equation, the two laſt of which 
are impoſſible. The diviſors which the other 
arithmetical progreſſions give, do not ſuc- 
ceed, 

F 70. After the ſame manner a Rule may be 
diſcovered for finding the cubic diviſors, or 
thoſe of higher dimenſions, of any propoſed 
equation. 

| Suppoſe the cubic diviſor to be m A 
+rx—s, and by ſuppoſing x equal to the terms 
of the arithmetical progreſſion, it will be as 
follows: 


| | Cubes of _ 
Sup po /. Reſults. | terms of | 1/7 Differ.|2d Dif. Sl 
- | progr. xm. , 
x= 3127 —92＋ 3r=—s 27 q- zr $u—-r|27 
x= 2] 8m—4n+2r—s 8m 4n—2r +i| 3— 7425 
xX= II m— 24 r—= m tn r+i n-r20 

* — 0 + 4—2—7 

ĩ* e — 1-2 —2— 72 — 4 —2 | n+ rþ+ | 


Where the firſt differences are not themſelves in 
arithmetical progreſſion, as in the laſt caſe, but 
the differences of its terms, or the ſecond dif- 
ferences, are in arithmetical progreſſion, the 

| common 


- 
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common difference being an, whence vis known, 
The quantity r is found in the column of the 
ſecond difference, and is always to be aſſumed 
| ſome diviſor of the laſt term of the propoſed 
equation, as #2 is of the coefficient of the firſt 
term. Whence all the coefficients of a diviſor 
m — A -, with which trial is to * 
made, may be determined. 

If it is a diviſor of four dimenſions that i is re- 
quired, by proceeding in like manner, you will 
' obtain a ſeries of differences whoſe ſecond dif- 
ferences are in arithmetical progreſſion. If it 
is a diviſor of five dimenſions that is required, 
you will obtain, in the ſame manner, a pro- 
greſſion whoſe third differences will be in atith- 
metical progreſſion; and by obſerving theſe 
Progreſſions, you may diſcover rules for de- 
termining the coefficients of the diviſor re- 
quired. 


The foundation of theſe Rules * PER if 
an arithmetical. progreſſion a, a+e, 4+ 2, 
a+3e, &c. is aſſumed, the firſt differences of 
their ſquares will be in arithmetical progrel- 
ſion; thoſe differences being 2e e“, 290+ 30, 
2ae+ 5, &c, whoſe common difference is 20 
And the ſecond differences of their cubes, and 
the third differences of their fourth powers are 
likewiſe in arithmetical progreſſion, as is _ 
* 


$ 77. 
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$ 71, Hitherto we have only ſhewn how to 
find the diviſors of equations that involve but 
one letter. But the ſame rules ſerve for diſ- 
covering the diviſors when there are two letters, 
if all the terms have the ſame dimenſions; for, 
by ſuppoſing one of the letters equal to unit, 
find the diviſor by the preceding Rules, and then by 
compleating the dimenſions of the diviſor, ſubſtitut- 
ing the letter again for unit, yu wy have the 
diviſor required.” | 

Suppoſe, for example, you are to find the 
diviſor of 8x*— 26ax* + 11a*x + 10a = o, by 
putting a=1, that quantity becomes 8x%*—26x* 
+ 11x +10=0; whoſe diviſor was found, 
$ 66. to be 2x - g; now multiply the term 
— 5 by +8, to bring it to the ſame dimen- 
ſions as the other, and the diviſor * is 
2X— 54. 

§ 72. Beſides the method an explained 
for fading the diviſors of lower dimenſions that 
may divide the propoſed equation, there are 
others that deſerve to be conſidered. The fol- 
lowing* is applicable to equations of all ſorts, 
though we give it only for thoſe of four dimen- 
Roms, . 

Let the biquadratic — rx ＋ oO 
be the equation propoſed; and let us ſuppoſe 
it is the product of theſe ro dn equa- 
tions, | 

Ci 
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* —mi+14=0 
X * — is +/=0 


3 + 2 — 1k x + h , 
5 + mk | 
the terms of which will be equal, reſpe&ively, 
to the terms of the propoſed equation. 
In this equation, I and # being diviſors of 
the laſt term , we may conſider one of them 
(viz. I) as known; and in order to find m or l, 
we need only compare the terms of this equa- 
tion with the terms of the propoſed equate 
reſpectively, which gives, 
| | 1 EWEs 
2% mk +I +n=q. 
| 35 ml +nk=r. 
E u=5. 
Now in order to find an equation that ſhall 
involve only &, and known terms, take the 
two values of m that ariſe from the firſt and 
third equations, _y you will find, = 


xt — ki +1 E; — 


mM — 2 — * — 22 (becauſe A => by equa- 
| A ks | 1 

4 TY. ol 5 

tion the fourth) = = Æ◻ο ; whence 


— b * 1g; and 


the quadratic * — kx ＋ I o becomes 3 


x EAN o. 


0 


To 
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To apply this to practice, you muſt ſubſti- 
tute ſucceſſively for / all the diviſors of 5, the 


laſt term of the propoſed equation, till you 
TN rt 


find one of them ſuch, that * —— Ped, 


can divide the propoſed equation without 4 
remaindeft. / - | 


EXAMPLE 


$ 73. If the equation „- 6x" + 20 345 | 


+235=0 is propoſed. The diviſors of 35 are 
I, 6, 7, 353 if you put /= x, the quadratic 
that ariſes will not ſucceed. But if you ſuppoſe 
I g, then the equation * — kx +4 that is 


2 


Dig 5 c. —=2x+ 55 


which divides the propoſed equation without a 


remainder, and — the — * "_ —— 7 | 


= 6. 
In this operation it is ; unneceſſary to try any 
diviſor I, that exceeds the ſquare root of 6, the 
laſt term of the propoſed equation.“ And, if 
the propoſed equation is literal, © you need 
only try thoſe diviſors of the laſt term that are 
of two dimenſions.” 
If, in =} ſuppoſition of 7, the value of K. 

*. 


VIZ. 


PE. is to be rejected, and another value of / 
to 1 tried, 
P $ 74- 


„ becomes a fraction, then that ſup- 


| 
| 
' 
| 
| 
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574. By comparing the ſecond and fourth equa- 
tions of the laſt article, you may obtain another 


value of k. For n= 9 nt = ſo that 


n being equal to 50 - — 9 —I—ph+#, : 
and F —pt+g—I=5=0. Which gives 


i= + 1p- =e+l +5. So! * =. 


| quadratic diviſor required becomes 8 FORE" 
on. tha : L4 le 


This diviſor muſt be tried when = 7. and 


at the ſame time /= == the former * 


not ſerving in that caſe. 
By this formula, diviſors may be found whoſe | 
ſecond terms may be irrational. 


How the diviſors of higher equations may mY 
found, when they have any, may be underſtood 
from what has been faid of thoſe of four di- 


menſions. 


SUPPLE- 


Chap. 7 ALGEBRA 413 
1 wo CHAP. VII. 


Of the Reduction of Equations by 
Surd diviſors. 


N equation of four, ſix, or more dimen- 
fions, although it may admit of no ratio- 
nal diviſor, may have one that i is irrational. As 
the biquadratic »* + px* + gx* + rx 1 = Og 

which we ſuppoſe to be irreducible by any 
rational diviſor, may yet, by adding a ſquare 
#x* Ru multiplied into ſome quantity u, 
be compleated into a ſquare x* + r TN. 
In which which caſe we ſhall have & + 2p +2 =/# 


| DI, and is found by the reſolution of 


an affected quadratic equation. 
To reduce a biquadratic equation in this man- 


ner, we have the following 


| | RULE. 

Elf the biquadratie is * TN + gx" +rx+520, 
where p, g. 7. 5, . repreſent the given coeffici- 
ents under their proper ſigns, put pa, 
tap , - fal &. And for » take 
Some integer common diviſor of 3 and 28, that 
is not a ſquare number, and which, if either p 
erer is an odd number, muſt be odd, and, di- 

| * Arithmet. Univer; pag. 264. 
F 2 vided. 
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vided by 4, leave the remainder —_ Write 


likewiſe for k ſome diviſor of = wy p is an 
even number, or the half of an odd diviſar 
| if p is odd, or o if f So. Subtran 2. 
from 7 pk, and let the remainder be l. For 


Q put _ — „ and try if, dividing 2 oP 4 5 
u, tbe a_ of the quotient is rational and equal 

to I; if it is, add n ＋ 2nklx + ul* to 
both ſides of the equation, and extracting 15 
recot ; you | all bave * + fp — 4 a 
JC ks + T7. 
| EXAMPLE I 
Let the equation. propoſed be & + 12x — 17 
So, and becauſe af. . . 2, ann 


and 20. chat is 12 and—34, ; porn only 2 for 
a _— diviſor, it muſt he n=2, Again, 


—= =6, whoſe diviſors 1, 2, 3. 6, are to be ſuc- 


ceſſively put for &, and — e — 1, 4. 4 


9 3 
for | reſpectively. 
Bu =, that is &“, is equal to 2 * 


== =/, And when the even diviſors 2 


and 6 are ſubſtituted for &, 2 becomes 4 and 36 
an 
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and Q. — being an odd number, is not divi- 
ſible by (2). Wherefore 2 and 6 are to be 
ſet aſide. But when x and 3 are written for æ, 2 
is 1 or 9, and . — is 18 or 98 reſpectively ; 
which numbers can be divided by 2, and the 
roots of the quotients extracted, being æ 3 and 
+7; but only one of them, hag — 3, coincides 
with J. I put therefore k =1,!=—3, 2= 1, 
and adding to both ſides of "a equation 
nE + 2nklx + nl*, that is, 2x* — 12x + 18, 
there reſults x* + 2x* + 1=2x*— 12x +18, and 
extracting the root of each, x*+1=+=,/2 X#=3- 
And again, extraCting the root of this laſt, the 
four values of x, according to the varieties in 
the ſigns, are 


Lv 2+ e anon 3½ 3 
V e ei- e 


being the roots of #* + 12K — 17 g, the . 
tion at firſt propoſed. 


EXAMPLE II. | 
Let the equation be x*— G — 58x" — 1148 
— 110, and writing — 6, — 58, — I14, = 11 
for p, g, r. J, reſpectively, we have — 67 =* 
— 315 S 5, and — 1133 1 &. The numbers 


g and 28, that is — 313 and — — 8. have but 


one common diviſor 3, that is - 3. And the 
P 3 Auviſors 
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and 1035. Wherefore L firſt make trial with 
3 2 l, and dividing + or — 105, by it get 


the quotient — 35, and this ſubtracted from 
ttz 3, leaves 26, whoſe half, 13, ought 


be equal to l. Bu ==, or , that is, 


— 20 is equal to and N. 2 411, which 
is indeed diviſible by » = 3; but the root of 
the quotient 137 cannot be extracted. There- 
fore I reject the diviſor 3, and try with 5 = 11 


by which dividing = = — 105, the quotient is 
21, and this taken from {pk=— 3x5, leaves 


6 S 21. At the ſame time, 2 +=) = 


-r And & =, or 16 + 11, it 


5 diviſible by u, and the root of the quotient 4 
that is, 3, 1 with J. Whence I conclu 
that putting /= 9g, k= 5, 2= 4, # = 3, adding 
to both ſides of the equation the quantity 
n + 2nkls + , that is, 95x* + go + 27, 
and extracting the roots, it will be 
** ER N= Vn Ez -+ 1, or 
„* * = VX NZ. 


"EXAMPLE. UL 
In like manner in the equation x*— gx" + 
15x*—27x +950 writing —=9, +15, - 27, F% 
for 
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for p, 45 T, 2 reſult a= = 5%, — 501 = 8. 
zr =& The common diviſors of 8 and 20. 
that is, of Wand- are 3, 5» 9» 15» 2, 45> 
1353 but 9 is a ſquare, and 3, 15, 29, 135 di- 


vided by 4 do not leave unity for a remainder, * 


as is required when ↄ is an odd number. Set- 
ting theſe aſide there remain only g and 45 to 


be tried for 2. Firſt let x=5, and the halves 


of the odd diviſors of = = — UN that is, =, 
3, 2, E. E. are to be tried for l. If ta. 
the quotient —== of £ divided by k, taken from 


| ipkor =>, leaves 18= 20: and 2 ===) 


=—2, =, which is diviſible by 5, 
but the root of the quotient — 1, which ſhould 


be I 9, is imaginary. Put next t=S, and 

the quotient of - divided by ł, or of —＋ by 
2. is 2 This ſubtracted from 1044 

leaves nothing, that is I = o. Again, 

202 —— =3, and & -o, and 


V. —.— o. From which coincidence 


1 infer chat u r 5, 4 , Io, and adding 


ne x* + 2nlks Tal, that is, S to both ſides of 
the equation, I find x — 44 +3 =V/5X 3* 


F 4 Literal 


Sold =. GL TT x 


J 
4 
f 
y 
. 
uy 
Y 
* 
| 
Fx 
} 
; 
s 
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Literal equations may be treated much in 
the ſame way. And, if you put n=1, the 
ſame Rule will give you the rational diviſor of 
a biquadratic equation, if it admits of one, Thus 
for the equation * — #* + 5x* + 12x — 6=0, 


putting z=1 I find &= 2, =-, and 


the equation is reduced to the two quadratics 
* — 3* ＋ 3 So and K ＋ 2K —2 =0. 


When the diviſors of are ſo many that it 


would be troubleſome to make trial with them 
all for , their number may be reduced by find- 
ing all the diviſors of as 1. For to one of 
_ theſe, or to its half when odd, the number N 
muſt be equal. 


The ground of this Rule is as follows. 

If a biquadratic equation x* + px* + qu* +15 
+5s =o, in which 2, g, 7, s, are the given co- 
efficients with their ſigns, and the equation is 
ſuppoſed clear of fractions and ſurds; if this 
equation can be compleated into a ſquare, in 
the manner n deſcribed, we ſhall have 


* + DN + 9x) + 13 TITAN + 2nklx + nb = 
ak's* + 2nklx + n= + 3px - px +2) „that is, 
** + P +9 + A x x x +ropantixu +5 +1 
== xt + pxt + "JED D N +p2.x x + L. 
And comparing the terms, we get theſe three 
equations, | 


1.7 + af = 29 + 17 
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2. 1 T2 
3. 1 = Þ; 


in which there being four unknown quantities, : 


they can be found only by trial. 


The values of Q, taken from the firſt and ſe - 
cond nn and n—_ equal to each other, 


give 1 2 = (writing, as in the Rule, 


| 7575 
AE _— T0 == | BR 
q— 1 ˙ S a, and 1 Zap =Þ) = ED 


Whence, if the quantities u, K, I. Q are to be 
found, it follows, (1".) That ꝝ being a diviſor 
of g, giving the quote & x #pt— al, & will be a 
diviſor of -, giving the quote 1pk—21 z and 
that ſubtracting this quote from z pk, / will be 
equal to half the remainder. (2*.) In the firit 


equation we had g==i= 2 , and, from the third, 


= LS (3*.) Becauſe 2= Ia ZA and 


nl, 3= HSE 
W 2 " Pra nin” KT 27 


(if e -% E that i 

(if &=5—4a") = "rg TY that is, u 
divides 28 by & X a ＋ n. And if the 
ſeveral values of the quantities u, &, I, Q, anſwer 
to thoſe conditions, or coincide, it is a proof 
that they have been rightly aſſumed; and that 
adding to the given equation the quantity 


nx kx TI, it will be compleated into the 
ſquare . + 3p + @)?, It 


1 Un $I „ „er 3 2 


4 
1 
| 
N 
1 
# 
, 
g 
\ 
1 
| 
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It was ſaid that Q will always be ſome diviſor 
of as - 4. For ar =aQ* an, and taking 
from both 27. = ip'2*—pNatl + iP, ſeeing. 
the remainder . —a + nt x nb — $$" + 
PN = a — 22.x . — $899! + p22, has 
Qin every term; the thing is manifeſt. 

It is needleſs to be particular as to the ſeveral 
limitations in the Rule, ſeeing they follow ea- 

fily from the algebraical expreſſions of the quan- 


tities. You are not, for inſtance, if you ſeek 
a ſurd diviſor, to take n a ſquare number, for 


if u is a ſquare number, Vn x kx +1 would be 
rational, Or if » is a multiple of a ſquare, as 


vx m, then, at leaſt, m1 ks +1 would be ra- 
tional, and x would be depreſſed to v. 


Let us examine one caſe, when p is even 
and r cdd; and by the Rule # muſt be an odd 
number, a multiple of 4 more unity. 


1. Seeing G =r — tap, or g ap x, of the 
numbers g and ; ap one muſt be even and the 
other odd, that their ſum r may be odd. If 
is odd, its diviſor » muſt be odd likewiſe. 


Suppoſe 3 to be even, then 2 ap, and conſe- - 


quently Z 17 and a are both odd. But if à is · odd, 


26=25—3 4 will be half a an odd number, and 
7 its diviſor i 1s odd, 


In this caſe, © is half an odd number. For 
let it be an integer, p will be an even num- 
ber. But if Dis an integer, lo muſt , becauſe 


* 
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+1 = Þ*; and 28 muſt be even. And 

r + 2nkl (an odd number) = Sn even num- 

ber, which is abſurd. 

2. Let NM repreſent any number in general, 
J an odd number; then I fay, every odd 

number is a multiple of four, more or leſs unity,” 

that is, I AN HEI. The ſquare of an odd 


number is 4 N + 2,” (that is ſome multiple of 


4, more unity;) and « if from ſuch a ſquare 
there be taken any multiple of 4, the remainder, 
if greater than unity, will be ,N+1.” 


Hence it follows that #=4N+1. For ſee- 


ing = -I becauſe / and Lare the halves 
of odd numbers, we have, bag to the pre- 


ſent notation, = = * Am or without the 
common denominator » x =- 4s, that is, 


nN 4N+1=4N + 1, and conſequently, 


n=4N+1. For it is not 4N—1 but 4N+1 
that can give the product 4qN++ 1. * , 
| | n 

* In the former Editions, there were here inſerted two 
Rules for the Caſe of go: which, tho' true, Mr. 7ho- 
mas Simpſon has, in his Miſcellaneous Trad, publiſhed 
1757, ſhewn to be unneceſſary. In this, therefore, they 


are omitted, 


It is only to be regretted that Mr. $:mp/on ſhould, 
through inattention, have placed this inaccuracy, not to 


the account of the Editor, as he ought to have done, but 

to that of Mr. MacLavxin. The whole explanation 

of Sir Jaac's Method of Reducing Equations by means of 

Surd Divifors, is (pag. 213.) profeſſedly a Suppl-ment ; as 

Is — the Addition to Chap. 14. Part. I. And the 
Edi- 


* 
3 
- 
| 
5 
; 


'F „ ON I te - he, S +. 
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In like manner the other limitations may 
be determined : and what has been ſaid may 
lead to the invention or demonſtration. of 
ſimilar Rules for the higher equations of 
even dimenſions, if any one pleaſes to take 
the trouble. 


| [ERIK 
CHA . VIII. 


of the Reſoſiution of Equations by 
Cardan's Rule, and others of that 
kind. | 


$75. XJ E now proceed to ſhew how an 

expreſſion of the root of an equa- 
tion can be obtained that ſhall involve only 
known quantities. In Chapter 11. Part, I. we 
ſhewed how to reſolve. fmple equations; and 
in Chapter 13. we ſhewed how to reſolve any 
quadratic equation, by adding to the ſide of the 
equation that involves the unknown quantity, 
what was neceſſary to make it a compleat ſquare, 
and then extracting the ſquare root on both ſides. 
In $27 of this Part, we gave another method 


Editor thought he had, in his Preface, ſafficieatly. inti- 

mated that a few ſuch inſertions had been made, and the 

reaſon why: tho' he cannot recolle& any others worth 

mentioning z if it is not 55 123, 124, of Part II. f 
| O 
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of reſolving quadratic equations, by taking away 
the ſecond term : where it appeared that if 

x* —px+9=0, x=Ip + VI. 

F 76. The ſecond term can be taken away out 
of any cubic equation, by $ 25 3 ſo that they all 
may be reduced to this form, x**+ gx +r =o. 

Let us ſuppoſe that x=a-+6; and #*+gx+r 
=& + 30'b + 3ab*'+Þ + qu +7 =@ + 3ab 
x a+b+Þ r A abr Tr 
(by ſuppoſing 34⁰ = = -= + +r=0. 

But 5 fo and <= — a and conſe- 
' 9? —— 5 

quently, 4 + r =01z or, a + ra? +> 


Suppoſe & =2, and you have 2* + 72 25 4 


| which 1 is a r whoſe reſolution gives 


* 2 * 
7 1427 * 
* 1 * * © . * 
- i * * 
| 5 . —— — — 
— 


3 
and a - rr ir +=; and 


JE. 27 * 
24 — — — 
— 5 Les 2g "+ 27 
— 2 = in — ex- 


3x 21 V 
. there are ny known quantities 
977. 
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F 77. The values mm . a little 
differently, thus: 5176 


Since „ re 47 445 it am 
| date rA br V 71 
P(==&—1)=—prV Tat, ſo that 


ow * 4 0. 


8 r Ar Joh 


which gives but one makes of x, becauſe 4 


in the value of a the ſurd 17 ＋ 45 is po- 


ſitive, it is negative in the value of b, and there 
is only the difference of this ſign in their vas 
lues. So that we may conclude 


— i. TY a 3 
— 


— 4 


ET P 21 += 2 / wet 


- # F 79. The values of x may be diſcovered 
without exterminating the ſecond term. 

Any cubic equation may be reduced to this 
_ | 


3 3Þx* — 35 — 27 
+ 35 * — fp} o, 
+ 309) 
* Vid. Phil. Tranſ. 30g. 


which D 
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which, by ſuppoling #=2+2, will be reduced 
to 2* — 342 — FX o, in which the ſecond 


term is wanting. But by the laſt article, ſince 
FL * — ar o, it follows that 


2 — e + SIT ym 


ſuppoſe that the cubic root of the binomial 


r+VP=F is m+V/n) =mn+V/n+m—vn | 


= 2M. And ſince x =z +2) it follows that 
=P — 2M. 

7 79. But as the ſquare root of any quantity 
is twofold, the cube root is threefold.” ” and 
can be expreſſed three different ways. 

Supper the cube root of unit is required, 


and let *=1, or * - 1 o, then ſince unit 


- - itſelf is a cube root of 1, one of the values of 

5 is 1, fo that the equation y—1=0 ſhall divide 

the firſt equation Y—I=Z o, and the — 
13 


* +3 +1 =oreſolved, gives 2 — 


ſo thatthethreeexpreſſions of v rare, —— — 


and — =, And, in general, the cube 
root of "ny quantity A may be 4, or 
+ In A, or = A; fo that the 
cube root of the binomial r. e ã may be 
1m + vn, as we ſuppoſed above, or = — ey 

* 1 
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* 3 or 2 * ＋＋ n. "Ant 
hence we have three expreſſions for *, vix. 
n 2 Fans 
. x$=p—m+V zu, 
7 x=p—m—v— 204.1; - 
and theſe give the three roots of the propoſe 
cubic equation. | 
EXAMPL E 7. F- 
$ 80. Let it be required to find the roots of 
the equation x* — 12x* + 41x — 42 2. 
Comparing the coefficients of this equation 
with thoſe of the general equation . 


N eee |: - 244 bes 
+ 37 _ => you kind, 
„„ 

2 = 12, ſo that, 8 — . 8 6 

2. 3 — 32 (46 — 3% 4 2 
35. 7 ( -B- 4 . f 


and conſequently, * = g) = 9 — 3 ** — 


and r V= IE. Now the 


cube root of this binomial is 2 and to be 


402 
4 


yy e vn)®. Whence, — 
15. af 13. 
a=p—m=V =Wm=4+1=v/4=5=223 


35. — 3 5 . 
| Section 131. Part I, 


So 
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So that the three roots of the propateg A 
AIC 2, 3, 7. 
You may find other two expreſſions of che cube 


root of 3 + * . beſides 1 +" as 
vis. 2. t and — 7 — | —=2; but 


theſe ſubſtituted for m4 7 give the ſame va- 
lues fof x, as are already found. 


EX AMP L E II. 

In the equation * + 15x* + 84x — 100 So, 
you find ind Þ= 5, 48 g, 2 135, and 
r + Vr=q —7 21364 16252, whoſe cube root 
is 3＋ Ve] ſo that x(=p+ 2m) =—5+6=1. 
The other two values of x, viz. —8+V-30 — 30, 


—8—V —36, are impoſſible. 
After the fame manner, you will.find that the 
roots of the equation x! + y*— 166x + 660 = 0, 
_ are—15,7=4/5. The Rule by which we may 
diſcovef if any of the roots of an equation ate 
impoſſible, ſhall be demonſtrated afterwards. 
$ 82. The roots of biquadratic equations may 
be found by reducing them to cubes, thus, 
Let the ſecond term be taken away by the 
Rule given in Chap. 3. And let the equation 
that reſults be 
nne e 
And let us ſuppoſe this biquadratic to be the 
product of theſe two quadratic equations, 
| * + 
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x* + ex + f=0 
* — e +g=0 
4 f 
N 
+gz * ** +fg=0. 
_—_ —7 


Where e is the coefficient of x in both equa- 
tions but affected with contrary ſigns; becauſe 
when the ſecond term is wanting in an equa - 
tion, the ſum of the affirmative roots muſt be 
equal to the ſum of the negative. 


Compare now the propoſed equation with the 
above product, and the reſpective terms put 
equal to each other will give f+g -g, 

g —ef =r, ſg =. Whence it follows, that 


| f+g=q+0O, and g F ==; and conſe- 
| quently f +g +g — f (=2g) = 7+ +=» 
q+ += 


e 


and = „the ſame way, you will 
„ 
1 


find, by ſubtraction, Sc. f = LY and 


fxg(=5) =IX# +290 + ——3 and 
multiplying by 4%, and ranging the terms, you 
have this equation, 


EO + 298 + q*—45X& = 2 o. 
Suppoſe e =y, and it becomes y* + 240 7 
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749 - o, a cubic equation whoſe roots 
are to be diſcovered by the preceding articles. 
Then the values of y being found, their ſquare 
roots will give e (ſince y e.); and having e, 
you will find F and g from the NW 


q+ == 217242 
75 3 » 4 = —— Laſtly, CH 


tracking the roots of the equations 2 o, 
* — ex ＋ o, you will find the four roots of 
the biquadratic x#%*qx* + rx So; for either 


922 ier Ve, or, = ＋ er Mie g. 


$ 83. Or if you want to find the roots of 
the biquadratic without taking away the ſecond 
term; ſuppoſe it to be of this form, 
** — 4 * — 24 — 8 — 45 
74 * LI 
and the values of & will be 


ee 
| — f where 
and 8 1 += 
@* is equal to the root of the cubic, 
* 
Fu 112 yr 20. 

The a is reduced from the laſt 

article, as the 78th is from the preceding. 


Q 2 | CHAP. 
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Er 
Of the Methods by which you may 


approximate to the roots of nu- 
meral Equations by their limits. 


$ 84. HEN any equation is propoſed 
to be reſolved, firſt find the li- 
mits of the roots (by Chap. 5.) as for example, 
if the roots of the equation x*— 16x + 55 =0 
are required, you find the limits are o, 8, and 
17, by $48; that is, the leaſt root is between 
o and 8, and the greateſt between 8 and 17. 
In order to find the firſt of the roots, J con- 
ſider that if J ſubſtitute o for x in x*— 16x +55, 
the reſult is poſitive, viz. + 55,. and conſe- 
quently any number betwixt o and 8 that gives 
a poſitive reſult, muſt be leſs than the leaſt root, 
and any number that gives a negative reſult, 
muſt be greater. Since o and 8 are the limits, I 
try 4, that is, the mean betwixt them, and ſup- 
poſing #=4, x* 16K + 55 = 16—64+55=7» 
from which I conclude that the root is greater 
than 4. So that now. we have the root limited 
between 4 and 8. Therefore I next try 6, and 
ſubſtituting it for x we find x* — 16x + 55 = 30 
—9g6+55=—5 ; which reſult being negative, 
I conclude that 6 is greater than the root re- 
quired, which therefore is limited now between 4 


and 
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and 6. And ſubſtituting 5, the mean between 
them in place of x, I find x* — 16x + 55 
= 25 80 4 55 So; and conſequently 5. 1s 
| the leaſt root of the equation. After the ſame 

manner you will diſcover 11 to be the greateſt 
root of that equation. 


$85. Thus by diminiſhing the greater, or 
increaſing the leſſer limit, you may diſcover the 
true root when it is a commenſurable quantity. 
But by proceeding after this manner, when you 
have two limits, the one greater than the root, 
the other leſſer, that differ from one another but 
by unit, then you may conclude the root is 
ae 


We may however, by continuing the ope- 
ration in fractions, approximate to it. As if the 
equation propoſed is y*—6x + 7 o, if we ſup- 
pole x = 2, the reſult is 4 — 12 1 7 =—1, 
which being negative, and the ſuppoſition of 
* So giving a poſitive reſult, it follows that 
the root is betwixt o and 2. Next we ſuppoſe 
x=1 ; whence & —6x = -= 2, 
which being poſitive, we infer the root is be- 
twixt 1 and 2, and conſequently incommenſu- 
rable. In order to approximate to it, we ſuppoſe 
* =I E, and find x*—6x +7=24i—9 * 7 2. 
and this reſult being poſitive, we infer the root 
muſt be betwixt 2 and 11. And therefore we 


23 try 


232 A TREATISE of -- Part II. 


7 TH and nne 2 —D +7 


= 35% * 107 =Y 22 = — 2 which is nega- 


tive; ſo that we conclude the root to be betwixt 
14 and 11. And therefore we try next 12, 
which giving alſo a negative reſult, we conclude 
the root is betwixt 13 (or 14) and 13. We try 
therefore 17, and the reſult being politive, we 
conclude that the root muſt be ME 1 and 
442, and therefore 1 is nearly 142 


$ 86. Or you may approximate more eaſily 
by transforming the equation propoſed into an- 
other whoſe roots ſhall be equal to 10, 100, or 
| 1000 times the roots of the former (by 5 29.) 

and raking the limits greater in the ſame pro- 
portion. This transformation is eaſy ; for you 
are only to multiply the fecond term by 10, 100, 
or 1000, the third term by their ſquares, the 
fourth by their cubes, c. The equation of the 
laſt example 1s thus transformed into x* — 600x 
+ 570000-=0, whoſe roots are 100. times the 
roots of the propoſed equation, and whoſe li- 
mits are 100 and 200. Proceeding as before, 
we try 150, and find & — 6cox + 79000 = 
22500 — 90COO + 720000 = 2500, ſo that 150 
is leſs than the root. Tou next try 175, which 
giving a negative reſult muſt be greater than 
the root : and thus proceeding you find the 
root to be betwixt 12 and 159: from which 
you 
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you infer that the leaſt root of the propoſed equa- 
tion * — 6x +7 = © is betwixt 1.58 and 
1.59, being the hundreth part of the root of 
x* — Goox + 70000 = ©, 
$ 87. If the cubic equation & I 161 25 63x 
— 50 Sg is propoſed to be reſolved, the equa- 
tion of the limits will be (by & 48) 3 — 30 
+ 63 So, Or * — 10x + 21 =0, whoſe roots 
are 3, 7; and by ſubſtituting o for » the value 
of * — 15x* + 63x 50 is negative, and by 
ſubſtituting 3 for x, that quantity becomes po- 
ſitive, x = 1 gives it negative, and y = 2 gives 
it poſitive, ſo that the root is between 1 and 2, 
and therefore incommenſurable. You may pro- 
ceed as in the foregoing examples to approximate 
to the root. But there are other methods by 
which you may do that more eaſily and readily ; 
which we proceed to explain. | 
688. When you have diſcovered the value of 
the root to leſs than an unit (as in this example, : 
you know it 1s a little above 1) ſuppoſe the diffe- 
rence betwixt its real value and the number that © 
you have found nearly equal to it, to be repre- - 
ſented by I; as in this example. Let 1 f. 
Subſtitute this value for x in this equation, thus, 
i= 1+ 3f+ 3f +f! 7 
een, 
+ 63x = .63.+63f 
. 
* 155 ee Fe 
Q 4 Now 
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Now becauſe f is ſuppoſed leſs than unit, its 
powers f*, J, may be neglected in this appro- 
ximation ; fo that aſſuming only "ns two firſt 


terms we have — 1+36f=0, or, f== 760-997 


ſo that x will be nearly 1.027. 

You may have a nearer value of x by con- 
ſidering, that ſeeing — 1 ** 127 ＋ 0. 
it follows * 


f= N 


I a 
— de =.02803. 
nearly = 30—12 * 16 n — 7622 25 5: 


$ 89. But the value of F may be corrected 
and n more accurately by ſuppoſing 
g to be the difference betwixt its real value, and 
that which we laſt found nearly equal to it. 
So that f=.02803 + g. Then by ſubſtitut- 
ing this value for f in the equation 
7 127 + 36f— 1 go, it will ſtand as follows, 
I = 0.0000220226+0.0023578+0. 0B4gg* ＋ |= 
=0 


(by ſubſticuring — for ft) | 


127 . ,00942816 —0. 2 — 12 * 
+307 = 1.00908 ' —+36g 
==. | 
=-0.0003261374+ 35-3296378—11-91952*+g*= 
Of which the firſt two terms, neglecting the 
reſt, give 35. 329637 & g o. 0003261374, and 
= 2929134 — 0. 00000923127. So that 
35329637 
f=0-02803923127 ; and æ 1 +f =1- 02803923127 3 ; 
which is very near the true root of the equation. 


ue. was propoſed. 
if 


— 
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If ſtill a greater degree of exactneſs is re- 
quired, ſuppoſe þ equal to the difference be- 
twixt the true value of g, and that we have al- 


ready found, and proceeding as above you may 
correct the value of g. | 


$ go. For another example; let the equation 
to be reſolved be * — 2x — 5 = ©, and by 
ſome of the preceding methods you diſcover one 
of the roots to be between 2 and 3. There- 
fore you ſuppoſe x#=2+f, and n 
this value for it, you find | 
= 8E+12f+6f*+f*) 
—2*=—4= of 2 
18 „ 1 | J | 
—1+19f+6f+f'; 
from which we find that rof = 1 nearly, or 
f=0.1. Then to correct this value, we ſup- 
poſe Fo. 1 ＋ g. and find 


fi= CO. oo ＋ o. ogg o. 7 7 
6f*= 0.06 + 1.2 g+6. g* wid 
of = i . 2 


— 1 
= 0.061+11. 238 ＋ 6.38 +2), 
fo that g= 1 = de” 


Then by ſuppoſing g==—.0054 ++, you 
may correct its value, and you will find that the 
root required is nearly 2.09455 147. 


9 91. 
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$91. It is not only one root of an equation 
that can be obtained by this method, but, by 
making uſe of the other limits, you may diſco- 
ver the other roots in the ſame manner. The 
equation of § 87, * — 15x* + 63x — 50 So, 
has for its limits o, 3, 7, 50. We have already 
found the leaſt root to be nearly x.028039. If 
it is required to find the middle root, you pro- 
ceed in the ſame manner to determine its neareſt 
limits to be 6 and 7; for 6 ſubſtituted for «„ 
gives a poſitive, and 7 a negative reſult, There- 
fore you may ſuppole x =6 +f, and by ſub- 
ſtituting this value for x in that equation, you 


find ff + 3f* — of 4 o, ſo that f 


nearly. Or ſince f = = 7 it is (by ſub- 
. for f) f=———; = 555 whence 
* 


1 26 + LE — 324 nearly. —_ value may till 


be corrected as in the preceding articles. After 
the ſame manner you may approximate to the 
value of the higheſt root of the equation. 

$92. © In all theſe operations, you will ap- 
proximate ſooner to the value of the root, if 
you take the three laſt terms of the equation, 
and extract the root of the quadratic equation 
conſiſting of theſe three terms. ? 

Thus, in F 88, inſtead of the two laſt terms 
of the equation 2 — 127 + 36f 1 go, if 
vou 


— 


you take the three laſt and extract the root of the 
quadratic 12 f — 36f+ 1 =o, you will find 
f = .028031, which is much nearer the true 
value than what you Sicover, by ſuppoſing 
36f —I = ©. 

It is obvious that this method extends to all 


equations. SANS — 


$ 93. © By een equations affected with 
general coefficients, you may, by this method, 
deduce General Rules or Theorems for appro- 
ximating to the roots of propoſed my of 
whatever degree.” | 
Let F - -T oO repreſent the equa- 
tion by which the fraction F is to be deter- 
mined, which is to be added to the limit, or 
ſubtracted from it, in order to have the near 


value of x. Then gf —r =o will give r. 
But ſince 55 by ſubſticuting — for 
f, we : have this Theorem for _— F n 


' VIZ, 


55 * xr 
= uh tt 
S408 | 


After the ſame manner, if it is a biquadratic, 
by which f is to be determined, as F- 3 + of* 
— Tf + s = 4 then 4 being very little, we ſhall 


have f = 7 ; which value is corrected by con- 
ſidering 
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ſidering that f= _ 


= (by ſubſtitix- 


Ny 
ing for 9 — _ whence we have 
2 —4 
„„ 
this Theorem for all biquadratic equations, 
ris 


f = per- ger, 

$ 94. Other Theorems may be deduced by 
aſſuming the three terms of the equation, and 
extracting the root of the quadratic. which they 
form. I. 

Thus, to find the value of fi in the equation 
PF —pf* +4f —r =o where F is ſuppoſed to 
be very little, we neglect the firſt term f*, and ex- 
tract the root of the quadratic pf* — qf +r =0, 


or of FE and we find 
2 1 2 


=> 2 —= = _ I 
But this als of * may be corrected by ſup- 
poſing it equal to m, and ſubſtituting m for F 
in the equation fi—pf* + gf—r=0, which will 
give n —pf* +gf—r=o, and f — of T T- 
So; the reſolution of which quadratic equation 


: +<V - 4pm? 
gives f = £ Vs 722 very near the 


nearly. 


true value of /. 
After the ſame manner you may find like 

Theorems for the roots of biquadratic equa- 

tions, or of equations of any dimenſion whatever. 


9 955% 
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$95. In general, let * ＋ pw + gum + 
ry, Sc. +A=0 repreſent an equation of 
any dimenſions , where A is ſuppoſed to repre- 
ſent the abſolute known term - of the equation. 
Let & repreſent the limit next leſs than any of 
the roots, and ſuppoſing x = k + f, ſubſtitute 
the powers of k + F inſtead of the powers of 


x, and there will ariſe & + fn + px TF + 
Xx FTT TF, Sc. ＋ Ao, or 


by involution, diſpoſing the terms according to 
the dimen os é æͤ rt + » | 


JN tt M2 
n 
1 
=. a en 
Si mu mi e 
OM 
1 
7 T T 8 
8 
0 F 8 ol 
nee 
n 
1 
ST + 
8 
rr 
& & C&S 


Lt 


p +* 


© 


where 
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where neglecting all the powers of f after the 
firſt two terms, you find ET 


* 

1 

= 
* 
1 I 
SEI $14 
. Id 
hz II 
TS! f 
75 ij 
7 F/7 
1616 
5 ff 
H F 
11 $ 


whence particular Theorems for extracting the 
roots of equations may be deduced. 8 


$ 96. © By this method you may diſcove 


Theorems for approximating to the roots of 
| | pure 


pure potvers; as to find the u root of any num- 
ber 4; ſuppoſe & to be the neareſt leſs root in 
integers, and that æ + is the true root, then 


fhall - EI F. -e, G A. 


2 
and, aſſuming only the two firſt terms, 


9 ==: or, mere nearly, taking the three 


firſt terms, 3 „ 
=——£=2—, and (raking r U 
a1 f N. £2 : | 
BEE 7 0 
A— e 


2— 22 | 87's —— 
nk—1 1 —.— * i 1 1 +=x At 


(putting m A—&") = — —— which 
1. . * 


is a rational Theorem for approximating to /. 


You may find an irrational Theorem for it, 
by aſſuming the three firſt terms of the power 


of K + f, viz. „NA. 


For 1-1 f + A 2 A- n; 
and reſolving this quadratic equation, you find 


„ — — 


is 1 
| 21 


„ a. 1 
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In 


! 
\I 

| 

[ 

| o 

| 
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In the application of theſe Theorems, when 
a near value of f is obtained, then adding it 
to k, ſubſtitute the aggregate in place of & in 
the formula, and you will by a new operation, 
obtain a more correct value of the root re. 
quired; and, by thus proceeding, you may ar- 
rive at any degree of exactneſs. 


Thus to obtain the cube root of 2 ſuppoſe 
— 2 d — — — 25. 
b= i, and f e 


In the ſecond place, ſuppoſe k = T. = f 
will be found, by a new , equal to 


0.009921, and conſequently, Fs 21259921 
nearly. By the irrational T heorem, the ſame 


value is diſcovered for V2. 


o 2p 


5  —CUAF: 
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0 H AP. 8 
of the Method of Series by which | 


you may approximate to the roots 
of literal equations. 


997. IF there be only two letters, + and a, 
in the propoſed equation, ſuppoſe a 

equal to unit, and find the root of the numeral 

equation that ariſes from the ſubſtitution, by 


the rules of the laſt chapter. Multiply theſe 


roots by a, and the products will give the roots 
of the propoſed equation. 

Thus the roots of the equation & — 16x + 
55 So are found, in 5 84, to be 5 and 11. 
And therefore the roots of the equation 
* — 16ax + 55a* = o, will be 5a and 114. 
The roots of the equation & + ax — 28) = 0 


are found by enquiring what are the roots of 
the numeral equation * ＋* —2=0, and ſince 


one of theſe is 1, it follows that one of the roots 
of the propoſed equation is a; the other two 
are imaginary. . 


$ 98. If the equation to be reſolved weste 
more than two letters, as & + a**#— 24* + ayx 


—=0, then the value of x may be exhibited 


in a ſeries. having its terms compoſed of the 
powers of @ and y with their reſpective coef - 
R ficients; 
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ficients ; which will © converge the ſooner the leſs 
y is in reſpef? of a, if the terms are continually 
multipiied by the powers of y, and divided by 
thoſe of a.” Or, < will converge the ſooner the 
_ greater y is in reſpett of a, if the terms be con- 
tinually multiplied by the powers of a, and divided 
by thoſe of y. Since when y is very little in 
| | 2 5 
reſpect of a, the terms 95 , 25 = 85. = &c. 


decreaſe very quickly. If y d in reſpect 
of a, the ſecond term will vaniſh in reſpect of 


the firſt, ſince — 25 :: : 4. And after the 


ſame manner 5 vaniſhes in reſpect of the term 


immediately preceding * 
But when y is vaſtly great in reſpeet of a, 


then a it _ great in reſpect of = * and 5 in 


2 2 a* 
8 of = ; ſo that the terms a, — FF 75 


—, &c. in this caſe decreaſe very ſwiftly, In 


| ber caſe, the ſeries converge ſwiftly that con- 
ſiſt of ſuch terms; and a few of the firſt terms 
will give a near value of the root required. 


$ 99. If a ſeries for x is required from the 
Propoſed equation that ſhall convergethe ſooner, 
the leſs y is in reſpect of a; to find the firſt 
term of this ſeries, we ſhall ſuppoſe y to va- 
niſh ; and extracting the root of the equation 


* 
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* + a 24 S o, conſiſting of the remaining | 
parts of the equation that do not vaniſh with y, 
we find, by 5 97, that x a; which is the true 
value of x when y vaniſhes, but is only near its 
value when y does not vaniſh, but only is very 
little. To get a value till nearer the true value 
of x, ſuppoſe the difference of 4 from the true 
value to be p, or that x = a + p. And ſub- 
ſtituting @ + p in the given equation for x, 
you will find, 


& =0 + ga'p + 3ap +#] 


+ &x S + a 
— 20) = — 24 20 
r =4'y af 
_ = , =—y 
= apy — y* N 


But ſince, by ſuppoſition, ꝓ and 5 are very 
little in reſpect of a, it follows that the terms 
4a p, ay, where y and p are ſeparately of the 
leaſt dimenſions, are vaſtly great in reſpect of 
the reſt; ſo that, in determining a near value 
of p, the reſt may be neglected : and from 
44p + 4*'y = ©, we find p = — iy. $0 that 
#=a+P=8a—+y, nearly. 

Then to find a nearer value of p, and con- 
ſequently of x, ſuppoſe p==— 15 + 9, and ſub- 
ſtituting this value for it in the laſt equation, 
you will find, 

R 2 1 
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N r r 5. T 


gap* = Fray 2 a + 3a 
44 ==— 49 + 44q 


ap = — 4% + og TY 
Gy = 4295 : 
—y= = ** * 


If 


＋—— ——_—_ 


ach 1% + 307 
+44q 

And ſince, by the ſuppoſition, q is very little 
in reſpect of p, which is nearly = — 19, there- 
fore 9 will be very little in reſpect of yz and 
conſequently all the terms of the laſt equation 
will be very little in reſpe& of theſe two, viz, 
— rs 4p, + 44g, where y and q are of leaſt 
dimenſions ſeparately : inan, the term 
— $ayq is little in reſpect of 4a'q, becauſe 5 is 
very little in reſpect of a; and it is little in 
2 of — 15 %, becauſe ę is little in reſpect 
EY. 
Neglect therefore the other terms and ſup- 
poſing — * + 44%q = o, you will have 


2 2 F ſo that „Se- DT. 

And by proceeding in the ſame manner nY will 

— mts ry? * 

I == Lb fm + a , 
x 


$ 100. When it is required to find a ſeries 


for x that ſhall converge ſooner, the greater » is 
in 


$398 + 72 , * 2 


8 , 
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in reſpect of any quantity a, you need only ſup- 
poſe à to be very little in reſpe& of y, and 
proceed by the ſame reaſoning as in the laſt 
example on the 1 of y being very 
little. 

Thus, to find a value for x in the equation 
* — 4 + ayx — = ©. that ſhall converge the 
ſooner the greater y is in reſpect of a, ſuppoſe 
a to vaniſh, and the remaining, terms will give 

* o, or x =y, So that when y is vaſtly 
1 it appears that x = y nearly. 

But to have the value of x more accurately, | 


put x =y + p, then 
„ = Mr 
—Ox= —&y—&'P 
7," = ayf+op 
— Fm 
STD +8/—ay—d'p 
+29 +9p: 
where the terms 2y*p4+ay* become vaſtly greater 
than the reſt, y being vaſtly greater than à or 
p; and conſequently p=—4a nearly. | 
Again, by ſuppoſing p = 44 + f, you ml 
transform the laſt equation into 


— 7750 + 39" 3 
203 


— Q 


en 
—34q 
where the two terms 3 - a'y muſt be vaſtly 
greater than any of the reſt, a being vaſtly leſs 
| R 3 © +. 


/ 
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than y, and 7 vaſtly leſs than a, by the ſuppo- 


ſition; ſo that 39g) 4% =o, and q= = 
nearly, By proceeding in this manner, you may 


correct the value of 2 and find that 
1 
— * 1, 
e 19 1 3 
ale ſeries „ the ſooner the greater is 
ſuppoſed to be taken in reſpect of a. 


6101. In the ſolution of the firſt Example 
thoſe terms were always compared in order to 
determine p, 4, r. &c. in which y and thoſe 
quantities p, q, 7, &c. were ſeparately of feweſt 
_ dimenſions. But in the ſecond Example, thoſe 
terms were compared in which a and the quan- 
tities P,q, r, &c. were of leaſt dimenſions ſe- 
parately. And theſe always are the proper terms 
to be compared together, becauſe they become 
vaſtly greater than the reſt, in the reſparteve 

bypotheſes. | 


In general; to determine the firſt, or any, 
term in the ſeries, ſuch terms of the equation are 
to be. aſſumed together only, as will be found to be- 
come vaſily greater than the other terms; that is, 
which give a value of x, which ſubſtituted for 
it in all the terms of the equation ſhall raiſe 
the dimenſions of the other -terms all above, - 
or all below, the dimenſions of the aſſumed 
terms, according as y is ſuppoſed to be vaſtly 
little, or vaſtly great ip reſpect of a, : 

| 26 ON „Thus 
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Thus to determine the firſt term of a con- 
verging ſeries expreſſing the value of x in the laſt 
equation & — a + ayx — == o, the terms 
ayx and — y* are not to be compared together, 


for they would give x = L, which ſubſtirured 
for x, the equation becomes Ny 


2 +4 —) =0, 
where the firſt term is of more dimenſions than 
the aſſumed terms ayx, -; and the ſecond of 
fewer ; ſo that the two firſt terms cannot be ne- 
glected in reſpect of the two laſt, neither when 
y is very great nor very little, compared with a. 
Nor are the terms *, ayx, fit to be compared 
together in order to obtain the firſt term of a 
ſeries for x, for the like reaſon. 
But x* may be compared with — a*x,. as alſo 
— &*x with —y* for that end. Theſe two give 
the firſt term of a ſeries that converges the 
. ſooner the leſs y is; as x%=y* gives the firſt 
term of a ſeries that converges the ſooner the 
greater y is. The laſt ſeries was given in the 
preceding article. The comparing x3 with —&*x 
gives theſe two _—_ 


Feat 1465 59986 
69. | 
—a+} 7 1284" _ v 


T he comparing -a \ £4 —y gives 
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And theſe ſeries give three values of æ when 
y is very little; the laſt of which is" itſelf alſo 
very little in that caſe, as it appears indeed from 
the equation, that when y vaniſhes, the'three va- 
lues of x become 4 a, — a, and o, becauſe 
when y vaniſhes, the equation becomes & 
= ©, whoſe roots are 4, — 4, o. | 


$ 102. It appears ſufficiently from what ve 
have ſaid, that when an equation is propoſed i in- 
volving x and y, and the value of x is required 
in a converging ſeries, the difficulty of finding 
the firſt term of the ſeries is reduced to this; 
« to find what terms aſſumed in order to deter- 
mine a value of x expreſſed in ſome dimenſions 
of y and a will give ſuch a value of it, as ſub- 
ſtituted for it in the other tems will make them 
all of more dimenſions of y, or-all of leſs di- 
menſions of y than thoſe aſſumed terms,” . 


To determine this, draw BA and AC at right 
angles to each other, compleat the parallelo- 
gram ABCD and divide it into equal ſquares, 
as in the figure, In theſe ſquares place the 
| powers of x from A towards C, and the powers 
of y from A towards B, and in any other ſquare 
place that power of that is directly below it in 
the line AC, and that power of y that is in 8 
parallel with it in the line AB; ſo that the in- 
dex of x in any ſquare may expreſs its diſtance 


from the line AB, and the index of y in any 
ſquare 
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qquare may expreſs its diſtance from the line 
AC. Of this ſquare ye are to obſerve, 


* 2 : # 
. 
be t [ | 
B 1 2 bY 4 « þ 
„ * * 


l 
NL PLATE v2 L227 


2— 1 Ye [1 EVEN 2 28 . 48 


* * t * 


. A e e 122 


i «l.,. | . % \ 
. E. |? 15 [x ied] 2x7 Ae 
| NE 1 * | — 


2 
1. That the terms are not only in geome- 
trical progreſſion in the vertical column AB, or 
the horizontal AC, and their parallels z but al- 
ſo in the terms taken in any oblique ſtraight 
line Whatever; for in any ſuch terms it is ma- 
nifeſt that the indices of y and » will be in arith- 
metical progreſſion, The indices of y, becauſe 
thoſe terms will remove equally from the line 
AC, or approach equally to it, and the indices 
| 1 
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of y in any ſuch terms are as their diſtances 
from that line AC. The indices of x will alſo 
be in arithmetical progreſſion, becauſe theſe terms 
equally remove from, or approach to the line 
AB. Thus for example, in the terms 57, yx, 
**, y, the indices of y decreaſing by the 
common difference 2, while the indices of x in- 
creaſe in the progreſſion of the natural num- 


bers, the common ratio of the terms is . It 


follows, 


2. From thè laſt obſervation, that © if any 
two terms be ſuppoſed equal, then all the terms 
in the ſame {ſtraight line with theſe terms, will be 
equal ;” becauſe by ſuppoſing theſe two terms 
equal, the common ratio is ſuppoſed to be a ra- 
tio of equality; and from this it follows, that 
« jf you ſubſtitute every where for x the value 
that ariſes for it by ſuppoſing any two terms 
equal, expreſſed in the powers of y, the dimen- 
ſions of y in all the terms that are found in the 
ſame ſtraight line will be equal”; but “ the di- 
menſions of y in the terms above that line will 
be greater than in thoſe in that line;“ and 
« the dimenſions of y in the terms Beloꝛv the ſaid 

line will be 1% than its dimenſions in that line.“ 
ere by ſuppoſing y' =yx*, we find xi , 
or x =5*; and ſubſtituting this value for * 
in all the ſquares, the dimenſions of y in the 
terms 97, y, x., Is which, are all found in 
: the 
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the ſame ſtraight line, will be 7, but the di- 
menſions in all the terms above that line will 
be more than 7, and in all the terms below "War 
line will be leſs than y. | 

$ 103. From theſe two a we e may 
eaſily find a method for diſcovering what terms 
ought to be aſſumed from an equation in order 
to give a value for x which ſhall make the other 
terms all of higher, or all of lower dimenſions 
of y than the aſſumed terms: vi. after all 
the terms of the equation are ranged in their 
proper ſquares (by the laſt article) ſuch terms 
are to be aſſymed as lie in a ſtraight line, ſo that 
the other terms either lie all above * er 
line, or fall all below it.“ 


For example, ſuppoſe the equation propoſed is 
a r o+ ant — a= o, then mark- 
ing with an aſteriſk the ſquares in the laſt ar- 
ticle which contain the ſame dimenſions of x and 
pas the terms in the equation, imagine a ruler 
ZE to tevolve about the firſt ſquare marked 
at 7, and as it moves from A towards C, it 
will firſt meet the term ay'x, and while the 
ruler joins theſe two terms, all the other terms 
lie above it : from which you infer, that by ſup- 
poling theſe terms equal, you ſhall obtain a va- 
lue of , which ſubſtituted for it, will give all 
the other terms of higher dimenſions of y, than 
thoſe terms : and hence we conclude that the 
yalue of x deduced from ſuppoſing theſe terms 

_ equal, 


Pg 
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equal, viz. 2, is the firſt term. of a ſeries that | 


will. converge the ſooner the leſs y.js in reſpect 
of a. 

If the ruler be made to revolve about the ſame 
ſquare the eontrary way from D towards C, it 


will firſt meet the term 943, and by ſuppoſing 


yL+3%i = o, we find y = #,- which gives the 

firſt term of a ſeries for x, that converges the 

ſooner the greater that y is. And this is the ce- 
lebrated Rule invented 8 Sir Jac: Newton for 

i this purpoſe. 

8 104. This Rule may be extended to equa - 
tions having terms that involve powers of x and 
with fra#ional or ſurd indices; “ by taking 

* diſtances from A in the lines AC and AB pro- 

portional to theſe fractions and ſurds,“ and 

thence determining the ſituation of the terms 
of the propoſed equation in the parallelogram 

ABCD. 

It is to be oblereed alſo, that when the line 

. Joining any two terms has all the other terms 

on one ſide of it, by them you may find the firſt 

term of a converging ſeries for x, and thus 

4 various ſuch ſeries can be deduced from the 

ſame equation.“ As, in the laſt Example, the 

' line joining y ˙² and yx*-has all the terms above 

it; and therefore ſuppoſing — ay*x + 4*'yx*= 0, 

we find x) = g, and x = - which is the firſt 


„ ; 
term 
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term of another converging ſeries for x. Again, 


the ſtraight line j Joining yx* and x* has all the 
other terms above it, and therefore, ſuppoſing 


ay a =0, we find ay =, e 
the firſt term of another ſeries for x, converging 
alſo the ſooner the leſs y is. There are two, 
ſeries converging the ſooner the greater y is, to 
be deduced from ſuppoſing * = — y+xi, or: 
va And, to find all theſe ſeries, de- 
ſcribe, a polygon Zabed, having a term of the 
equation in each of its angles, and including all 
the other terms within it, then a ſeries may be 
found for x, by ſuppoſing any two terms equal 
that are placed in any two adjacent 9 the 


polygon.” 


$ 105. If the ruler ZE. be made to move 
parallel to itſelf, all the terms which it will 
touch at once will be of the ſame dimenſions of 
y: for they will bear the ſame proportion to one 
another as the terms in the line ZE themſelves. 
The terms which the Ruler will touch firſt will 
have fewer dimenſions of y, than thoſe it touches. 
afterwards in the progreſs of its motion, if it 
moves towards D; but more dimenſions than 
they, if it moves towards A. The terms in the 
ſtraight line ZE, ſerve' to determine the firſt 
term of the converging ſeries required. Theſe 
with the terms it touches afterwards ferve to 
determine the ſucceeding terms of the converg- 


ing 
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ing ſeries; all the reſt vaniſhing compared with 
theſe, when y is very little and the ruler moves 
from A towards D, or when y is vaſtly great 
and the ruler moves from D towards A. 

$ 106. The ſame Author gives another me- 
thod for diſcovering the firſt term of a ſeries 
that ſhall converge the ſooner the leſs y is. 
« Suppoſe the term where y is ſeparately of 
feweſt dimenſions to be Dy“; compare it ſucceſ- 
ſively with the other terms, as with Hy, and 


obſerve where ==; is found greateſt; and put- 


ting == n, Ay" will be the firſt term 55 a 


ſeries then ſhall converge the ſooner the leſs y is: 

for in that caſe Dy! and Ey"x: will be — 
greater than any other terms of the propoſed 
equation. Suppoſe Heri is any "_ term of 


the equation, and, by the ſu poſition, — — 2 


if 
is greater than 7 —, and 3 multi- 


plying by #, you find & greater than /—e, and 
nk+e greater than J; now if for æ you ſubſtitute 
Ay", then Fy'x*= FAtyni te, which therefore will 
vaniſh compared with Dy! (ſince ae is greater 
than I) when y is infinitely little. Thus there- 
fore all the terms will vaniſh compared with 
Dy and Ey"x* which are ſuppoſed equal; and 
conſequently they will give the firſt term of a 
ſeries that will converge the ſooner the leſs y is. 


9107. 
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$ 107. If you obſerve „when? — is found 


aft of all, and ſuppoſe it equal to u, then will 
Ay" be the firſt term of a ſeries that will con- 
verge the ſooner the greater y is.” For in that - 
caſe Dy! and —_ will be infinitely greater than 


Fyxi, becauſe na — (= =) being leſs than e | 


it follows that my is leſs than /—e, and xe leſs 
than I, and conſequently Hy (= FA e) 
vaſtly leſs than Dy, when y is very great. 


After the ſame manner, if you compare any 
term Dy/x*, where both x and y are found, 

with all the other terms, and obſerve where 
| = is found greateſt or leaſt, and ſuppoſe 


— 


— — z, then may Ay be the firſt term of a 


converging ſeries. For ſuppoſing mn —_— is 
any other term of the equation, 11 — — ＋ (=1) 
1s greater than =, then ſhall I b be 


oreater than /— e, and z&+e greater than / + nb. 
But n + e are the dimenſions of y in H when 
x = Ay", and / + ub are the dimenſions of y in 
Ey"x* , therefore Fy*x* is of more dimenſions of y 
than Eynxi, and therefore vaniſhes compared to 
it when y is * infinitely little. In the 


ſame manner, if = ii leſs than _ then 
will 


—5 4— 
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will Zy"x be infinitely greater than B "ood 
y 18 infinite. 


$ 108. When the firſt, term (4y") of the ſe⸗ 
ries is found by the preceding method, then by 
ſuppoſing x = 4" +þ, and ſubſtituting this bi- 
nomial and its powers for & and its powers, 
there will ariſe an equation for determining þ 
the ſecond term of the ſeries. This new equa- 
tion may be treated in the ſame manner as the 
equation of x, and by the Rule of § 103, the 
terms that are to be compared in order to ob- 
tain a near value of p, may be diſcovered; by 
means of which terms p may be found: which 
ſuppoſe equal to By*+”, then by ſuppoſing 
»= __ + 2: the equation may be trans- 
formed into one for determining q the third 
term of the ſeries, and by proceeding in the, 
ſame manner you may determine as many terms, 
of the ſeries as you pleaſe; finding x Ay 
By" +» + Cy" +27 + Dy"+F, &c. where the di- 
menſions of y aſcend or deſcend according as 7 
is poſitive or negative; and always * in arith- 
metical progreſſion, 'that this value of x being 

| ſubſtituted for it in the propoſed equation, the 
terms involving y and its powers may fall in 
with one another, ſo that more than one may 
. always involve the ſame dimenſion of y, whicti 
may mutually deſtroy each other and make the 
whole equation vaniſh, as ic ought to do.“ ; 
WY | 


It is obvious that as the dimenſions of I in 


Hy + By + Cy +27 + Dyn +3, &c. are in an 


arichmetical progreſſion whoſe difference is x, 
the ſquare, cube, or any power 5 of Ay" + 


By" +» + Cys +3r + Dyn+37 + Sc. will conſiſt of 


terms wherein the dimenſions of y will conſtitute 
an arithmetical progreffion having the ſame com- 
mon difference r; for theſe dimenſions will be 
mimnpr,m+2r,mÞ+ gr, &c. Therefore, 
if in any term Zy"x* you ſubſtiruce for x the 
ſeries Ay" + By* + + Gyn +# + Dy" +7, &c. 
the terms of the ſeries expreſſing Ey"x* will 
conſiſt of theſe dimenſions of y, viz. m ＋ an, 
nnr, m+ n+ 27, m + 51+3r, &c. and 


by a like ſubſtitution in any other term as Fy*!, 


the dimenſions of y will be e + , e + uk + r, 
er, zr, e+nk + zr, &c. The former ſe- 
ries of indices muſt coincide with the latter ſeries, 
that the terms in which they are found may be 
compared together, and be found equal with 
oppoſite ſigns ſo as to deſtroy one another, and 
make the whole equation vaniſh. 


The firſt ſeries conſiſts of terms ariſing by 


adding ſome multiple of r to n + 51, the latter 


by adding ſome multiple of 7 to en] and that 
theſe may coincide, ſome multiple of r added 
to n muſt be equal to ſome other multiple 
of r added toe4+ nk, From. which it appears 
that the difference of n + n and & + nk is always 

8 a mul- 
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2 multiple of 7; and conſequently that r is a 
diviſor of the difference of dimenſions of y in 
the terms yx and Hr, ſuppoſing x = Ay. 
It follows therefore © that r is a common diviſor 
of the differences of the dimenſions of y in the 
terms of the equation, when you have ſubſti- 
tuted Ay* for & in all the terms.” And if r be 
aſſumed equal to the greateſt common diviſor 
(excepting ſome caſes afterward to be mentioned 
you will have the true form of a ſeries for x. 
And now the dimenſions yn, *., „, 

* , &c. being known, there remains only, 
by calculation, to determine the general co- 
efficients A, B, C, D, &c. in order to find 


the ſeries Hy" + By +' + TY * 
c. = x. 


§ 109. This leads us to Sir . Newton's 
ſecond general method of ſeries ; which conſiſts 
in aſſuming a ſerics with undetermined coeffici- 
ents expreſſing x, as ＋ By* + + Gyr +n + 
&c. where A, B, C, &c. are ſuppoſed as yet - 
unknown, but # and r are diſcovered by what we 
have already demonſtrated; and ſubſtituting this 
every where for x, you muſt ſuppoſe, in the 
new equation that ariſes, the ſum of all the 
terms that involve the ſame dimenſion of y to 
vaniſh, by which means you will obtain particu- 
lar equations, the frf of which will give 4, 
5 ſecond B, the : third C, &c. and theſe values 


being 
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being ſubſtituted in the aſſumed ſeries for 4, 
B, C, &c. the ſeries of x will be obtained as 
far as you pleaſe. 


Let us apply, for example, this method to 
the equation (of g 98) x* + - 24) + a -* 
=0. Suppoſe it is required to find a ſeries 
converging the ſooner the leſs y is: its firſt 
term (by 5 99 or 102) is found to be a, ſo 
that o. Subſtitute @ for x in the equation, 
and the terms become 4 + 4a — 20 + &*'y —y*, 
and the differences of the indices are o, 1, 2, 33 
whoſe greateſt common meaſure is 1, ſo that 
7=1. Aſſume therefore x = 4 + By + Cy? 
+ Dy, &c. and ſubſtitute theſe ſeries for x in 
the equation, Then 


= A + 34. By ＋3 AN + Bu 7e. 


+ AO + 34 Dy) e. 

— 6 ABO — Se. 

+oOx= , N &Cy* + a Dy +&c. 
Tau == a + aB + Dy ꝙ e. 


— 241 = 23 
25 2 © 555 0 q . 


Now ſince * + e + ayz 24 + =0, it 
follows that the ſum of theſe ſeries involving y 
muſt vaniſh. But that cannot be if the coef- 
ficient of every particular term does not vaniſh. 
For every term where y is infinitely little, is in- 
finitely greater than the following terms, ſo * 

8 2 f 
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if every term does not vaniſh of itſelf, the ad- 
dition or ſubtraction of the following terms 
which are infinitely leſs than jt, or of the pre- 
ceding terms which are infinitely greater, can- 
not deftroy it; and therefore the whole cannot 
vaniſh. It appears therefore that A + a* 4 — 
24 S, is an equation for determining 4, and 
gives A= a. | 

In order to determine B, you muſt ſuppoſe 
the ſum of the coefficients affecting y to vaniſh, 
VIS, 3B + &B + aAXy =o, or, ſince A=a, 


4a*By + a"'y o, and B = — - 


To determine C, in the ſame manner ſup- 
pofe 24B*y* + 3/2*Cy* + a*Cy* + aBy* = o, or, 
1 for A and their values already 


found, 32- + 44 O — == = 
quently iy = dez And, by proceeding in the 


ſame manner, D = => ſo that x = a — 2 
{2088 5124 
FE 13 
Wl f Fi- 
$ 99. 
„ 110. By this method 3 you may transfer ſe- 
ries from one undetermined quantity to another, 
and obtain Theorems for the rever fon of ſeries. 
Suppoſe that x ay + * + of + dy* + e. 
and it is required to expreſs y by a ſeries con- 


ſiſting of the powers of x. It is obvious that 
: when 


3's — as we found before in 
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when x is very little, y is alſo very little, and 
that in order to determine the firſt term of the 
ſeries, you need only aſſume x =«y. And there- 


fore y =— — ſo that g 1. By ſubſtituting = 


for y, you find the dimenſions of x in the 3 

will be 1, 2, 3. 4, Sc. ſo that 1 1 alſo. 

You may therefore aſſume y Ax + Bx* + 

Cx Dx! + Sc. And by the ſubſtitution of 
this value of y you will find 


ay = 8Ax + aBx* + aCx* + c. 
by = BAN + 2bABu ＋ c. 
of = Ax? + EF 
Se. Se. 


But the firſt term being already found to be 
=, you have A= =; and ſince 8B + A = 0, 


it follows that B = — > After the ſame 


. manner you wlll find C= = —— Whence 


5111. Suppoſe again you have ax + bx* + 
* + dx* + Cc. =gy + by* + iy! , Sc. to 
find x in terms of y. You will eaſily ſee, by 
1 that the firſt term of the ſeries for 


is =, that y=1,7=1. Therefore aſſume 


* = Ay + By + Oy, Oc. and by ſubſtituting 
S 3 this 
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this value for x and bringing all the terms to 
one ſide, you will have 


ax = a Ay + aBy* þ aCy + e. 
bx* = bA'y* + 2b ABy* + e. 


= Ay) + Ce. 
Sc. c. TS 
gy — 9 


— K 


wel ‚ WKZRWQGAW . . iy? 


De. | Se. 
From whence we fee, firſt, that aA =, and 
A _ — 2. That 45 + 34 = þ = O, and 


BS -A. 3 ThateC+ab4B+cA—i=a, 


and therefore C . And thus the 
the firſt terms of the ſeries Ay ++ By* + Gy, c. 


are known“. 


$ 112. Before we conclude it a to clear 
a difficulty in this method that has embarraſſed 
ſome late ingenious writers, concerning * the 
value of r to be aſſumed when ö or more of 
the values of the firſt term of a ſeries for ex- 
preſſing x are found equal;” a correction of 
the preceding Rule being neceſſary in that caſe, 
And the author of that correction having only 
collected it from experience, and given it us 


» See Mr, De Mei ure, in Phil. Tran/, 240, 


with 
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without proof, it is the more neceſſary to de- 
monſtrate it here, 


It is to be obſerved then, that in order that the 
ſeries . + By*+r + Cyr - + Dyy+B + Sec. 
may expreſs x, it is not only neceſſary that when 
it is ſubſtituted for in the propoſed equation 
Dy + Ey*x* H = o, the indices m ＋ ns, 
mur, m+ ns + 2r, &c. ſhould fall in with 
the indices e + n, e tr, e +nk + 2r, &c. 
in order that the terms may be compared toge- 
ther to determine the coefficients A, B, C, &c. 
but it is alſo neceſſary, that in the particular 
equations for determining any of thoſe coeffi- 
cients, as B for example, thoſe terms that in- 
volve B ſhould not deſtroy each other. Thus 
the equation 3/LB — g/L B— aA =o can never 
determine B, becauſe 34*B— 34*B=o0, and 
thus B exterminates itſelf out of the equation 
beſides the contradiction ariſing from — A=o, 
when A perhaps has been determined already to 

be equal to fome real quantity. | 


In order to know how to evite this abſur- 
dity, let us ſuppoſe that the firſt order of terms 
in the propoſed equation are, as before, Dy, 
Hex, &c. and if Ay" is found to be the firſt 
term of a ſeries for x, then the dimenſions of 
y in the firſt order of terms, ariſing by ſubſti- 
tuting in them £4" for x, will be m + »s, and 
the dimenſions of y ariſing by ſubſtituting 

9 4 Ay” 
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Ay" + ls + Cy" + 27, &c. for x will be mm 415 
mTAN Ar, m+ 18 + 2r, &c. Suppoſe that H 
is the next order of terms, and, by the ſame 
ſubſtitution, the dimenſions of y * from 
it will be 
(becauſe HB Hex S 555 + D ZI 
= Fah. +% + kFBAt—'y+nk+r, &c.) e + ut, 
e+nk+r,e+nk + 2r, &, Now it is plain 
that e + ut muſt coincide with ſome of the 
dimenſions m + ns, m+ns + r, m + ns + 2r, &c. 
that the tcrms involving them may be compared 
together. And therefore, as we obſerved in 
§ 108, r muſt be the difference of e + »k and 
mn + ns, or ſome diviſor of that difference. In 
general, r muſt be aſſumed ſuch a diviſor of that 
difference as may allow not only e + A to co- 
incide with ſome one of the ſeries mm + 15, 
m + ns +7, m4 + 27, &c. but as may make 
all the indices of the other orders beſides e + nk 
likewiſe to coincide with one of that ſeries : 
that is, if Gy/ſx+ is another term in the equa- 
tion, 1 muſt be fo aſſumed that the ſeries F A ub, 
f + nb + „ f + nh + 2r, &c. ariſing by ſub- 
ſtituting in it Ay" + By» +* + Cyn +21, &c. for x, 
may coincide ſomewhere with the firſt ſeries 
m + ns, m Ir, m + ns + 2r, &c. And 
therefore we ſaid, in 8 108, © that r muſt be aſ- 
ſumed ſo as to be equal to ſome common diviſor 
of the differences of the indices m + ns, e + nk, 
| 8 + nb, which ariſe in the propoſed equation 
by 
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by ſubſtituting in it for x the firſt term already 
known Ay.” For by aſſuming x equal to a com- 
mon diviſor of the differences, the three ſeries 


nm, mus r, nns + 2r, m+ ns + zr, &c. 
enk, ent tr, e+nk+2r, e+nk+ gr, &c. 
F Tub, f+nhb+r, f+-nb+2r, f+nb + 3”, &c. 


will coincide with one another, ſince ſome mul- 
tiples of r added to m + ns will give e + uk and 
all that follow it in the /econd ſeries, and ſome 
multiples of r added to n + s will alſo give 
f + nb and all that follow it in the 7hird ſeries. 
It is alſo obvious, that, if no particular reaſon 
hinder it, r ought to be aſſumed equal to rhe 
greateſt common meaſure of theſe differences. 
For example, if the indices + 18, e + nk, 
f + nb, happen to be arithmetical progreſſion, 
then r ought to be aſſumed equal to the com - 
mon difference of the terms, and the firſt of 
the ſecond ſeries will coincide with the ſecond of 
- the firſt, and the firſt of the third ſeries will co- 
incide. with the ſecond of the ſecond ſeries, and 
with the third of the firſt, and ſo on, 


C113. Theſe things being well underſtood, 
we are next to obſerve that after you have ſub- 
ſtituted Ay» + By» +r + Cy» +», &c. for x in the 
firſt order of terms in the equation, the terms 
that involve m + ns dimenſions of y will deſtroy 
one another; for x = Ay" muſt be a diviſor of 

| | the 
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the aggregate of theſe terms, ſince they give 
Ay as one value of x : let x— Ax P repreſent 
that aggregate, and, ſubſtituting for æ its value 
Ayn + By TOT &c. that aggregate be- 
comes D +» + G Nc. 
=H*+* TUD F, &c. Xx P. Now the loweſt 
dimenſion in x — Ay" x P was ſuppoſed to be 
m + 715, whence the dimenſion of P, in the ſame 
terms, will be m + -u, and the loweſt dimen- 
ſion in By* + + Cy"+ 27 + Cc. x P will be n-+r 
+m+ A- n = i +7. Suppoſe again that 
two values of x, determined from the firſt order 
of terms, are equal, and then x — Aj*} will be 
a diviſor of that aggregate of the firſt order of 


terms. Suppoſe that aggregate nows#— P, 
which by ſubſtitution of - By C, Kt. 
for x will become Byn+r + rr Tec) x P, 
in which the loweſt term will now be of m + ns 


dimenſions, fince in & - x P the loweſt 
term is ſuppoſed of m + xs dimenſions; and 
conſequently, in theſe terms, the dimenſion of 
P itſelf is m + 15 — 21. 


In general, if the number of values of x ſap- 
poſed equal to h/ be p, then muſt x — Ay be 
a diviſor of the aggregate of the terms of the firſt 
order. And that aggregate being expreſſed by 


„ -f x P, in the loweſt terms, the dimen» 
ſions 
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ſions of y in P will be m+x5—pz, that in 
he they may be m + ns, as we always ſup- 
poſe. Subſtitute in x A x P for x — Ay» 
its value By* +” + Cy" +27 + &c. and in the 


reſult By* +” + Gy += c. x P the loweſt 
dimenſions of y will be pz + pr + m + #5 — 1 


Sn A pr. 


$ 114. From what has been ſaid we conclude 
that when you have ſubſtituted for æ in the firſt 
order of terms 'of the equation propoſed the 
ſeries Ay" + By» +” + Cy +2r + Sc. the firſt 
term of which Ah is known, and the values of 
x whoſe number is p are found equal, then the 
terms ariſing that involve m + 1, m + ns +7, 
m +15 + 2r, &c. till you come to m + #5 pr. 
will deſtroy each other and vaniſh ; ſo that the 
firſt term with which the terms of the ſecond or- 
der en can be compared muſt be that which 


involves m + #s + pr; and therefore ſuppoling 
: e+nk—m— — 


e T= pr. or r= — ; « the 
higheſt value you can giver muſt be the difference 
of ent and m-+ 15 divided by p the number of 
equal values of the firſt term of the ſeries.” 
If this value of r is a common meaſure of all 
the differences of the indices, then is it a juſt 
value of 7; but if it is not, ſuch a value of r 
muſt be aſſumed, as may meaſure this and all 


the differences: that is, © fuch a value as may 
4 —— 
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be the greateſt common meaſure of the leaſt dif- 
ference divided by p (viz. e ) and 


of the common meaſure of all the differences.” 
For thus the indices m + , m + 15 + r, + ns 
+ 2r, &c. will coincide with e + nk, e4 kr, 
e + uk + 2r, &c, and withf + nh, f4anbyxy, 
F + nh +2r, &c. and you ſhall always have terms 
to be compared together ſufficient to determine 
B, C, D, &c. the general coefficients of the 
{cries aſſumed for x. 


8 x15. To all this it may be added, that if 
x — Ay" be a diviſor of the aggregate of the 
terms of the ſecond order Heu, &c, then, by 
ſubſtituting for x the ſeries Ay" + Byn+' + Cyn+v 
+ c. there vaniſh not only as many terms of the 
feries involving m + ns, 1 + #5 + fr, 014 #5 + 21 
&c, as there are equal values of the firſt term 
ei but the terms involving e+ dimenſions 
of y vaniſh alſo ; and therefore it is then only ne- 
ceſſary that e + nk + r coincide with m4 #5 pr, 
ſo that, in that caſe, you need only take 
r= ED And if x — Aye be a 


diviſor of the aggregate of the ſecond order 
of terms, then the terms after ſubſtituting for 
x the ſeries Ay" + Byn+r + Cy"+2 &c.) which in- 
volvee+nk,e+nk + 1,0 + nk + 2r, &c. will va- 
niſh to the term e +mk+p—1X7; o that, 
| ſup» 
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ſuppoſing e + p = ix == n + pr, you 
have rg + nk—m—2s, that is, to the leaſt dif- 
ference of the indices # + #s, e + #k, f + nb, &c. 
provided that difference be a meaſure of the 
other differences; although there may be as 
many values of the firſt term of the ſeries equal 
as there are units in p. Or, if that does not 
happen, r muſt be taken, as formerly, equal 
to the greateſt common meaſure of the diffe · 
rences. 


$116. Suppoſe that the orders of terms of 
the equation can be expreſſed the % by 


-A x P, the ſecond by xt x Q, the 
third by x — Ay} L, &c. and ſuppoſe that 
Hex is one of the firſt, I one of the ſecond, 
CM one of the third, and ſo on: then it is 
plain that, ſubſtiruting for the ſeries 4" + 
lip + 4+ Cyn +4, &c. the loweſt term that will 
. remain in the firſt will be n 4- 1s + pr dimenſions 
of y, the loweſt term that will remain in the ſe- 
cond will be of 6 + e + qr, and the loweſt term 
remaining in the third of f + nb + /r dimenſions 
of y. For by the ſame reaſoning as we uſed, in 
$113, to demonſtrate that, in the firſt order of 
terms x — Ay" x P, the loweſt dimenſions of 
y are 98 4+ 115 + pr, we ſhall find that, in the ſub- 
ſequent orders, the loweſt dimenſions of y in the 


terms & - x 2 = By ++ Gn+» &c.ſe x 2, 
muſt 
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muſt be 4 = n + gu + . 
and ſo of the other terms #= 4} x L the 


loweſt dimenſions muſt be f ＋ »b +/r, The 
indices therefore of the terms that do not va- 
niſh being 


* * n+ n+1, 
„ ebnkt+gr, 
| 3; @ v4 4% f+nb+lr, 


un-, 


if r be taken equal to 


„ then will 


m + ns+pr and e+ A r coincide: and if at 
the ſame time 7 be a diviſor of f+ nh — - 
and be found in it a number of times greater 
than p — , or if 1 be leſs than =, 
then v will be rightly aſſumed. In general, *take 
e+nt—m—n FA. 

7 iy 4 
and either the leaſt of theſe, or a number whoſe 
denominator, exceeding ?—9q by an integer, 
meaſures it and all the differences f + uh 
m- us, gives 7;” ſuppoſing p, q, and / inte- 
gers. But if p, q, and / are fractions, you are to 
epnt—m—ns __ 

p—=eFX 


, and ſo that K and 17 may be 


+ i 
CY 


= 


all the quotients 


stake r ſo that it be equal to 


f+ nh—m—ns 
NN 


integers.“ Suppoſe, for example, m+#5= 
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1 2 T' fru. and 


=>: then putting = = = — — a 


i+mh=mon n= _ f+nh=mums oY 
7 r DDD © 1+ 


| Mz +%K; whence it is eaſily ſeen that 5 
and 11 are the leaſt integers that can be — 
for K and M. And that r = ITT = = and 


therefore 1 11+ pr=S, T=, and 
ſ+nb+1r=45, That is, the terms of the firſt | 


ſeries whoſe dimenſions are m + ns + Þþ + Ker, 


m+ns +p+MNx r fall in with the firſt terms 
of the ſecond and third ſeries reſpeRtvely c 


See on this ſubject, Col/on. Epiſt. in Animadv. D. 
Moi vrei. Taylor Meth, Incr. Stirling Lin. iij. Ord. 
'Gravegſande Append. Elem, * Stexvart on the 
Quadratuye of Curves. 
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CHAP. XI. 


Of the Rules for finding 1 num- 
ber of impoſſible Roots in an 
equation. 


$ 117. FF\HE number of impoſſible roots in 


an equation may, for moſt part, 


be found by this 


RULE. 


« Write down a ſeries of fraftions whoſe denomi- 
nators are the numbers in this progreſſion 1, 
2, 3, 4, 5, &c. continued to the number which 
expreſſes the dimenſion of the equation, Di- 
vide every fraction in the ſeries by that which 
precedes it, and place the quotients in order 
over the middle ternis of the equation. ; And 
if the ſquare of any term multiplied into the 
Jraftion that ſtands over it gives a produdt 
greater than the reftangle of the two adjacent 
terms, write under the term the fign + , but if 
that produf? is not greater than the refangle, 
write — ; and the ſigns under the extreme 
terms being +, there will be as many ima- 
ginary roofs as there are changes of the 


ens from + to , and from — to +. 
Thus 
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Thus, the given equation being #%+px*+ 
35˙ 7 o, I divide the ſecond fraction of 


the ſeries , =, =, by the firſt, and the third 


by the ſecond, and place the quotients 7 and— | 
over the middle . in 1 manner; ; 


Ly . ＋ 30's * =0- 

** * * * 
Then becauſe the ſquare of the ſecond term 
multiplied i into the fraction that ſtands over it, 


that is, J K He is leſs than 35. the rectan- 


gle under the firſt and third terms, I place 
—_ the ſecond term the ſign —: but as 


7 * gptx* (= p) the ſquare of the third 
* multiplied into its fraction is greater than 
nothing, and conſequently much greater than 
N the ttegative product of the adjoining. 
terms, I write under the third term the ſign 
+. I write + likewiſe under #* and —q the 
firſt and laſt terms, and finding in. the ſigns 
thus marked two changes, one from + to —, 
and another from — to +, I conclude the equa- 
tion has two impoſſible roots, 

In like manner the equation * — 4 + 4x— 
6 So has two impoſſible roots; 


e 65; 
+ 1 + 
T - and 
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and the equation ** — 6* — 3x — 2 2 hs 
| ſame number 


FE 
| 2 — 62. -a. 
+ +; Bf „ 


For the ſeries of fractions £ = — =, = yields, 
1 them as the Rule directs, the fracti- 
on 535 * F co be placed over the terms. Then 
the ſquare of the ſecond term, which is nothing, 
multiplied by the fraction over it being ſtill 
nothing, and yet greater than —6x*® the negative 
product of the adjacent terms, I write under 
(*). the term that is wanting, the ſign +), and 
. proceeding as in the former examples, I con- 
clude, from the two changes that happen i in the 
ſeries + ++ —- +, that the equation, has two 
of its roots impoſſible, . 
The ſame way we diſcover. two ipal. | 
roots in the equation 0 275 
et e 5 480. be 
_— OY TO OE. , 2 


When two or more terms are wanting in the 
equation, under the firſt of ſuch terms place the 
ſign —, under the ſecond +, under the third 
—, and fo on alternately ; only when the two 


terms to the right and left of the deficient terms 
have 
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have contrary ſigns, you are always to write t the 


ſign + under the laſt deficient term, 3 
As in the equations 


x5 + ax* * * * ＋ 
+ +=+= +. 
| and & + ax* * * 1 2242 20 2 
+ 42 ++ + 
the firſt bf which has four impoſſible roots, and 
the other two, Thus likewiſe the cquation 
W 
„ T- Ht 9 2 
ET +.,=.+- 


— 


has fix impoſſible roots, 


Hence too we may diſcover if the imaginary 
toots lie hid among the affirmative, or among 
the negative roots. For the ſigns of the terms 
which ſtand over the ſigns below that change 
from + to — and — to +, ſhew, by the num- 
ber of their variations, how many of the impoſ- 
ſible roots are to be reckoned affirmative ; and 
that there are as many negative imaginary roots 
as there are repetitions of the ſame gn. As 
in the equation 


*. — Au. + 48 — 2 = 5x — 40 
+ + = + + + 
the ſigns (= + ) of the terms — 4x4 + 4x" | 


= 2x* which ſtand over the ſigns = + point- 
| T2 ing 


* 
8 
＋ 


* 
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ing out two affirmative roots *, we infer, thar 
two impoſſible raots lie among the affirmatiye: 
and the three changes of the ſigns in the equa- 
tion (+— * giving three affirmative | 
roots and two * the five roots will be 
one real affirmative, two gegative, and two ima- 
ginary affirmatives. If the equation had been 
54. 43 21. — 42 
1 1 — — 171 ＋ 


the terms — 47 — 4 that ſtand over the firſt 
variation + , ſhew, by the repetition of the 
fign =, that one imaginaty root is to be 
reckoned. negative, and the terms — 2x* hn 5x 
that ſtand over the laſt variation — 4, give, 
for the ſame reaſon, another negative impoſ- 
ſible root; fo that the ſigns of the equation 
(49 giying one affirmative root, 
we conclude that of tie four negatiye ots, 
two are imaginary. 2 
This always holds good unleſs, which ſome- 
times may happen, there are more impoſlible 
roots in the equation than are Ader 15 
the Rule.“ 


7 Rule bath been inveftgated by ſeveral emi- | 
nent Mathematicians in various ways ; and others, 


Jfimilar to it, ne!, and N * Bus the 


See 9 19. 
| + Bee Stirling's Lineae iij. Ord, M 5. 59 _ Phil. 
* Ne 394, 404, 408. * 8 | 


| original 
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original Rule being. on acrourt of its Amplicity 
and eaſy application, if not preferable to all others, 


at leaſt the fitteſt for tbis place, it is ſufficient to 
dire? the Reader where be may find the ſubject 
more fully treated; and to add the demonſtration 
our Autbor has given of it towards the end F bis 
Letter to Mr. Folkes; Phil. Tranſ. Ne 408, as 
it depends only on what has been demonſtrated in 
Chap. 5. concerning the limits of the roots of equa- 
tions. 

$ 118. Let a K r 0 be any adfected 
quadratic 3 and, by 5 78, Part 1. its 


roots will be = * 2 # Ve X 44q* whence i it 


is plain that, the ſign of q in the given equation 
being +), the roots will be impoſſible as oft as 
gag is greater than , or i leſs than cg. 

5119. It was ſhewn, in general (5 45 — 50) 
that the roots of the equation x Ar- + 
Bra Cv &c. S o, are the | limits of tbe 
roots of the equation 1 — 71 XxX Au + 


1—2 „ BY &c. = 0, or of any equation that 
is deduced from it by multiplying its terms by any 
arithmetical progreſſion I = d, I 2d, Iq gd, &c. 
and converſely the roots of this new equation will 
be the limits of the roots of the propoſed equation 
** — Ax" ＋ Bx A &c. =0. 
And that if any roots of the equation of the 
limits are impoſſible, there muſt be ſome roots of 
tbe propoſed equation a eli. ble. | | 
1 § 120. 
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8 120. Let * — Ax + Bx CS o be a 
cubic equation, and the equation of - limits 
3* — 24x + Bro. If the two roots of this 
laſt are imaginary, there are two imaginary roots 
of the given equation x — Ax* Bx - Co, 
by the laſt Art. But, by the preceding At. 
this happens as oft as 4 is leſs than B z and, 
In that caſe, the given equation has two imagi- 
nary roots. 

Again, multiplying the terms of the equa- 
tion by the terms of the progreſſion, o, — 1, 
— 2, — 3, we get another equation of the limits 
Ax. — 2Bx + 30 o; whoſe two roots, and 
conſequently two roots of the given equation, 
are imaginary when 3¹ is leſs than A x C. 
Hence likewiſe the biquadratic x* — Ari + 
Bx* — Cx + D=0, will have two imaginary 
roots, if two roots of the equation 4 — 34x* 
+2Bx—C=0o be imaginary; or if two roots 
of the equation Ax3 — 2Bx* + 3Cx —4D=0 
be imaginary. But two roots of the equation 
4% — 2Ax* + 2Bx —C= o muſt be imagi- 
nary, when two roots of the quadratic 6x* —- 
34x ＋ B =o, or of the quadratic 3Ax* — 4Bx 
+ 3C=o, are imaginary, becauſe the roots of 
theſe quadratic equations are the /jmits of the 
roots of that cubic , and for the ſame reaſon 
two roots of the cubic equation A — 2Bx* + 
3Cx—4D=o muſt be imaginary, when. the 
roots of the quadratic 34 1 30 = 

* 22: 
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or of the quadratic By* — 3Cx + 6D = o are 
impoſſible, Therefore two roots of the biqua- 
dratic x*— A + By* Cx 5 5 D = o muſt be 
imaginary when the roots of any one of theſe 
three. quadratic equations 6x* —- 3Ax + B = 0, 
2Ax* — 4By + 3C= o, BY — 3Cx + 6D o 
become imaginary; that is, when 2.4* is leſs 
than B, 4B* leſs than AC, or 3C* leſs than BD. 

$ 121. By proceeding in the ſame manner, 
you may deduce from any equation Ax 
+ By" Cs &c. = o, as many quadratic 
equations as there are terms excepting the firſt 
and laſt, whoſe roots muſt be all real quantities, 
if the propoſed equation has no imaginary roots. 
The quadratic deduced from the three firſt terms 
* — Aw + Bu will manifeſtly have this 


form, nX#—1 X #— 2 X.#— &c. * * — 
n — INN 2 X — * 1—4 &c. x Ar 
1 — 2 X n 3 * 1 — 4 X 15 &c. K BSH o, 
continuing the factors in each till you have as 
many as there are units in 2 2. Then divid- 
ing the equation by all the factors 1-2, # — = 3 
1— 4, &c. which are found in each coefficient, 
the the equation will become » x * =I K — 
1 I N 24 ＋ 21 * Bo, whoſe 1 roots will 
be imaginary, by F 118, when ux 1 Ic 245 
exceeds 1 1] Xx 44*, or when B exceeds 


— = A ſo that the propoſed equation muſt 
'Y 4 have 
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have ſome imaginary roots when B exceeds 
| _ of The quadratic equation deduced in tho 


ſame manner from the three firſt terms of the 
equation Ar. 25. + 30 &c, = 0, 
will have this this form, 2 1 Y—1IX X —2 X #—3 &c. 
X Av —1=2 * n — 23 * 1—4 &c. X 2Bu + 
2—3X#—4Xnu—5 &.x 3C=0, which 
dividing by the factors common to all the © terms, 
is reduced to 3—1 „ #—2 x Ax 1 2 * 
4B 5 60 So, whoſe roots muſt be imaginaty 
when = TX." wt = * B* is leſs than AC; and there. 


3 
fore in chat cuſs ſome roots of the propoſed 


equation muſt be imaginary. 

$ 122. In general, let Dx i EN 
Fx—— be any three terms of the equation, 
x"— Ax"— + Bx &c. = o, that immediately 
follow one another ; multiply the terms of this. 
equation firſt by the progreſſion », n— 1, 1— 2, 
&c. then by the progreſſion 1 1, 1 2, 1—3. 
& c. then by 1 2, #— 3, 1 4, &c. till you 
have multiplied by as many progreſſions as there 
are units in 4 —r—1 : then multiply the terms 
of the equation that ariſes, as often by the pro- 
greſſion o, 1, 2, 3, Sc. as there are units in 
7— 7, and you will at length arrive at a qua- 
dratic of this form; 
n—r TI X F X ri nr 2 &c. 


Xr7—I XT—-2Xr—3Xr—4&. x D* 


— 
P — 


— 


* 
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„ iN rz X e &c. 
+ 1—7—1 X 2 X g X 4 


&c. Xr+1XrxXr=1Xr—2&, x F=0: 


and dividing by the faftors 2 1, - 2. 
c. and r—1, 7—2, Sc. which are found in 
each coefficient, this e equation will be — to 


S rTTN #F X 2 2 * i De. = 2 xr 
X2Ex+2X1X7+1 X rF=0, wheds roots mult 


be imaginary, by 5 118, when - — x 


—— 7-+1I 
is leſs than DF. From which it is manifeſt, that 
if you divide each term of this ſeries of fractions 


1 11 . 23, 2— 4. nr. 
1 dec. . 77 


by that which precedes it, and place the quo- 
tients above the terms of the equation xw"— 


Ag—" + B. Cx & c. =o, beginning with 
the ſecond : then if the ſquare of any term mul. 
tiplied by the fraction over it be found leſs than 
the product of the adjacent terms, ſome of the 
roots of that equation muſt be imaginary quane 
tities. | 

$ 123. An equation may have impoſſible roots 
although none are diſcovered by the Rule: be- 
cauſe, ** though real roots in the given equation 
always give real roots in the. equation of limits; 
yet it does not follow, corverſely, that when the 
roots of the equation of limits are real, thoſe 


of 


—— 
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of the equation from which it is produced muſt 
be ſuch likewiſe, Thus the cubic 5 


l AT N 8 3 | 
erte 


has two of its roots imaginary, m + n 
m V, the third being ＋ : and yet in 
the equation of limits gx* — am + 29 X * + 
m* + 29m + m = o, if m—q\ exceeds Zu, the 
roots of the equation of limits will be real. Or 
if the other equation of limits 2m + N * 
—2Xm + 29n FnXx+39Xm + n=0 
is found by multiplying by the progreſſion o, 
—1, — 2, - 3; it will have its roots real as oft 
as m* + 29m+n|' exceeds 2m Le 2m XX 39 K r. 
2 the like may be ſhewn of higher equa- 
ions. 


$ 124. The OY why this Rule, and per- 
haps every other that depends on the compari- 
| ſon of the ſquare of a term with the rectangles 
of the terms on either ſide of it, muſt ſome- 
times fail to diſcover the impoſſible roots, may 
appear likewiſe from this conſideration; that the 
number of ſuch compariſons being always leſs 
by unit than the number of the quantities g, 
m, u, &c. in the general equation; they cannot 
include and fix the relations of theſe quantities, 
| on 
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on which the ratio of greater or leſſer inequality 
of the ſquares and rectangles depends; no more 
than equations fewer in number than the quan- 
tities ſought can furniſh a determinate. e 


of a problem, 


CHAP, XII. 
Containing a general demonſtration 
of Sir Iſaac Newton's Rule for 
finding the ſums of the powers of 


the roots of an equation “. 


ET the equation be x—a x x—Þ x 


c X x—d x &c.:= o, Ty | 
Xn AN + B. C-. | 
... + KO — LIx + Me =o. | 
It h b = 04-43. #4208 


| B = ab + ac + ad + bc + bd + dd + &c. 


C S abe + abd + bd + &c. D = abid + &c. 


the parts or terms of the coefficients A, B, C, 


D, &c. being of 1, 2, 3, 4, Sc. dimenſions ; 


. that is, containing as many roots or Fidtorg as 


there are terins of the equation preceding them, 
reſpectively. 
See Arith. Univer/. pag. 1 57. And Chap. IL 
$ 1517, of this Part: 8 | 
CASE 
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Case, Wunde a0 

let r be an indir dai] ts #, or greater thih 

#, then, multiplying the equation by *, and 

ſubſtituting ſucceſſively &, ö, t, a, Ce. bs 15 
you obtain 


41 ON” REY WE" 
© © © — + + MN 'Þ=o. 
| 1 2526 
. . 2 I. 
. —. 3 * 
.. Le- + =O 
Kc. 


Whence, by tranſpoſition and addition, this 
Theorem reſults, that, in this caſe, the ſum 
of the powers of the roots, of the exponent 7, 
is equal to the ſum of their powers of the e- 
ponent r—1 multiplied by A, minus the ſum 
of their powers of the exponent r— 2 multi- 
plied by B,. + the ſum of thoſe of the exponent 
1—3 multiplied by C, and fo on,” 

It remains to find the ſums of the powers of 
the roots, when the exponents are 14% tha 1 
the exponent of the 93 | 


CA SE II. | 
If r is leſs than n, and H be the coefficient 
in the equation, of the dimenſions 1; that is, if 
Il be taken fo that the number of terms preced- | 
ing it in the equation be — to 7, or the num- 


ber 
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ber of fader in its parts abcdefyb, abedeſpi, dc, 
equal to 7, then the Theorem may ee ee 
in the nn manger. -... 

+ b+6:# +. 20.4 


ö ee. 
The caſe when r=1"—1 is eaſily demon- 
ſtrated z for; n the Garg] by *. we 


have 
A * LT, 
Whence Ts 


a: e 
1 


64 c —2 + Bs x —L += 0, 
&c, es | a | | 5 ..- &c. 


LiE=o. 
* 1 


ſ z* bl 


and (becauſe = + 7 + L +* M4 Se.) | 


we ſhall have a= E c. 


r 
15. „„ 2 XC. 
n b & c.] ' Þ&e. 
of VS IC os JEPH ES. 


r 7 
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When = 2, the demonſtration is de- 
| rived from hence, that a* + e + a + Sc. 
= A*—2B (pag. 142.) as follows. f 
By $ 32. transform the given equation, vi. 
WA B.. C . 
. . . I K — 9 3 
the equation 


— E LS X . 
97 1 + I LL. 


| CC 1 B SE af * 
2 © © * 72 — + 23 3 5 
the roots a, G, 7 4 &c. of which new £qua- 
tion ſhall be * equal to the recipro · 


cals =, Fr = — oY &c. of the roots of the 


original equation. 
Divide now the original equation by *, and 
in the quotient ſubſtitute for # the roots a, 3, 
c, d, &c. ſucceſſively, ſo you ſhall have 


4a — Ag3 + Bau — Cans... 1 Bhs 
=0, 


. . EA X- TA 


5 — Ab + Blas — Chms RE 55 
ET EEE : | =o, 


n + A — Cn, 9 

. 44 K- 4 | {= 

&cc. | ; „ 
Add all theſe equations together, ad for 


r 


ar 
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"'} —C 


— 


But by the principle adduced frond ay: 142, 


4 4 6 +F + &c. = z—z — : wherefore, 


by multiplication and 8 it will fol- 
low that WW” 


* Z+Mx 


Which equation being ſubtrated from the 1 


ceding, there remains 


ar — 3 — 1 e | 
- — + br=2- 
4 #; x A . OY 
+8&c, — &c. ) <p 
TY _ x I+r x KSO. Which was 
| — &c. | 9 
to be proved. 


But to ſhew it univerſulh, we _y uſe the 
following LEMMA: | 
That 
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« That if A is the coefficient of one dimen- 
ſion, or the coefficient of the ſecond term, in 
an equation, G any other coethcient, H the co- 
efficient next after it; the difference of the di. 
menſions of G and A being r—2: if likewi 
4 * G repreſent the ſum of all thoſe terms of 
the produtt Ax & in which the ſquare of any 
root, as 4“, or þ, or n &c. is found; Then 
will AxG'= AG—rH.” 

This is a particular eaſeof B VI. concern- 
ing the impoſſ ble roots in Phil. 25 Ne . 
which, by continuing the Table of Equations 
in pag. 140, and obſerving how the coefficients 
are formed, may be thus demonſtrated. | 

Let the coefficient of a term of the equation, 
as D ( aßbcd + abee + abcf, &c. + bede + bedf 
&c.) be multiplied by A (=a +6 + c+d+ Se.) 
and, in the product AD, ſetting alide all the 

terms, A x D, in which 4, , c, &c. are 
found, any one of the remaining terms will 
ariſe as often as there are factors i in the terms of 
the following coefficient E. Thus the term 
abcde will ariſe five times: becauſe it is made up 
of any _ of the five roots (or terms of A 
a, b, c, d, e, multiplied into the other four that 
make a term of D: the like is true of every 
other term, as abcdf, bedef, &c. each of which 
will ariſe five times in the product A D. And 
the {um of theſe terms gabcde +. abcaf + We. 

. up the coefficient E, it follows 75 
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Ax DA D 5E, or 4 D'= 4D — 5E. 
And the ſame holds of any two coefficients 
G, H, whoſe dimenſions are — 1 and r re- 
ſpectivel y. 

To apply this to the preſent purpoſe, i it is to 
be obſerved that, in each of the coefficients 
A, B, C, D, &c. except the laſt M, which is 
the product of all the roots a, 5, c, d, &c. we 
may diſtinguiſh two ſeveral portions or mem- 
bers, in one of which any particular root, as a, 
is contained, but in the whole remaining por- 
tion of the ſame coefficient, that particular 
root (a) is wholly abſent. Now if, for bre- 
vity's ſake, we denote that portion of any co- 
efficient wherein any root, as a, is contained, 
by annexing the ſymbol of the ſaid root with 
the ſign + in an uncus to the ſymbol, as G, of 


that coefficient (thus G9 ;) and if we denote 
the remaining portion of the ſame coefficient, 
from which the ſame root à is totally abſent 
- by annexing the ſymbol of the ſaid root with the 
ſign — in an ancus to the ſymbol & of the ſame 


coefficient (thus 9 ") it will appear that (if 
G be any coefficient and H the mann CO» 
efficient) 


o c= + * and H 

G = =). &- 882 and 1 — eds 
 &c, ; QC 
{38 Bo * | Divide 


4 


n ee eee 


292 A TAZAT I of Part Il. 


Divide now the _— propoſed an a 
and it will become 


* A. I — Bund —Cam3. «ov SY): ' 
— 


K 
. . HA = 
in which fubſtituting a, 5, c, &c. . 


for x, we obtain | 
det cr 2 
154 Gel 4 =D L ar} 26 
+ Ge + 3 — 
ee 1%, 9 8 
. 463 — H +5 - * 


. 


— > ono —- — WEE — <a — > ea. 


| But, by the notation here uſed, and explained 


as above, 


1 2 


Gr=t+2 Lukas 44 A = — 
&c. 

And the ſum of theſe S a+. bots 
G + Se, = = (by this e of * G2 
(by the lemma) | 
+8 
+5 „ec. 
+ &c: ) 


Compate this laſt concluſion with that which 
followed from dividing the propoſed. equation 
by vr, and ſubſtituting for x Ws roots a, * 
c, &c. and you: will have 


v 2 From 
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From theſe two Theorems Sir Jſauc Newton's 
Rule, manifeſtly follows. 


But, to illuſtrate the reafoning hay uſed | by 
ſome examples: ſuppoſe r g, then we are 
to take C for , becauſe three terms only pro- 
cede C in the equation x" — A. + B 
Cx"—3 + Cc. = 0; and we are to prove that 


SEE 4 E a * * — 4 * 

+67 ＋ | ——4 
+6 Fel $xA4—c $>xB+3C. 
＋ Kc. + &c. — &. 


That this may appear, obſerve that 


4 dh Sc. = NTT e. 
- Xa+b+c+d+&@.-axb+c+4+t@& 


- ed c. “ Xa+b+d+t&&, 
—&Xa+b+c+&c.—&c.=(becauſe A'B'= 
a X ab + ac + ad + Fc. + bx ab + be + d + &c. 
ex act b’ ec. +d x ad + bd + id + &c. 
+ Sc.) = +4 + +. + c. x A—AB 
(by the Lemma) = 4 + 6 +0 +4 + Ge. 
* A- AB + _ | 


r 


Ne +4 Sc. x SITE 6. 
Ne e. X ab + ac +ad & be ba+cd 


0 +a TATA. Ge. 4b xXactad+cd 
: JIN 


+ Oe. 
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S. A= 7 Ti Be er 
＋ Sc. T Sc. =&@ +$# +&@+&#+&c x A 
—& TA + Ce. * B + 40 2 


aN Sax A FT NN 
+ Ce. x BTI TTT + &c x C-4D. 
47 : 2 7 7 


End of the Sg cop PARr. 
och 10 
g '» 
3 
IH 7 | 
Metis | | 
ie 1 40 
ö j . 
ROE U 3 A TRE A» 
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ALGEBRA 


PART m. 
Of the Application of Algebra and 
OY to each other, 


„% P 
is * — , — 772 — — 275 —7 2 


C H At A 
Of the Relation, between the equations 
of Curve Lines and the figure of thaſs 
Curyes, in genbral, 
51. [rſs the two firſt parts we con- 


I |} fidered Algebra as independent 
$++ of Geometry; and demonſtrated 


its operations from its own principles. It 


remains that we now explain the uſe of Al- 


_gobrai in the reſolution of geometrical problems; 
or 
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or reafoning about geometrical figures ; and 
the uſe of geometrical lines and figures in the 
reſolution of equations. The mutual. inter- 
courſe of theſe ſciences has produced many ex- 
tenſive and beautiful Theories, the chief of 
which we ſhall endeavour to explain, beginning 
with the relation betwixt curve lines and their 
equations, 


$ 2. We are now to conſider quantities as 
repreſented by lines; a known quantity by a 
given line, and an unknown by an undetermined 
line. 

But as it is ſufficient that it be indetermined 
on one ſide, we may ſuppoſe one extremity to 
be known, | | 
FE 

Thus the line AB, whoſe extremities 4 a 
B are both determined, may repreſent a given 


quantity : while AP, whoſe extremity P is un- 


determined, may repreſent an undetermined 
quantity, A leſſer undetermined quantity may 
be repreſented by AP, taking P nearer to R; 
and, if you ſuppoſe P to move towards A, then 
will AP, ſucceſſively, repreſent all quantities 
leſs than the firſt AP; and after P has coin» 
cided with A, if it proceed in the ſame direc- 
tion to the place p, then will Ap repreſent a ne · 
gative quantity, if 5 was ſuppoſed poſitive. 

| 4 * 
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If AP repreſent x, and Ap = AP, then will 
Ap repreſent — x; and for the ſame reaſon, if 
AB repreſent (+ a,) then will As (= AB) re- 
preſent (—a). 

$ 3- After the ſame manner, if PM repre- 
ſent +, and you take Pm, the continyation 


of PM on the other fide, equal to PM, then 
will PN repreſent —y : for, by ſuppoſing M to 
move towards P, the line PM decreaſes; when 
M comes to P, then PM vaniſhes ; and after M 
has paſſed P, towards m, it becomes negative. 
$ 4. In Algebra, the root of an equation, 
when it is an impoſſible quantity, has its ex- 
preſſion; but in Geometry, it has none. In 
Algebra you obtain a general reſolution, and 
there is an expreſſion, in all caſes, of the thing 
required; only, within certain bounds, that ex: 
preſſion repreſents an imaginary quantity, or 
rather, * is the ſymbol of an operation which, 
in that caſe, cannot be performed; and ſerves 
only 
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only to ſhew the gene/fs of the quantity, and 
the limits within which it is poſſible, 
In the geometrical reſolution of a queſtion, 
the thing required is exhibited only in thoſe 
caſes when the queſtion admits of a real ſolu- 
tion; and, beyond thoſe limits, no ſolution 
appears. Sq in finding the interſections of a 
given circle and a ſtraight line, if you determine 
them by an equation, you will find two gene- 
ral expreſſions for the diſtances of the points of 
interſection from the perpendicular drawn from 
the center on the given line. But, geometrj- 
cally, thoſe interſe&ions will be exhibited only 
when the diſtance of the ſtraight line from the 
center is leſs 2 the an of che Siven 
circle. | 
3535. When in an equation Qi are two 
undetermined quantities, x and y, then for each 
particular value of x, there may be as many 
values of y as it has dimenſions in that equa- 


tion,” EN 
| M 1 0 . 
- 7 7 5 — 
ML | 
ml 
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So that, if AP {a put of the indefinite; lige 
AE) repreſont x, ent dhe'perpendicoviags PN 
vepreſept tho correſpontitg: values of 5, "then 
there will be as many points (M) the exttretni- 
ties. of theſe perpendicular or drdlimates, Asethere 
uro dimentions of y in dhe equation. + And the 
-atuesof PIN will be the rt of the etfuarion 
| anifing by ſabſtituting for * its ny Yikes 
AP in any Taſe, * | 
Prom Whith it appears, 8. when an equi 
tion is given, you may derermine as many of 
the points M as you pleaſe} and draw the line 
that ſhall paſs through ill rheſe points; * which 
1 calfed the locus of the equation.” 3 


| 8 6. When any nation involving two un- 
known quantities (* and y) is propaſed, then 
ſubſtitutin for any particular value AP, if the 
equation q gt ariſes has all its ropts. Poſitive, 
the points M will lie on one ſide of AE; but 
if any of them are found negative, ther theſe 
are to be ſet off on the other ſide of AE to- 
wards m. | 

If, for x,” which is ſuppoſed undetermined, 
you ſubſtitute a negative quantity, as Ap, then 
you will find the points M, n, as before: and the 
locus is not compleat till all the points M, m, 
are taken in, that it may ſhew all the values of 
y correſponding to all the poſſible values of x. 
6 If, in aoy caſe, one of the values of) 
vaniſh, 


vaniſh; then the poĩnt M cdincides with P, and 

the locus meets with AE in that point“ 
If one of the values of y becomes infinite, 

then it ſhews that the curve has an infinite are + 


and, in that caſe, the line PM becomes an 


ahmptots to the curve, or touches it at an in- 
finite diſtance,” if AP. is itſelf finite, 1 
« If, when x is ſuppoſed infinitely great, a 
value of y vaniſh, then the curve approaches to 
AE produced as an aſymptote. “ 
_« If any values of y become impoſſible than 
ſo many points M vaniſh,” 
57. From what has been Taid it appears, that 


when an equation is propoſed involving two un- 


determined quantities (x and) 0 there may be 
as many interſections of the curve that is the lo- 
eus of che equatidn, and of the line PM as there 
are dimenſions of 5 in the equation; and as 
many interſections of the curve and thi Tine AE 
ps there are dimenſions of-x in the equation.” 


If yoy draw any ber Har EN meeting the 
M 


SS 0.44 


s N * . 
| * "* : + 4 wow 2 1 
1 oY | 2 2 . 1 ht 
= K ors : ” N ie ws 4 it 2 4a. 4 TTY TR 
veins n 
: 4 4 L ++ 44 - - * 
3 a PLL WE 8 4 1 * ; 1217 17 . 


fame curve in M, and the Tine AE in the 


given 
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given angle ALM. "Suppoſe LM = , and 
AL gz; then the equation involving u and 
, ſhall not riſe to more dimenſions then y and 

. x had in the propoſed equation, or, than the 
ſum of their dimenſions in any of its terms.“ 

h For, ſince the angles PLM, Mpl, PMl, 
are given, it follows that, the ſines of theſe 
angles being ſuppoſed to one another as I, m, n, 
PM: ML O: 2) :: F: m z and conſequeritly 


JS 5 and that PL ; ML 220: u ſo that 


„ —— nn =, and * — AP (= AI. — Pl.) 2 
; ee for y and: *, in the propoſed equation 
> © theſe values = and 2 — = and it is obvious 


. (fince 4 and x are of one dimenſion only i in the 
values of y and x). that in the equation which 
will ariſe, x and 1 will not have more dimen- 
ſions than the higheſt dimenſion of x and y in 
the propoſed equation, or the higheſt ſum of 
their dimenſions taken together in the terms 
where they are both found: and conſequently, 
LM drawn any where in the plane of the 
curve will not meet it in more points than 
there are units in the higheſt dimenſion of x 
or y, or in the higheſt fum of their dimenfions, 
in the terms where both are found.” No.] 
the dimenſion of the equation or curve being 
. denominated from the higheſt dimenſion of x 
ory in it, or from the ſum of their dimenſions 
where 
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where they are moſt; we conclude, that the 
number of points in which the curve can meet 
with any ſtraight line, is equal to the number 
that expreſſes the dimenſion of the curve.” 

It appears alſo from this article, how, when 
an equation of a curve is given expreſſing the 
relation of the ordinate PM and abſciſſe AP, 
you may transform it, ſo as to expreſs the rela- 
tion between any other ordinate ML and the 
abſciſſe AL, by ſubſtituting for y its value 


lu *. 
_ and for x its value z — 


Or, if you would have the abſciſſe begin at 
any other point B, ſuppoſing AB=e, ſubſtitute 


n 


| nu nu 
| for x not æ — —, but z— — Ae. 
m | m 


$ 8. Thoſe curve lines that can be deſcribed 
by the reſolution. of equations, the relation of 
whoſe ordinates PM and abſciſſes AP can be 
expreſſed by an equation involving nothing but 
determined quantities beſides theſe ordinates and 
Weinen are called n or algebraic 
curves.“ 

They are divided into orders according to 
the dimenſions of their equations, or number. 
of points in which they can interſect a ſtraight | 
line. 

The ftraight lines themſelves conſtitute the 
frſt order of lines; and when the equation 
expreſling the relation of x and y is of one 

dimenſion 
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dimenſion only, the points M muſt be all found 
in a ſtraight line conſtituting a given angle with 

Suppoſe, for example, that the equation given 
is ay = bx cd = o, and that the lacus is 166 
quired. 7 bo 

Since —.— it follows, that, APM be- 


ing a right angle, if you draw AN making the 


angle NAP ſuch that its coſine be to its ſine 
as a to b; and drawing AD parallel to the or- 


dinates PM, and equal to =, through D you 


draw DF parallel to AN, DF will be the locus 
required. Where you are to take AD on the 
| fame ſide of the line AE, with PN, if ix and 

da have the ſame ſign, but on the contraty fide 
of AE if they have contrary ſigns. 


$ 9. Thoſe curves whoſe equations are of 

two dimenſions conſtitute the ſecond order of 
lines, and the fr/t. kind of curves. Their in- 
. terſections 
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terſections with a raight Uno cum never eneted 
WO, by $ 7- 

The curves whoſe equations are of three di- 
menſions from the third order of lines, or ſee 
cond kind of curves: and their interſections with 
a ſtraight line can never exceed Three. And, 
after the ſame manner, the curves are deter- 
mined that belong to * higher orders, to in- 
finity. 


Some curves, if they were completely de- 
ſcribed, could cut a ſtraight line in an infinite 
number of points; but theſe helong to none 
of the orders we have mentioned; they are not 
geometrical or algebraic curves, for the rela- 
tion betwixt their ordinates and abſciſſes can- 
not be expreſſed by a finite equation involving 

only ordinates and een en wing | 


quantities, 


10 © fo roots of. an. equation become 
impoſſible always i in pairs, fo the interſettions of 
the curve and its ordinate PM muſt vanifh. in 
pairs,” if any of them vaniſh, 5 


Let PM cut the ebrve in the points M and, 
n, and by moving parallel to itſelf come to 
touch it in the point N; then the two points 
of interſection, M and m, go into one paint 
of contact N. If PM till move on parallel to 
itſelf, the points f interſection will, m_ 


| ; | 4 
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N, become imaginary z as the two roots of 


an equation firſt become equal and then i ima- 
ginary. 


} >&{ 11. The curves of the 3d, 5th, 7th or- 
ders, and all whoſe dimenſions are odd numbers, 
muſt have, at leaſt, two infinite arcs; ſince 
equations whoſe dimenſions are odd numbers 
have always one real root at leaſt; and conſe- 
quently, for every value of x, the equation by 
which y is determined muſt, at leaſt, have one 
real root : ſo that as x.(or AP may be increaſed 
in infinitum on both ſides, it follows. that M 
mult go off in infinitum on both ſides, Coun 
limit. 


Whereas, in the curves whoſe dimenſions are 
even numbers, as the roots of their equations 
may become all impoſſible, it follows that the 
figure of the curve may be like a circle or — 
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that is limited within certain bounds, beyond 


which it cannot extend, 

$ 12. When two roots of the equation 
vhich y iy determined become e ual, either! 
ordinate PM touches the cur e,“ two 
of interſection, in that caſe, going into a point 
of contact; or, the point M is a p du- 
plex in the curve" two of its arcs interſeRin; 
each other there: or, © ſome oval that belongs 
to that kind of curve becoming infinitely little 
in M, it vaniſhes into what is called a aucun 
conjugatum.” 
If, in the equation, y be ſuppoſed = o, then 

« the roots of the equation by which x is deter- 
mined, will give the diſtances of the points 
where the curve meets AE from A.“ And, 
if two of thoſe roots be found equal, then eithe 
« the curve touches the line AE” or, © Al 
paſſes through a pun un 121 in the curve. 
When y is ſuppoſed = =0, one of the vs ralves 
of x vaniſh, the curve, in that caſe, p 
through A.” If two vaniſh, then either 5 "AE 
touches the curve in Az" or, * Ai a Puna 
duplex. ; 
* Ag a gungen, duplex is determined from the 
equality of two roots, ſo is a punlum triplex de- 
termined from the equality of tbr roots. | 

$13. A few examples will make theſe obſer. 
vations very plain. Suppoſe it is required to 
deſcribe the line that is the locus of this equa- 

BY © "tion, 
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— or y —ax—ab=0. Since 
+ Vax Tab, and ſince a and 5, are given in 
able quantities, if you aſſume AP (=x)of a 


Known value, it will be eaſy to find V Ca; 


* 


and ſetting off PM on one ſide equal to Va Tab, 
and Pm on the other equal to PM, the points 
M and m will belong to the locus required. 


And for every poſitive value of AP you will 


thus obtain a point of the locus on each ſide. 
The greater AP (x) is taken, the greater does 
the V ax+ab become, and conſequently PM and 
Pm become the greater. 

If AP be ſuppoſed infinitely great, PM and 


Pm will alſo become infinitely great; and con- 


ſequently the locus has two infinite arcs that 
po off to an infinite diſtance from AE and from 


AD. If you ſuppoſe æ to vaniſh, y= + Vab; 
ſo that y does not vaniſh in that caſe but paſſes 


through D and d, taking AD and Ad= Vab 
a mean proportional betwixt g and 6. 


If you now ſuppoſe that the point P moves 


to the other {ide of A, then you muſt, in the 


_— ſuppoſe to become negative, and 


+ Vab—ax; ſo that y will have two values 


as x wy while x is leſs than 5. But if AB, 


and you ſuppoſe the point P to come to B, then 
ab = ax, and y= + Vab—ax o. That is, 
PM and PM vaniſn; and the curve there meets 
the line AE. If you ſuppoſe P to move from 

| A 
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A beyond B, than x becomes greater than 3, 
and ax greater than ab, ſo 'that a -a being 
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negative, Vab — ax. becomes imaginary, and 
the two values of y become imaginary ; that 
is, beyond B there are no ordinates that meet 
the curve, and conſequently, on that fide, the 
curve is limited in B. 


All this agrees very well with what is known 
by other methods, that the curve whoſe equa- 
tion is * =:4x + ab, is a parabola whoſe vertex 
is B, axis BE, and parameter equal to 4. For 
ſince BFP=4= x, and PM =y, if BF be equal 
to a; then the rectangle BN (=ab+ax) will 
be equal to PMq (;) which is the known 
property of the parabola. And it is obvious, 
that the figure of the parabola is ſuch as we 

| r K 
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have determined chis locus to be from the con- 


ſideration of its equation. 
$ 14. Let it be required to deſcribe the line 


that is the locus * N r 


be 


. it is 8 the 3 PM can meet 
the curve in one point only, there being but 
one value of y correſponding to each value of x. 


When xs=0, then y= Ae, = ſo that the curve 


Werne mes 
increaſe, then y will increaſe, but will never be- 


come equal to 5, ſince y=b * 


a +c+x is always nw If x 
be ſuppoſed infinite, then the terms a and c va- 
niſh Dips with x, and conſequently y = | 


=; from which it appears, that taking 


AD = 5; and drawing GD parallel to AE, it 
will be an ahmptote, and touch the curve at an 


infinite diſtance. © 
If x, be now ſuppoſed negative, and AP 
be taken on the other fide of A, then ſhall 


C—X r . | 
y=bX——— 1 and if x be taken, on that 


fide, c, then ſhall y=b go; ſo that 
the curve muſt paſs through B, if AB.. 
If be ſuppoſed greater than c, then will c—# 


become I" and the ordinate will become 
8 * 
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negatide and lie on the other ſide of A E, till 
becomes equal to +, and then y=# Sr, 


or infinite; ſo that if AK be taken 4e, the 
ordinate KL, will be an a/fymptrote to the curve. 


If x be taken greater than @ +c, or AP greater 
than AK, then both c- and 8+c— x become 


negative z and conſequently y (=b x _——— | 
becomes poſitive z and. ſince xg — c is always 
„ greater 


. 
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greater than x — = c, it follows that , will be 
always greater than 5 or KG, and ORE 17 


the reſt of the curve lies in the angle 
And, as x increaſes, ſince the ratio of v = c to 
x — 4 c approaches ſtill nearer to a ratio of 
equality, it follows that PM approaches to an 
equality with PN, and the curve to its alymptote 
GH on that ſide alſo. 

This curve is the common hyperbola ; for 


ſince Y c = Xa+c+x, by adding 45 
to both fides bx a +c +#=y A ( Kb; 
and Na ab; that is, NM x GN 


GC BC, which is the Property of the com- 
mon hyperbola. And it is eaſy to ſee how the 


figure of the locus we have been conſidering 


agrees with the figure of the hyperbola. 


F 15. Let it be required to deſcribe the locus 
of the equation <* — xy* = * + bx*, Where, 


ſince * = += and V EEE +=, it fol- 


lows that PM and Pm muſt be taken equal, on 


both ſides, to A2 - — . But that when x 1s 


taken. equal to c, if AB; N and BK be perpen- 
dicular to AB, tben BR hp be an aſymptote 
.to the curve, . if be ſuppoſe d greater than c. 


or AP greater than AB, then -x being nega· 
{ tive, the fraction e will. become negative, 


25d its ſquare root : impoſe So that no part 
of 
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of the locus can be found beyond B. E 
ſuppoſed negative, or P taken on the other ſide 
of A, then y = * —— . the fin of ** 
and x being changed, | but not the fign of be 3 
becauſe the ſquare of a negative is the dame as 
the ſquare of a poſitive, hut its cube is negative: 
while x is leſs than 4, the valyes I be 
real and equal; but if x = , then the values 
of y vaniſh, becauſe, in that caſe, | 
— — 3 —b* + 6 =0: an d 
3 c -& . 
conſequently, if AD be taken =, the curve 
will paſs through! D, and there touch the or- 
dinate.f \ 7 
N 3 2 
If beraken greater t cha E then V = 
will become imaginary,! fo dat no part of the 
curve is found beyond ä 
If you ſuppoſe y = 0, ben il x? + bet = 


+4 
— 


— 8 = 


- — 
N - - — " 
— — 


2 — 
— 


— ——̃— 
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be a an equation whoſe roots are 3, o, ©, from 
Which it appears that the curve pates twice 


through the point A, and has, in A, a pundun 


duplex. This locus is a line of the third order, 
B is its aſymptote, and it has a nodus betwixt 


A and D. 
If you ſuppoſe Þ to 'vaniſh in the equntion, 
ſo my 1 =", then vil A and P cbin- 


| 


eide, and the #odus vaniſh, and the curve will 


have in the point A a cuſpis, the two arcs _ 
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and AW touching one another in that point. 
And this is the ſame curve which by the an- 
cients was called the ciſſid of Diocles, the line 
AB being the diameter of the generating circle, 
and BK the aſymptote. 

For, if BR be equal to AP, and the ordi- 
nate RN be raiſed' meeting the circle in N, and 
AN be drawn, it will cut the perpendicular PM 
in Ma point of the ciſſoid. So that if M be a 
point in the eiſſdid, AP: PM :: AR: RN :: 
VAR: BR:: BP: v AP, and dconſequently, 
BP PM = AP cub. that is, A K N; 
which is the equation the locus of which was re- 
quired. 

If, inſtead of foppoting b poſitive, or. ova 
to nothing, we now ſuppoſe it negative, the 
equation will be . — xy* =x*— bx*, the curve 
will -paſs through D, as before, 'and taking 
AB, BK will be its a- 

ſymptote: it will have a 
pundlum conjugatum in A, 


Q 
9 becauſe when y vaniſhes, 
\ . 
two values of x vaniſh, 
P 


and the third becomes e- 
B qual to 3 or AD. The 
whole curve, beſides this 
point A, lies between D 
and BK. Theſe are demon- 
ſtrated after the ſame man- 


ner as in the firſt caſe. 
5 16. 


Y 
— 
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8 16. If an equation is propoſed, as y = ax" 
+ bx"—1 + c-, Qc. and u is, an even num- 


ber, then will the /ocus of the equation have 
two infinite ares lying on the ſame ſide of AF. 
For, if x become infinite, Whether pa. tive or 
negatiye, x" will. be poſitive, and ax” have the 
ſame ſign in either caſe ; and as ax" becomes 
infinitely greater than the other terms bay, 
c., Sc. it follows that the infinite values of 
„ will have the ſame ſign in theſe caſes, and 
conſequently, the two 8 arcs of the curve 
will lie on the. ſame ſide of AE. +. 

But if » be an odd number, then when x is 
negative, 'x* will be negative, and ax" will have 
the contrary ſign to what it has when x'is 

tive; and therefore the two infinite arcs, in chis 
' caſe, will lie on different ſides of AE, and tend 
towards parts directly oppoſite. | tus 
Thus the locus of the equation af =o 18 
the dane A 18 ber: VOTRE, oy" is the tan- 


5 


7 7 


KM 
gent at vertex ; M and the two infinite arcs 


lie e manifeſtly on the ſame fide of AE. 
But 
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But the locus of the equation a'y=zx?, where 
the index of x is an odd number, has 3 its two 


arcs on different ſides of AE, tending towards 
| oppoſite parts, as AMK, and Ant. This curve d 
is called the cubical paraboln, _ is a line of ? 
the third order. f 
The locus of the equation 4 & is of a 
figure like the common parabola ; and « all 
thoſe loci, in whoſe equations y is of one di- 
menſion, x of an even number of dimenſions : 
But. thoſe loci are like the cubical parabola, in 
whoſe equations y is of one dimenſion only, and | 
x of an dd number of dimenſions. * And this 
Rule is even true of the locus of wha: equation | 
yx, which is a ſtraight line cutting AE in 
an angle of 453 which manifeſtly goes off as 
the cubical parabola does to infinity, towards op- 
Poſite parts, and on different ſides of AE. 


92 17. 
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| $ 17. Hf the focus of the equation x 
® required s | - 


* 
| 
m \ .| 
> \ | 
. ; od * 


If u is an 0 nunibes then when '* 1 po 
= ** EM 
"thee, * = =—; but when * 0 negarive, thn 


| | pony 
. ſo that this curve e muſt all lie in 


the Aneihy oppoſite angles KAE, FAE, (as 


the common hyperbola :) FK, ee 
totes. 


But if is an even a * 7 1 18. ahy 
poſitive, whether æ be poſitive or negative, be 


N | cauſe x”, in this caſe, is always poſitive z and 
| there- 
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therefore. cha curve muſt all lie in the two a. 


Jacent angles KAE and KAs, and have AK and 
AE for its two aſymptotes. | 1 


$18. Let the equation given be T= 
7 =#*5* ; fo that y 4 * = x = 


K 


If x = o, then y 
becomes infinite, and 
therefore the ordi- 
nate at A is an a/ym- 
piote to the curve, 
If AB =, and P be 
taken betwixt A and 
B, then ſhall PM and 
Pm be equal, and lie 
on different fides of 
the abſciſſe AP. If 
x b, then the two 
values of y vaniſh, 
becauſe 
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becauſe x—b=0; and conſequently, the curve 
paſſes through B, and has there a pundtum du- 
plex. If AP be taken greater than AB, then 
ſhall there be two values of y, as before, having 
contrary ſigns, that value which was poſitive 
before being now become negative, and the ne- 
gative value being become poſitive. But if 
AD be taken = a, and P comes to D, then the 


two values of P vaniſh, becauſe V -o. 
And if AP is taken greater than AD, then 
4 becomes negative and the value of y. 


impoſſible : and therefore, the © curve does not t g9 
beyond D. 


If x now be ſuppoſed. negative, we ſhall find 
= V. — * X Nx. If x vaniſh, both 
theſe values of y become infinite, and conſe- 
- quently, the curve has two infinite arcs, on 
each ſide of the afymptote AK. If x increaſe, 
it is plain y diminiſhes, and if x becomes = a, 
V vaniſhes, and conſequently the curve paſſes 
through E, if AE be taken = AD, on the op- 
poſite ſide. If x be ſuppoſed greater than a, then 
y becomes 7mnpoſſible; and no part of the curve 
can be found beyond E. . curve is s the con- 
choid of the ancients. 

If a=8, it will have a b in B, the node 
betwixt B and. D vaniſhing. And if à is leſs 
than 5, the point B will become a pundum con- 
jugalum. | 


From 
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From what has been ſaid an error may be 
corrected of an Author in the Memoires deP Acad. 
Royale des Sciences, who gives this curve no 
infinite arcs, but only a double nodus. Some 
other errors of tlie ſame kind may be cor- 
rected. in that Treatiſe, from what we have 
ſaid. 

9 19. 1. the projoed equation can be reſoly- 
ed into two equations of lower dimenſions, 
without affecting either. y or x with any radical 
ſign, then the /ocus ſhall conſiſt of the two oct 
of theſe inferior equations. Thus the locus of 
the unten Li 2 +'by + ** — A =o is 
fouls to de two ſtraight lines cutting the ab- 


28 


; F'# WT +), Wi 
— — 2 
A BFE E 
N 3 ' 4 | #2 
3.1 „ a £ - 


ſeiſſe AE in angles of 467, in the points A and 
B, whoſe diſtance AB , becauſe that equa- 
tion is reſolved into theſe two y -x Z go, and 
J—x+b=0. 
After the ſame manner, ſome cable equations 
can be reſolved into three ſimple equations, 

and then the locus is three ſtraight lines; or 
may be eie into a quadratic and / mple 


equation, 


0 
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equation, and then the laut is a conic /e ion and 
a ftraight ling. 

In general, the curves of the fapgring or- 
ders include all the curves of ye inferior. or- 
ders; and whatever is de 
of any one order, is alſo true of 7 inferior 


orders.” $0, for example, any general proper- 
ty of the conic ſections hold true of two ſtraight 
lines as well as of a conic ſeftian, 
that © the rectangles of the . of paral- 
lels bounded by them, will be always to one 
another in a given ratia,” The general proper- 
ties of the lines of the third order. are true of 
three ſtraight lines, or of any one ſtraight line 
and a conic ſection. And, as the general pro- 
perties of the higher orders of lines deſcend 
alſo to thoſe of the inferior orders, fo there is 
ſcarce any property of the inferior orders, but 
has an analogy to ſome property of the higher 
orders; of which jt is but a particular caſe or 
inſtance. ' And hence, the properties of the in- 
ferior orders lead to the. diſcovery of thoſe of 
the ſuperior orders *, 
3520. We have ſhewed how to judge of the 
figure of a locus from the conſideration of its 
equation. And when a locus is to be'deſcribed 
exactly, for every value of x you muſt, by the 
reſolution of equations, according to the * 


* Sce the Arppnpix., 


in 
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in Part II. find the correſponding values of , 
and determine from theſe values the pointy of 
the locus. _ 

But there are geometrical conftiuth ons by 
which the roots of equations car be determined 
more commodiouſly for this purpoſe: And, as 
by theſe conſtructions we deſcribe the loci of the 
equations, ſo reciprocally when loci are deſcrib- 
ed, they are uſeful in determining, the roots of 
equations; both which ſhall be explained! in the 
following Chapter. Then we ſhall giye an ac- 
count of the moſt general and ſimple methods 
of deſctibing theſe /oti by the mechanical mo- 
tion of angles arid lines, whoſe interſections 
trace the curve; or of conſtructing them b 

finding geomerrically 2 8 number, of th 


you | 
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CHAP. II. 


of the Conſtruction of Qui. 
Equations; and of the Properties 
of the Lines of the ſecond order, 


$21. HE general equation expreſſing the 

nature of the lines of the ſecond 
order, having all its terms and coefficients, 
will be of this form; | 


1 il 
+ Y-» 7 = 
＋ e 
Where 8, B, c, d, e, repreſent any given quan- 
tities with-their proper ſigns prefixed to them. 
If a quadratic equation is given, as y* + gy 
+ q=o, and, by comparing it with the preced- 
ing, if you take the quantities 4, 3, c, d, e, and 
à fuch that ax +b =p, and cx ＋ dx +e=q, 
then will the values of y in the firſt equation be 
equal to the values of it in the ſecond; and 
if the locus be deſcribed belonging to the firſt 
equation, the two values of the ordinate when 
ax +b =p and c ＋ d e, will be the 
two roots of the equation y* +27 TZ = Oo. 


And as four of the given quantities 4, 6, c, 


d, e, may be taken at — and the = 
h with 
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with the abſciſſe Ty determined, ſo that ax + b 
may be ſtill equal to p, and c + dx T= 
hence there are innumerable ways of conſtruct- 
ing the fame equation. But thoſe loci are to 
be preferred which are deſcribed moſt eaſily; 
and therefore, the circle, of all conic ſections, 
is to be preferred for the reſolution of quadratic 
equations. 


C 22. Let AB be perpendicular to AE, and 
upon AB deſcribe the ſemicircle BMMA. If 
AP be ſuppoſed equal to x, AB=a, and PM=y, 
then making MR, MR, perpendiculars to the 
diameter AB, ſince AR x RB = RMq, and 
AR =, RB= a—y, RM RM = x, it follows that 


: 22 K = and y* — 
B dt, ay T* =o. And, if an 
R M cemquation ) - Y +9 = 0, 
Ho be propoſed to be reſolv- 
N ed, its roots will be the 
| ordinate to the circle, PM 
R M and PM, to its tangent 
| 1 | AE, 33 — 
——D becauſe then the equation 
A PEE of the circle y* — ay + #* 
So, will be changed into the propoſed equa- 
tion * = ©. 
We hes * this conſtruftion for find- 
ing the roots of the quadratic equation y*— gy 


+4q=0; take AB = p, and on AB deſcribe a 
2 4 2 ſemi- 
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ſemicircle; then raiſe AE perpendicular to AB, 
ind on it take AP= Vn, that is, a mean pro- 
portional between 1 and q (by 13 El. 6.) then 
draw PM parallel to AB, meeting the ſemi- 
circle in M, M, and the lines PM, PM ſhall be 
the roots of the propoſed equation. | 

It _m from the conſtruction that if 


98 5 * V kp, then AP=2 AB, and the 


1 PN touches the curve in N, the two 


roots PM, PM, in that caſe, becoming equal 
to one another and PN, 


If AP be taken greater than 2 AB, that is, 


when 4/4 is greater than ip, or q greater than 


xp*, the ordinates do not meet the circle, and 
the roots of the equation become imaginary: 


as we demonſtrated, in another manner, in 


Part IT. 


8 23. The roots of the ſame equation may 
be otherwiſe thus determined. 


Take AB Vg, and raiſe BD perpendicular 
to AB; from A as a center with a radius equal 
to £7, defcribe a circle yorting BD in C, then 
the two roots of the equation y*—py + q = o,. 


ſhall be AC + CB, and AC—CB. 


For theſe roots are % + V #p* , and 
7 —ĩ9 7. — ; and AC=3p, CB=vAC-CE 
=V ip*—gq, and A theſe roots are 


AC=+CB. 


. 


The 
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The roots of the equation y* + 2 +q=0are 


. 


— — 38 | 
—AC+CB; as is demonſtrated in the ſame 
manner, | 


S 24. The roots of the equation y* — gy — 
So are determined by this conſtruction. 

Take AB = 4p, BC = Vs, draw AC; and 
the two roots ſhall be AB AC. If the ſe- 


A” 3 


cond term is poſitive, then the roots ſhall be 
— AB = AC. | 


T 2 And 


= AL Cubans of Part III. 


And all quadratic equations being reducible 
to theſe four forms, | 


„* Yo, 
- o, 
y E. 

YI +2) +4=0> 


it follows, Pd they may be all conſtrued by 
this and the laſt two articles. 


9 25. By theſe geometrical conſtructions, the 

locus of any equation of two dimenſions may 
be deſcribed ; ſince, by their means, the values 
of y that correſpond to any given value of x 
may be determined.” But if we demonſtrate 
that theſe loci are always conic ſections, then 
they may more eaſily be deſcribed by the me- 
thods that are _— known for deſcribing 
theſe curves. 


In order to prove this, we ſhall enquire what 
equations belong to the different conic ſeſlians; 

and, as it will appear that there is no equation 

of two dimenſions but muſt belong to one or 

other of them, it will follow that they are loci 
of all equations of two dimenſions. 


$ 26. Let CML be a parabola; AE any 
line drawn in the ſame plane; and let it be re- 
quired to find the equation expreſſing the re- 
lation betwixt the ordinate PM forming any 
given angle with AE, and the abſciſſe AP 

* 
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beginning at A any _ point in the line AE. 


1„ͤ . 
oy 
a EO. 


Let CF be the diameter of the parabola 
whoſe ordinates are parallel to PM. Draw 
AH parallel to CF meeting PM in N; and 
AD parallel to PM meeting CF in D. Becauſe 
the angles H AE, APN, ANP, are given the 
lines AP, PN, AN, will be in a given ratio to 
each other: ſuppoſe them to be always as a, 5, 
c; let AD g d, DC =e; and ſeeing AP () 


un, 3, PN ==#13 likewiſe AP: AN:: 
=” or AN = And GM = PM — PN 


—- NG. = =y = Sd. But CG = = DG —- 
* 4 DC. 
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DE= AN- DC = e. If now che 36. 


rameter of the 2 CF be called p, then, 
from the nature of the parabola, px CG OM. 


3 


and conſequently, & 2 e = r-. 
from which this equation follows, 


5a 
„ 20 . +4 : 
* 3 
pe Mm 


a 
| Whence, if any equation is propoſed, and ſuch 
values of a, 5, c, d, e, p can be aſſumed as to 
make zhat equation and this coincide, then the 
locus of that equation will be a parabola. The 
conſtruction of which may be deduced from 
this article. 


§ 27. In this. general equation for the para- 
bola, — coefficient of x is the ſquare of half 
the coefficient of xy; and, „ when any equa- 
tion is propoſed that has this property, the locas 
of it is a parabola. F or, whatever coefficients 
affect the three laſt terms, they may be made to 
agree with the coefficients of the laſt terms of 
the general equation, by aſſuming proper values 
of P, c, and e, : 
It appears alſo, that * if the locus be a a ny 
rabola, and the term xy be wanting, the term 
* muſt alſo be wanting.” And, „if any 


equation of two dimenſions be propoſed that 
wants 
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wants, both the terms, ay and x*, it may be 
always accommodated to a parabola, - 

8 28. The general equation for the ellipſe is 
deduced from the property of the ordinates of 
any diameter, in the ſame manner; the con- 
ſtruction of the figure being the ſame as in 
926. Only, in place af the parabola, 

Let KML. be an ellipſe whoſe Aikemeter: is 
KL., having its ordinates parallel to PM, and 


let C be the center of the ellipſe. Suppoſt 
CL, and the parameter of that diameter 


P. then GM: "RE? — CGgq::p: 2t. But, as 
| In $ 250 chf _ co g e 


x * 
therefore, 7 — 2x —d| x- * 7 = —-» E — 


2Ce 
Tre: whence this . ; 


. 3² | 23d 
e * 
ee. pee 2 F =0. 
ata — RY 
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And if any equation is propoſed that can be 
made to agree with this general equation, by aſ- 
fuming proper values of a, , c, d, p and e; 
then the locus of that equation will be an ellip/e. 
. $29. In the general equation for the ellipſe, 
the terms x* and * have the fame ſign: and 
the coefficient of x“ is always greater than the 
m of half the coefficient of H, becauſe 


_ + is greater than = And although the 


onthe 5 be wanting, yet the term * muſt re- 
main, its coefficient, in that caſe, being 2, 


which muſt be always real and poſitive. On 
the other hand, if an equation is propoſed in 
which the coefficient of x* exceeds the ſquare of 
half the coefficient of xy; or, an equation that 
wants xy, but has x* and , of the ſame gn, 
ts locus muſt be an ellip/e.” 

§ 30. In the hyperbola, as GM : cg — 
CL:: 5: 2t; when / is a Fſt diameter, 4 
equation that ariſes will differ from the equation 
of the ellipſe only in the ſigns of the values 
of CGg and CLg. and conſequently vill have 
this * | 


f= Day + So? 26 + 2s + } 
po. See (OT 
a r 
= 
2t | 
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If 2 be a ſecond diameter, then E will be 
negative, 


A W 0 _ 


In this equation, it is manifeſt that the coef. 
ficient of the term x* is leſs than the ſquare of 
half the coefficient of y; and, that when the 
term xy is wanting, the term x* muſt be ne- 
gative. And, reciprocally, “if an equation is 
propoſed where the coefficient of & is leſs than 
the ſquare of half the coefficient of ay; or 
where xy is wanting and y* and * have con- 
trary ſigns, the locus of that equation muſt be 
2 
$ 31. 
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$ 31. The equation of the hyperbola when its 
ordinates PM are parallel to an aſymptote does 
not come under the general equation of the 
laſt article. Let CF and CL be the afymptotes 
of the hyperbola, and let PM be parallel to CL, 


A P E 


Then CGx GM vill be equal to a given rectan- 
gle (which ſuppoſe ga). Then, CG = DG 


DC S -e, GMS -=- di and con- 


ſequently p — 2 —5 * =x- — p Xa: whence | 


this . CO 


| * 
& | == 04s 1 


| N 


Where only one of the terms y*, *, can be 
an with xy; and where xy will be found with- 
out either of theſe terms, if AE and AH coin- 
cide, that is, if AE is parallel to the aſymptote 
DF. 


It 


It appears from this, that „if an equation 
is propoſed that either has æy the only term of 
two dimenſions; or, has xy and either x* or y* 
beſides, but not both of them, the locus of the 
equation ſhall be an hyperbola, one of whoſe 
ofymptotes ſhall be parallel to y or x according 
_ It 1s or & that is wanting in the equa- 
tion.“ 

$ 32. From all theſe compared together, it 
1 that the locus of any equation of two 
dimenſions is a conic ſection.“ 

For if the term xy is wanting in the equation, 
and but one of the terms y*, * is found in it, 
the locus ſhall be a parabola; by F 27. 

If xy is wanting, and x*, y*, have the ſame 
ſign, then the locus is an ellipſe. F 29,—Bur, 
when they have different ſigns, it is an Hperbola. 
530. 

if xy is found in the equation, and x- * 
are both wanting, or either of them, the locus is 
an hyperbola. §ð 31. 

If both x* and y* are found in it, having con- 
trary ſigns, the locus is ſtill an hyperbola, 

If y* and x* have the ſame ſigns, then, accord- 
ing as the coefficient of “ is greater, equal, or 
leſs than the ſquare of half the coefficient of xy, 
the locus ſhall be an ellipſe, — or by- 
perbola. F 27, 29, 30. 

In any caſe therefore the locus of chi equa- 
tion is ſame conic ſefion. 


y 33» 
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$ 33. Theſe may all be demonſtrated more 
directly from the conſideration of the general 
equation of the lines of the ſecond order in 
521. For it is obvious that, by $25. Part II. 


— 
MV * 


N 
the ſecond term of that general equation may be 


exterminated by aſſuming z = y + =, nd 


it will be transformed into 


2 ＋ N 1 
+ 4-4 x x 4 2 o, 
_— 
which, by tranſpoſing the laſt term, is, 
* N +SD—d+s# . 
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Let MK. be the locus of the equation: and 


if AH be drawn ſo that HE be to AE as 14 to 


unit, and AD, parallel to PM, be = +6, and 
through D the line DF be drawn parallel to 
AH, meeting PM in G, then ſhall GM (=PM 
+PN + NG = y fax +£5) =2. And if 
AH = f, then DG = AN = yx. 


Suppoſe DG = «, and x = 7. Inſtead of & 


ſubſtitute FP and the equation that reſults 


will expreſs the relation of GM and DG, of 
this * 


A ab—24 


yd _ 


according as the term = 


75 2 is 8 nothing. 


or negative. That is, accordin g as - is greater, 


equal. to, or 72 than c. But 4 was the eoeffi- 
cient of 25 3 from which it appears, that © the 
locus is an ellipſe, parabola, or hyperbola, ac- 
cording as the coefficient of x* is greater, equat 
to, or 4% than the ſquare of half the coeffi- 
cient of xy.” 


It appears alſo, that if the term xy be want- 
ing, or a go, then the locus will be an ellipſe, 
parabola, or hyperbola, according as the term cx 
is poſitive, nothing, or negative.” 

EE, | Hence 


* 2 + —— 77 — 
Which will be an — parabola, or ellipfis, 


* N 
| 
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| Hence likewiſe, if the term æ be wanting, 


and the term xy not wanting, chen the term 
. — being poſitive (becauſe — =b is always 


poſitive, whatever @ or f be) « the locus wy be 
an hyperbola.” 


Note, That part of the PIO on ths oi 
fide of AE, which is marked with ſmall letters, 
anſwers to the caſe when the coefficient of 3, in 
the general equation, viz, ax + b, is negative. 


$ 24. The lines of the ſecond order have ſome 
general properties which may be demonſtrated 
from the conſideration. of the Re — 
repreſenting them. - 


The general equation of $ 21. by exterml. 


nating the ſecond term can be transformed into 
the * 


og N +6. 


From which we have 1 
2 V xw + + .= EE Es 
Where the two . of 2 are always equal, and 


2 


have contrary ſigns, ſo that the line DF, on 


which the abſciſſes are taken, muſt biſect the 


ordinates, and conſequently, is a diameter ot 


the conic ſection. And, as this has been de- 
monſtrated generally, in any ſituation of the 


lines PM, it follows that if any parallels, as 
Mm, 
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Mm, Mm, be drawn meeting a.conic ſection , 
there is a line DF which can biſect all theſe pa- 
rallels. And conſequently if any two parallels, 
Mm, Mm; are biſected in G and g, the Ine Gg 
that biſects theſe two, will biſect all the other 
lines parallel to them, terminated by the curve. 
Which is a genera] Property of all the conie 
ſections.“ — 

There is one caſe which 3 be excepted; 
when PM is parallel to an aſymptote, becauſe 
in that caſe it meets with the conic ſection only 
in ont point: . 

$ 35. In the general equation of 92 21, if you 
ſuppoſe yr g, there will remain cx*+dx+e=0, 
by which. the points are determined where the 
curve. meets the abſciſle AE. 5 
| Suppoſe it meets it in B and D, * that 
AB=A, and AD= I: Then ſhall = A * 


B be the two roots of the — * Ds 2 


+ el and therefore * SAX * ＋ 7 3 = 


7 A 


. baer ande BP: 


1 r the figure. 
| "therefore 
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therefore BP DP La + £ 2. . Now, i it is 


manifeſt from the nature as a that if 
PM meet the curve in M and m, the rectangle 
of the roots PM and Pw ſhall be equal. to 
Co? Eu 
hay 

+ by $6 | =o. 

Hrs | 
We have therefore PM * Pai + dr 6 


and BP x DP =#* L +=; s h PMN 


Pm: BP x DP: . + dy Le: 3 


1. That is, © the rectangle of the onitbates 
PM, Pm is to the rectangle of the ſegments of 
the abſciſſes, as, in a given ratio, 5 is to 1. 
Which is another general property of the lines 
of the /econd order, * 

In a ſimilar manner the analogous ks 
of the lines of the higher orders are demon- 
ſtrated . 


8 36. There are many different ways of de · 
ſcribing the lines of the /econd order, by mo- 
tion. . The following i is Sir aac Newton's. 


* Lex the two points C and S be given, and | 
the ſtraight line AE i in the fame pen. Ko, the 


e gee the. Appendix. 
17 __ nds Orgenica, For. 1. 


given 
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piven angles FCO, KS, revolve about the 
ints C and S as poles, and let the interſec- 


tor of the Ges CF, SK, be carried along the 


ſtraight lne AE; and the interſection of the 


fides CO, SH, will deſcribe a line of the /tcond 
order, 

Let the ſides CF, SK interſect each other in 
Q and the ſides CO, SH, in Py let PM and 
N be perpendicular on CS. Then draw PR, 
QU; PT, QL, fo that CUQ=CRP =FCG 
and SLQ=STP=KSD. * 

The angle RCP = CQU, ſince RCP makes 
two right ones with RCQ and QUC. So that 
the triangles CUQ and. CRP will” be fimiler, 
And after the ſame manner you may demon- 

- 7 ſtrate 


LE 
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ſtrate that the triangles dad SEE are Amit 4 
whence, | 


cn: PR 22 QU : hh 50 1 
and ST : PT :: QL: SL. 


Suppoſe CS=a, CA =, the ſine of the 
angle FCO to its coline as 4 to 41 ſin, angle 


CAE to colin. as c to a, and ſin, KSH to coſin. 
as e to a. Put alſo PM , CM x, QN=z. 


ThenRM: PM:: 4. d. PR: PM::V#+#:4. 
AN; QN: 2624 So that RM== c (=CM 
R =#—2, PR — 2 | 


2 
VIE + 4* 
Likewife QU:'= OE 25h and cu (CA 
— AN — NU) =b — 2 7 And it be- 


ing CR : PR:: Q: CU, it follows that 


— — 


4 „V FP: :2V/af 1 N 


e 


gs X ds —ay 
So. chat * 2 any - 


de — a. rener . 


Cc J * * . 


In like manner yau will find ST = — . 


PT 22. —— — 2 — . and SL 


(= As NL) 4 But 


| it 
144 . 


* 
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it was ST: PT :: QL: SL, that is, 2K 


—— | 
e & ax 


: MF 2 ne? HY 


| 5 Cee 
| Whence QN=2z=m === _ 8 
e T Nya, = =- 


And from the equation of theſe two e of 
z this equation reſults; a 


a - Nc * \+4* 1 Hex * 


Tae x d +dce —bcx e +4d 


| 1 / 4 
4e Xx d — X de — @* 9985 | 


where ſince x and y are only of two Ame iges | 
it appears that the curve deſcribed muſt be a 
line of the ſecond order, or a conic ſection, ac- 
_ cording to what has been already demonſtrated. 

$ 37. As the angles FCO, KSH revolve about 
the poles C and S, if the angle CQS becomes 
equal to the ſupplement of "eſe given angles 
to four right ones, then the angle CPS muſt 
vaniſh, that is, the lines CO and SH muſt be- 
come parallel: and the interſection P muſt go 
off to an infinite diſtance. And the lines CO 
and SH become, in that caſe, parallet to one 
of the aſymptotes. 

In order to determine if this may be, deſeribe 
on CS an arc of a circle that can have inſcribed 
in it an angle equal to the ſupplement of the 
angles FCO, KSH, to four right. angles. If 

21 this 
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this are meet the line AE in two points N, i, 
then when Q the interſection of the ſhdes CF, 
SK comes to Ms of theſe points, as it 1s cy | 


* 


. 


. o\ 
3 ph 
ried along the line AE, the point P will go off 
to infinity, and the lines SH, CO, become pa- 
rallel to each other and to an ahnptote of the 
curve. 
If that arc only touch the line AE, the point 
P will go off to infinity but opce, If the arc 
neither cut the line AE nor touch it, the point 
P cannot go off to infinity. In the firſt caſe 
the conic ſeclion is an Hperbela, in the ſecond 
3 parabola, in the third an ellipſe. 
The alymptotes, w when the curve has any, arc 
determined y the following conſtruction. 
Draw NT conſtituitpg the angle CNT = 
$NA, meeting SC in T; then take SL= CT, 
and always towards oppoſite parts, and through 
I draw IP parallel to SH or. CO, and IE will 
de one aſymptote of the curve: The other i is 
determined! in like manner, by bringing Quo 22 
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And the two afymptotes meet in the center, 
conſtituting there an — NSW. 
From this conſtruction it is obvious, that 
when the circular arc CN touches the line 
AE, the angle SNA being then z SCN, the 
line NT will become parallel to CS; and there- 
fore CT and SI become infinite; that is, the 
afymptote IP going off to infinity, the curve be- 
comes a parabola. 

$ 38. There is another general method of do- 
ſcribing the lines of the ſecond order, that de- 

ſerves our conſideration. 


Inſtead of angles we now uſe three rulers 
D, CN, SP, which we ſuppoſe to revolve 
about the poles D, C, S, and cut one another 
always in three points N, Q and P; and carry- 
ing any two of theſe interſections, an N and Qu 
along the given ſtraight lines AE, BE, the third 
nn P will deſcribe a conic ſection. 

2 4 1 hrough 
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| Through the points D, P, Q. draw Pp, 
PM. QR, parallel to AE, meeting C8 in; F 
M, R; alſo through P draw PH PT to 
BE meeting CS in H., 
Then putting PMæqy, CM= =; oe, ca 
=6, SB=c, PF = &, AF , AE=4d,BE =e, 
AB (SA ＋ c) ; ſince the triangles 
PMH, AEB are ſimilar, therefore PH = = 2. 
. <7 NE, Ad fince 


CA: AN: c. PM, . AN 2; an} ities 


SB: BQ;: SH : PH, . . 50. 2 Fo» 
But, 

BA: R:: BE: AE... QR= 1 

and. . BR A | AN 


dx + fy — 
Now AN- D: 2 AN: e AR; 


this is, 
oy — 
Os =" 1 J: * dx +'fy — ad 
And moltiplying the extremes and. means, 
and ordering the terms, it is, 


HU 5 | 
d. +} Xy —adſkxx+d/kxx* EE | 
In which equation, the ſign of ſome terms 


27 vary by varying the ation of the go 
| an 
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and lines; but x and y not riſing to more than 


two dimenſions, it appears that the point P al- 
ways deſcribes. a conic: ſefion. - Only in ſome 


particular caſes the conic ſection becomes a 
ſtraight line. As for example, when D is found 
in the ſtraight line CS; for then PF vaniſhing 


the terms dfkx* — gdfkx vaniſh, and the remain- 


ing terms being dirinpie by y, the equation bes 
comes, 

NU u r 
Which is a locus of the firſt order, and ſhews, 


that, in this 9 P muſt deſcribe a ſtraigbt 


line. 
After the ſame manner it appears that if the 


point E the interſection of the lines AE, BE, 
falls in CS, then will P deſcribe a ſtraight line. 
For in that caſe d vaniſhes, and the equation 
becomes, 


* x 7—＋ X 2220. 


$ 39. Theſe two deſeriptions furniſh, each, 

a general method of © deſcribing a line of the 
ſecond order through any five given points where- 

of three are not in the ſame ſtraight line,” 

Suppoſe the five given points are C, 8, M, K, 
N; join any three of them, as C, 8, K, and 
let angles revolve about C and S equal to the 
angles KCS, KSC. Apply the interſestion of 
the legs CK, SK. firſt to the Point N, and let the 
* ©, © Inter+ 


' 
7 
f 
} 
; 
!! 
l 


— — — — 
—— — 
by — —— 
— 
- > . 


os I ts I er — - 
A ee eee — — EE DD 
== as ' wo \ 
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integſection of the legs CO and SH be Q; 
ſecondly apply the interſection of tha ſame logs 
CK, SK, to the remaining point M. and let the 


y | Q 


þ, | : ** 

interſection of the legs CO, SH be L. Draw 
a line joining Q and L, and it will be the hne 
AE along which if you carry the interſectian of 
the legs CO, SH, the interſection of the othef 
legs will deſcribe a conic ſection paſſing through | 
the five given points C, S, M, K, W. 

It muſt paſs through C and S from the con- 
ſtruction: when the interſection of CO, SH 
comes to A, the curve will paſs * 
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e ee 
through * Me s ; 7 


$ 40. From the ſecond 4eſcription we have 
this ſolution of the ſame problem. | 

Let C, 8, M. K, N be the five given points; 
draw lines joining "them produce two of the 
lines NC, MS, till they meet in D. Let three 
rulers revalye about the three poles C, 8, D, 
viz. CP, SQ, DR. Let the interſection of 
the rulers CP, DR, be carried over the giyen 
line MK, and the interſeQion of the rulers 
SQ, DR be carried through the line NK ; 
and the * P, the interſection gf the rulers 


bl 14 


350 i ene SE” of Fare 


that revolve about C and &, will deſcribea conic 
ſection that paſſes 0 the five points C, 
8, M, K, N. 


$41. It is a remarkable property of the co- 
nic ſections, that * if you aſſume any number 
of poles whatſoever, and make rulers revolve 
about each of them, and all the interſections 
but one, be carricd along given rig ht lines, that 
one ſhall never deſcribe à line above a conic 
ſeftion ;” if, inſtead of rulers you ſubſtitute 
given angles which you move on the ſame 
poles, the curve deſcribed will {till be no more 
then a conic ſection. 8 

By carrying one of the interſections 8 
in the deſcription over a conic ſection, lines of 
higher den may be deſcribed, 


| CHAP, 
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E rogts, of any equation. may 
be determined by 4 interſections 
of g ſtraight ling, with:;a curve df the ſame di- 
menſipns as the equatiqm: or, i* by. be inter 
ſectiang of any tu curves hoe indiees multi- 
plied by each other give a progduck equal to the 
index of the propoſed equation.“ 

Thus the roots of a biguadratic equation 
may be determined by the interſections of two 
conic ſections; for the equation by which the 
ordinates from the four points in which theſe 
conic ſections may cut one another can be de- 
termined will ariſe to four dimenſions : and the 
conic ſections may be aſſumed in ſuch a man- 
ner, as to make this equation coincide with any 
propoſed biquadratic : ſo that the ordinates 
from theſe four interſections will be equal to 
the roots-of the propoſed biquadratic, 

If one of the interſections of the conic ſection 
falls upon the axis, then © one of the ordinates 
vaniſhes, and the equation by which theſe ordi- 
nates are determined will then be of three di- 
menſions only, or a cubic,” to which any pro- 
poſed cubic equation may be accommodated. 
| | | So 
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So that the three remaining ordinates will be 
the three roots of that propoſed cubic. 

$43- Thoſe conic ſe&ions ought to be pre- 
ferred for this purpoſe that are moſt eaſily de- 
ſcribed. They muſt not however be both ©r- 
cles; for their interſections are only two, and 

can ſerve only for the reſolution of gutadreti 

as 1 

Yet the circle ought to be one, as being moſt 
eaſily deſcribed ; and the parabola is commonly 
aſſumed for the other. Their interſectiom are _ 
determined in the following manner. 


WY 
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Let APE be the common Apollonian para- 
bola. Take on its axis the line AB — half of 
its paratneter. Let C'be any point inthe plane 
of the parabola, and from it as a center deſcribe, S 
with any radius CP, a circle meeting the para- 
bola in P. Let PM, CD, be perpendiculars 
on the auis in M and D, and let CN, Lag 
to the axis, meet PM in . | 
Then will always CPa=CNg +NP9 (45 c 13 
Put CP=a, the parameter of the parabola 
b, AD gc, DC =, — PM =y. 
Then — STe, NPN =y $4); and 
x2 c\ +5534 = &?, That is, 
3 2 +22< TA 
But, from the nature of the parabola, #= day 
and x = 2 ſubſtituting therefore theſe va · 


lues for * aa , it will be, 


= 1 * t 2 T +4 —@'=0 
or, aukiphying by , | 
+ 2bc+ * 2db* e * — 
Which may reprefent any biquadratic equation 
that wants the ſecond term ; fince fuck. values 
may be found for s, 6, c, and d, by comparing 
this with any propoſed biquadratic, as ta make 
them coincide, And then the ordinates — 
the points P, P, P, P, on the axis will be 
to the roots of that propoſed biquadratic. Fa 


* xc is the differences of x and c indefinitely, which- 
ever of the two is greateſt, 


| this 
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this may be done, though the parameter of the 
parabola (via. ) be given: that is, if you have 
a parabola already made or given, by it alone 
you may reſolve all biquadratic equations, and 
you will only need to vary the N of your 
circle and its radius. | 


$ 44+ If the circle deſcribed from the Pry 
C paſs through the vertex A, then CPR CA 
n. aa O=uO +Op/ und the 


«. YE 
o oo + } 214] 


laſt t term oy the biquadratic (* + ＋ 5 wil 
vaniſh ; therefore, dividing the reſt 25 LI there | 
arifes the cubic, 
' 5 {T3373} 
. 2c +6 x * 4 . . 
Let the cubic equation propoſed to be be br 


be * 8 = py : = 7 = 0. Compare the terms. of 
9471 theſe 
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theſe two equations, and you will have & abc +- 


n and e Or, r = * L, 


means of any given parabola APE. 


From the point B take in the axis forward if the 
equation has — p, but backwards if p is poſi 


nde) the line BD 3 then raiſe the perpen- 


dicular DC = => and from C, deſcribe a 


circle paſſing through the vertex A, meeting 
the paralola in P, ſo ſpall the ordinate PM 
be one of the roots of the cubic y\* + py = r 

= 0; 95 
The ordinates that ſtand on the fame fide of 
the axis with the center C are negative or af- 
firmative, according to the laſt term r is nega- 
tive or. affirmative z, and thoſe ordinates have 
always contrary ſigns that ſtand on different 


ſides of the axis, The roots are fund of the 


ſame value, only they have contrary ſigns, when 
7 is poſitive as when it is negative; the ſecond 
term of the equation being wanting; which 


agrees with what has been demonſtrated elſe · 


where. 
§ 45. In reſolving numerical equations, you 


may ſuppoſe the parameter & to. be unit; then 


A a | AD 


From which you have this 
conſtruction of the. cubic Rr Ro, by 


= 
| 
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aD = 1p, and DC= ir, and the ordinate 


PM mn then be meafured on 4 ſcale where 
the parameter, or 2 AB is unit. Or, if it be 
more convenient, the parameter may be ſuppoſed 
to expreſs 10, 100, Sc. or any other number, 
and PM will be found by meaſuring it on a 
ſcale where the parameter is 10, 100, r. of 
that other number. 

$ 46. When the circle meets the . 
in one point only beſides tlie vertex, the equa- 
tion has only one real root, and the other two 
imaginary.” 

Thus, if the equation has +p, or #D falls 
on the ſame ſide of B as A does, the circle can 
meet the parabola in two points only, whereof 
A is one; and therefore the equation muſt 
have two imaginary roots; as we demonſtrated 
elſewhere, If the circle owe the n chen 
two roots of the equation are equal. 

It, is alſo obvious, that the equation muſt ne- 

ceſſarily have one real root; becauſe, ſince the 
circle meets the parabola i im the vere! A, ĩt muſt 
meet it in one other point, at leaſt, befides A. 

$ 47. Inſtead of making the circle paſs thro? 
the vertex A, you may ſuppoſe it to paſs through 
ſome other given point in the parabola, and that 
inſerſection being given, the biquadratic found 
for determining the interſections, in $ 45 may 
be reduced to a cubic. 
| | Let 
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Let the ordinate belonging to that giver 


jnterſection be g, then one of the ad of , 
*. g. it follows that the biquadratic 

r + FFGSD x #=0 | 
vill be diviſible by y — g, which will reduce ir 
to a cubic that ſhall have the ſecond term. And 
thus we have a conſtruction for tubzc 25 | 
tions that have all their terms. 

For example, let us ſuppoſe that the para- 
meter is AG, and the ordinate at G is GF meet- 
ing the curve in F. Suppoſe now that the 
circle js always to paſs through F; then ſhal) 
CFq(=4') = CHq+ HFq=c + Vo FA 
= + 4 2ch & 2b + 26, and ſubſtituting 

Aa 2 in 
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m the equation of & 43 this value of 7. it 
becomes 


6b td K 2. 
+» Exh] =o 
/ — 2db 


Where c in the laſt term has a contrary ſign 
to what it has in the third, and d a contrary 1958 
to what it has in the fourth. 


This biquadratic has FG, or 5, for one of 
its roots; and being divided * y — 6, there 
ariſes this cubic, 

yY +b* + 29 „ & 245. 
_— I + 2h = 0, -: 
| + 263 & 5 
having al its terms compleat. If C had been 
taken on the other ſide of the axis, he ſecond 
term y had been negative. 


Let now any cubic equation be propoſed to 
be reſolved, as y* + gy* + gy—r oo. And, by 
comparing it with the preceding, you will find 


2 255 + 25 Gd * e 
SU ach- db. 3 45 5 


T. berefore, to conſtrut tbe prepoſed cubic equation 
„- So, let the parameter of your 
parabola be equal to p, take, on the axis * 
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the vertex 4. the hi 4 = = p _ and raiſe 


the perpendicular DC= = < SE = 25 6 from C 


deſcribe a circle breath . meeting the parabola. 
, ſhall the ann PM be a root of the 
equation. 

If the equation propoſed is a Iiteral equa- 
tion of this form „p- pr g, having 
all the terms of three dimenſibns, then this con- 
ſtruction will only ien _—_ =1=— 19, and 


Deng 


$ 48. If you ſuppoſe the panbols.. to pen 
through any point F taken any where in the 
parabola (vid. Fig. preced.) and call the ordinate 


FG = e, then c — +e—d} = 4, and the 
general biquadratic may have this form, 


a0 2 ad 2 

«FJ 2 'y + 2c 
+7 + 2d6b* | _ 
. 

— 6*þ* 


But ſince FG g e is one of the values of 5, 
the equation will be diviſible by y—e, and the 
quotient is found to be this cubic, : | 

WV +9'—2c5> —240 

+ b* J y —2ceb 

+ e ＋ eb* 

+. 6 | | 

p Aa 3 Which 


= 0. 
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Which compared with y* + gy* + * e 


gives FG (or g) =P, AD ( 60 = = - — l 


and be EA 2 And by this con- 


ſtruction the roots of a compleat cubic equation 
may be foynd by any parabola whatſoever, 
9 42. It is eafy to ſee from $ 43. how to 
conſtruct the roots of a biquadratic by any pa- 
rabola, after the ſecond term is taken away. 
But * the roots of a biquadratic may be deter- 
mined by any parabola * only they cannot be 
the ordinates on the axis, but . may be equal 
to the perpendiculars on a line parallel to the 
axis, meeting the parabola i in F, CD in , and 
PM in L.“ 


Let FG be an ordinate to the axis in 0 ; and 
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the parameter , CP a4, FH c, CH => 
FG. 


And ſince PM (2 PLEAD) : = AM x B. 
=— + 289 + „ = AG +FL * = 
7 — +xXb; and a ee ** 20 = bx. | 

But CN + NPq = CPꝗ; that i is, x Der + 
Je 24 And ſubſtituting for x* and x their 
values 2 and , ; oy will find 


e 2 

„ 

which is a complete biquadratic equation. And 
by comparing with it the equation 

3 + 2 + 457 -= o, you will find 


FG (=e) = ip, FHH = = ＋ r 


HC (=4) = 2 and Cp (=) 


* Se + 4* : which gives a general * 
tion for any ſuch biquadratic equation by any 
parabola wharſoever. If the ſigns of p, 9, r, 
or 5, are different, it is eaſy to make the ne- 
ceſſary alterations in the conſtruction. Ex. gr. 
If p is negative, then FG mult be taken on the 

other ſide of the axis. 
If you ſuppoſe the circle to paſs through F. 
the equation will become a cubic having all its 
— -* means 


7+ N — qec ei Port 
| 1 —— | 555 
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terms: the laſt term * ＋ 4 —- af. * 4+ vaniſh. 
ing, becauſe then c + d . It will have 


this form, 92 
# +49 + 75. 5 NI 
5 | + 2 3 


and then the conſtruction will give the roots 
of a compleat cubic equation.” 


$ 50. We have ſufficiently ſhewed, fol the 
roots of cubic and biquadratic equations may be 


conſtructed by the parabola and circle; we ſhall 

now ſhew how other conic ſections may be de- 

_ termined by whoſe interſections the ſame roots 
may be diſcovered. ; 


Let the equation propoſed bey“ + 27 + 
2˙4 —-br =0; and let us ſuppoſe, that, 


1*. bx =y*; then ſhall we have by ſubſti- 


4 of 7 for , and dividing by bp, 
2”. To vr. + Ly =0, which has 


its locus an 415 Then by ſubſtituting (in 
this laſt) "_ for , and multiplying all the 


terms by 7. you find, 


3. * + px + gy —br o, an equation to 
a parabola. Then, adding to this ws rr 
bx So, you will have, 


4% F* runs an edu. 
tion to a circle, 
The 


JJ f GST 
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The roots of the equation y** + &py + #gy 
hir So may be determined by the interſec- 


tion of By two of theſe loci; as for example, 


J'S JJ ·AAA ² ˙ uvm e III TT Og ⅛ Pd ; 


by the interſections of the lie that is the locus 
« ip 


of the equation y* + 70. NY 75 Do, 
and of the circle which is the locus of 


* + 5 Hz +9 =tr =0, 1 from which we 


deduce this conſtruction, 
| Let 
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Let AR be the axis of an alli, ue to 
7 let G be the center of the ellipſe, 


and the Pie to the parameter as p to h. At G, 
raiſe a —— to the axis, and on it take 


D 2 and on the other fidt in the Perpendicular 


> take GK=39 X — 'Let DE ond 


| KC be parallel to the axis: rate KC - 15, 
and from C as a center, with the radius VDGG Th De + br 
deſcribe a circle meeting the ellipſe in P, ans the 
ordinate PM, on the line DE, Hall be 10 of the 
rootswf the propoſed equation. 

Let PM (=y) produced meet AB in R, and 
KC in N; and calling DM = x, then CPq— 
NPg + NC, that is, 1 + 4% — 15 + ip 
+ br IP- p-] +3 +#q\'; and therefore, 


1 _ 
rf + +07; 


tion to the circle, which was to be conſtruted. 
And ſince PRę: ps GRg:: 5: p, there- 


fore y + a] :br + Lat : 2255 25 and con- 


Ile o, the equa- 


quent, 
* 48 1 is 


the equation that was to be conſtructed. 
Now that their interſections will give the 


roots required, appears thus. | 
For 


9 
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For * in the firſt equation ſubſtitute the va- 
lue you deduce for it from the ſecond, wiz. 


by — 7 . and there will ariſe 


—37 b— 3 
„4 77l or x5* = r X x, 


that is, L = =x, and x =%; which ſubſitut» 


ed for if rage / x in the firſt equation, gives 
þ +5" = 3 x Iro that 
is, ) + bpy* + Þqy -b'r =0. 

And- if you ſubſtitute them in the ſecond. 
— there will ariſe 
+3 + X b -F that is, 1 + 
byy* + b*qy —b'r =o, the very ſame as before; 
and thus it appears that the roots of the equation 
* — byy* + Fqy bir = © are the ordinates 
that are common to the circle and ellipſe, or that 
are drawn from their interſection. 


End of the Tino Paar. 
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LiN®XRUM"GEOMETRICARUM. 
Proprietatibus generalibus. 


KLINE lineis ſecundi ordinis, five ſectionibus co- 
D F nicis, ſcripſerunt uberrime, geometræ ve- 
teres & recentiores; de figuris quæ ad ſu- 

RN 5 periores lineatum ordines teferuntur pauca 
& exilia tantum ante NEWToONUM tradiderunt. Vir 
iluftrifimus, in Tractatu de Enumeration Lincarum 
tertii Ordinis, doctrinam hanc, cum diu jacuiſfet, ex- 
citavit, dignamque eſſe in qua elaborarent geometris 
oſtendit. Expoſitis enim harum linearum proprietati- 
bus generalibus, quæ vulgatis ſectionum conicarum af- 
fectionibus ſunt adeo affines ut velut ad eandem nor- 
mam compoſitæ videantur, alios ſuo exemplo impulit 
ut analogiam hanc five ſimilitudinem quæ tam di- 
verſis intercedit figurarum generibus bene cognitam 
& ſatis firme animo conceptam atque compretienſam 
babere ſtuderent. In qua illuſtranda & ulterius inda- 
ganda curam operamque merito poſuerunt; cum nihil 
ſit omnium que in diſeiplinis pure mathematicis tra- 
ctantur quod pulchtius dicatur aut ad animum veri in- 
veſtigandi cupidum oblectandum aptius, quam rerum 
tam diverſarum conſenſus ſive harmonia, ipſiuſque do- 
' trinz compoſitio & nexus admirabilis, quo poſtetius 
priori conyenit, quod ſequitur . ſuperiori- reſpondet, 
| - quzque 
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quxque een ſunt ad * ardua viam conftancr 


aperiunt. 


Linearum tertii ordinis proprietates generales : a hes 
tono traditze parallelarum ſegmenta & aſymptotos ple- 
ræque ſpectant. Alias harum affectiones quaſdam di- 
verſi generis breviter indicavimus in tractstu de fluxi- 
onibus nuper edito, Art. 324, & 401. Celeberrimus 
Cetefius pulcherrimam olim detexit linearum geometri- 
carum proprietatem, hucuſque ineditam, quam abſque 
demonſtratione nobis communicavit vir Reverendus D. 
Robertus Smith, Collegii S. S. Trinitatis apud Cantabrigj- 
enſes Præſectus, doctrina operibuſque ſuis pariter ac ſide 
& ſtudio in amicos clarus. De his meditantibus nobis 
alia quoque ſe obtulerunt theoremata generalia; quæ cum 
ad arduam hanc geometriz partem augendam & illu- 
ftrandam-conducere viderentur, ipſa quaſi in faſciculum 


congerenda & una ſerie breviter e & demon- 


ſtranda putavimus. 


weed 


SECTIO I. 


De Liners Geometricis i in genere. * 


51. Incz ſecundi ordinis ſectione ſolidi geometrici, 
coni ſcilicet, definiuntur, unde earum proprie- 
tates per vulgarem gcometriam optime derivantur. Ve- 
rum diverſa eſt ratio figurarum quæ ad ſuperiores line- 
arum ordines referuntur. Ad has definiendas, earumque 
proprietates eruendas, adhibendz ſunt æquationes gene- 
rales-co-ordinatarum relationem exprimentes, Repræ- 
ſentet æ abſciſſam _ y ordinatam PM figure FMH, 


Frnmamgye a, b, 6 d , &, &c. cuefficientes quaſcunque 


| 7 inva- 
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invariabiles ; & dato angulo APM fi relatio co-ordina- 
tarum x & y definiatur æquatione quæ, præter ipſas co- 
ordinatas, ſolas involvat coefficientes invariabiles, linea 
FMH geometrica appellatur; quæ quidem auctoribus 
quibuſdam linea algebraica, aliis linea rationalis dicitur. 
Ordo autem lineæ pendet ab indice altiſſimo ipſius x vel 
y in terminis æquationis a fractionibus & ſurdis liberatæ, 
vel a ſumma indicis utriuſque in termino abi hæc ſumma 


prodit maxima. Termini enim , xy, y* ad ſecundum 


ordinem pariter referuntur; termini &, x*y, H, y* ad 
tertium, Itaque æquatio y=ax +6, ſive y—ax—b=0, 
eſt primi ordinis & deſignat lineam five locum primi 
ordinis, quæ quidem ſemper recta eſt. Sumatur enim 
in ordinata PM recta PN ita ut PN fit ad AP ut + 4 
ad unitatem; conſtituatur AD parallela ordinatæ PM 
æqualis ipſi +6, & ducta DM parallela rectæ AN erit 
locus cui æquatio propoſita reſpondebit Nam PM 
PN + NM = (a x AP + AD) ax ＋ 5. Quod fi 
æquatio fit forme y = ax — vel y = — ax + , rea 
AD, vel PN, ſumenda eſt ad alteram partem abſciſſæ 


AP; contrarius enim rectarum ſitus contrariis coeffici- 


entium ſignis reſpondet. Si valores affirmativi ipſius « 
deſignent rectas ad dextram ductas a principio abſciſſæA, 
valores negativi denotabunt rectas ab eodem principio ad 
ſiniſtram. ductas; & ſimiliter {i valores afficmativi ipſius 
y ordinatas repræſentent ſupra abſciſſam conſtitutas, ne- 
gativi deſignabunt ordinatas infra abſciſſam ad oppoſitas 
partes ductas. 


Equatio generalis ad lineam ſecundi ordinis eſt hujus 
forme ] 


yy = axy + cx =0 
„„ 
+ e 


Fig, 2. 


Bb — = 


5 
* 
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& æquatio generalis ad lineas tertii ordinis eſt y* —- 


ax +b X * + cx - dx Te y gr IIA 
=0. Et ſimilibus æquationibus em = —_ 
metricæ ſuperiorum ordinum. 


"<< Linea geometrica o oceurrere poteſt rectæ in tot 
punctis quot ſunt unitates in numero qui i æquationis vel 
linez ordinem deſignat, & nunquam in pluribiis. Oc- 
curſus curve & abſciſſæ AP definiuntur ponendo-y=0, 
quo in caſu reſtat tantum ultimus æquationis terminus | 
quem y non ingreditur. Linea tertii ordinis ex. gr. oc- 
currit abſciſſæ AP cum r — gx? + hx — + =o, cujus 
æquationis ſi tres radices ſint reales abſciſſa ſocabit cur- 
vam in tribus punctis. Similiter in æquatione generali 
cujuſcunque ordinis index altiſſimus abſciſſææ æqualis eſt 
numero qui lineæ ordinem deſignat, ſed nunquam ma- 
jor, adeoque is eſt numerus maximus occurſuum curve 
cum abſciſſa vel alia quavis rea. Cum autem æqua- 
tionis cubicæ unica ſaltem radix ſit ſemper realis, idem- 
que conſtet de æquatione quavis quinti aut imparis cu- 
juſvis ordinis (quoniam radix quævis imaginaria aliam 
neceſſario ſemper habet comitem), ſequitur lineam tertii 
aut imparis cujuſcunque ordinis rectam quamvis aſymp- 
toto non parallelam in eodem plano ductam in uno ſal- 
tem puncto neceſſario ſecare. Si vero recta ſit aſymp- 
toto parallela, in hoc caſu vulgo dicitur eurvæ oceur- 
rere ad diſtantiam infinitam. Linea igitur imparis eujuſ- 
cunque ordinis duo ſaltem habet crura in infinitum pro- 
gredientia. ÆAquationis autem quadraticæ vel paris cu- 
Juſvis ordinis radices omnes nonnunquam fiunt imagina- 
riæ, adeoque fieri poteſt ut recta in plano lineæ paris 
ordinis ducta eidem nullibi occurrat. 


* 
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{ 3 Æquatio ſecundi aut ſuperioris cujuſcunque or- 
dinis quandoque componitur ex tot ſimplicibus, a ſurdis 
& fractis liberatis, in ſe mutuo ductis quot ſunt ipſius 
æquationis propoſitæ dimenſiones; quo in caſu figura 
FMH non eſt curvilinea ſed conflatur ex totidem rectis, 
quæ per ſimplices has æquationes definiuntur ut in Art. 1. 
Similiter ſi æquatio cubica componatur ex æquationibus 
duabus in ſe mutuo ductis, quarum altera fit quadratica 
altera ſimplex, locus non erit linea tertii ordinia pro- 


prie fic dicta, ſed ſectio, conica cum rea adjunctà. 
Proprietatis autem que de lineis geometricis ſuperiorum 


ordinum generaliter demonſtrantur, affirmande ſunt 
quoque de lineis inferiorum ordinum, modo numeri 
harum ordines deſignantes ſimul ſumpti numerum com- 
pleant qui ordinem ditzz ſuperioris line denotat. 
Que de lineis tertii ordinis (ex: gr.) generaliter demon- 


ſtrantur aſſirmanda quoque ſunt de tribus rectis in eodem 
plano ductis, vel de ſectione conica cum unica quavis 
recta ſtmul in eodem plano deſeriptis. Ex altera parte, 


vix ulla aſſignari poteſt proprietas line ordinfs inferioris 

ſatis generalis cui nonreſpondeat affectio aliqua linearum 

ordinum ſuperiorum. Has autem ex illis derivare non 

eſt cujuſvis diligentiz. Pendet hc doctrina magna eſt 
parte a proprietatibus æquationum generalium, quas hie 
memorare tantum convenit. 


$ 4; Io æquatione quacunque-coefficiens ſecundi ters 
mini æqualis eſt exceſſui quo-ſumma radicum affirmati« 
varum ſuperat ſummam negativarum; & ſi deſit hic ter- 


minus, indicio eſt, ſummas radicum affirmativarum & 
negativarum, vel ſummas ordinatarum ad diverſas partes 


abſciſſæ conftitutarum, xquales eſſe, Sit æquatio ge- 
neralis ad lineam ordinis u, | 


Bb 2 5 = 


Fig. 3. 


ax ＋ 
1 


I (quæ ſumma eſt ax + 6) differentia 
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= tb xy + ix —dx $6 xy - Ge. So, 


en rn u 2 _ pro y ſubſtituatur ipſius va- 


lor u + =, ; & in zquatione transformata deerit fe- 


cundus terminus *; ut ex calcu!o, vel ex doctrina 
æquationum paſſim tradita facile patet: & hinc quo- 
que conſtat, quod per hypotheſim valor quiſque ipſius 
4 minor fit valore correfpondente wfius y differentia 


; unde ſequitur ſummam valorum ipſius « (quo- 


rum numerus eſt n) deficere a ſumma valorum ipſius 
4 s 
* 


Xx N = ax 


+ b, adeoque priorem ſummam evaneſcere & ſecun- 
dum terminum deeſſe in æquatione qua « definitur, vel 
affirmativos & negativos valores ipſius # zquales ſum- 


2. ut ſit 


mas conficere. Si itaque ſumatur PQ 


QM u, rectæ ex utraque parte puncti Q ad curvam 


terminatæ eandem conficient ſummam. Locus autem 


puncti Q eſt recta BD quæ abſciſſam ultra principium A 
productam ſecat in B ita ut AB= =, & ordinatam AD 


ipſi PM parallelam in D ita at ſit AD=— *; ſi enim 


hæc recta 8 PM occurrat in niſi Q; erit 


PQ ad PB (eu x) ut AD ad AB vel a ad u, adeo- 


que PQ .. ut oportebuat.. Atque hinc conffat 


rectam ſemper duci poſſe quz parallelas quaſvis linez 
geometric occurrentes in tot punctis quot ſunt figure 


dimenſiones ita ſecabit ut ſumma ſegmentorum cuj juſvis 


paral- 
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parallelæ ex una ſecantis parte ad curvam terminatorum 


tera ſecantis parte. Manifeſtum autem eſt rectam quæ 
duas quaſvis parallelas hac ratione ſecat ipſam neceſſario 
eſſe quæ ſimiliter alias omnes parallelas ſecabit, Atque 


hinc patet veritas theorematis Newtoniani, quo continetur 
proprietas linearum geometricarum generalis, notiſſimæ 


ſectionum conicarum proprietati analoga. In his enim 
recta que duas quaſvis parallelas ad ſectionem termi- 
natas biſecat diameter eſt, & biſecat alias omnes hiſce 
parallelas ad ſectionem terminatas. Et ſimiliter recta 


quæ duas quaſvis parallelas line geometric occur- 


rentes in tot punctis quot ipſa eſt dimenſionum ita ſecat 
ut ſumma partium ex uno ſecantis latere conſiſtentium 
& ad curvam terminatarum æqualis ſit ſummæ partium 
ejuſdem parallelæ ex altero ſecantis latere conſiſtentium 
ad curvam terminatarum, eodem modo ſecabit alias quaſ- 
vis rectas his parallelas. 


ſemper æqualis ſit ſummæ ſegmentorum ejuſdem ex al- 


§ 5. In æquatione quavis terminus ultimus, ſive is | 


quem radix y non ingreditur, æqualis eſt facto ex radici- 
bus omnibus in ſe mutuo ductis; unde ad aliam ducimur 
non minus generalem linearum geometricarum proprie- 
tatem. Occurrat recta PM linez tertii ordinis in M, 
m & u, eritque PM x Pm PAH fx* g + hx — 4. 


Secet abſciſſa AP curvam in tribus punctis I, K, L; & 


AI, AK, AL erunt valores abſciſſæ x, poſita ordinata 
y So, quo in caſu equatio generalis dat fo — g= + 


hx—k=0 pro his valoribus determinandis, ut in Art. 2. 


expoſuimus. Fquationis igitur 33224 -F= 0 


tres radices ſunt Al, AK, AL; adeoque hæc æquatio 
componitur ex tribus x Al, x AK, x — AL in 


Bb 3 ſe 


Fig. 1. : 


—— — AB... 


ee Pu. Factum igitur ex ordinatis PM, Pm, P ad 


Fig- 4 


invariabili, 


timus — terminus, in hoc caſu, erit fx*—gx* + 


| Pm R Pu, ſit equalis ultimo termino fo? = gx* + bu, 
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fe mutuo duQis z eftque * 2 _ + = —== 


t— AIXx—AKR xx— 4 AC = PER AI x AP=AK 
„AF = AL IP x KP x LP == x PM x Pm 


punctum P & curvam terminatis eſt ad fatum ex ſeg- 
mentis IP, KP, LP, rectæ AP, eodem puncto & cur- 
ya terminatis in ratione invariabili coefficientis F ad 
unitatem, Simili ratione demonſtratur, dato angula 
APM, fi rectæ AP, PM, lineam geometricam cujuſ: 
vis ordinis ſecent in tot punctis quot ipſa eſt dimenſio- 
pum, fore ſemper factum ex ſegmentis prioris'ad pun- 
tum P & curvam terminatis ad factum ex ſegmentie 

ſterioris eodem puncto & curva terminatis in ratione 


86. In articulo præcedente ſuppoſuimus, cum New- 
tono, rectam AP lineam tertii ordinis ſecare in tribus 
punctis I, K, L; verum ut theorema egregium red- 
datur generalius, ſupponamus abſciſſam AP in unico 
tantum puncto curvam ſecare; ſitque id punctum A. 
Quoniam igitur evaneſcente 5 evaneſcat quoque x, ul- 


3 . 
= x * ox 7 "+= SNK 7 * 7 A 
0 ſumatur Aa verſus P c qualis ==, & ad pundtum 4 


erigatur perpendicularis ab = LE, =f x 


— 


AP x 45 + ab = f x AP YH bÞ?; _ cum PM x 


ut 
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ut in articulo præcedente; erit PM x Pm v Pu ad 
AP x .in ratione conſtante coefficientis F ad unita- 
tem. Valor autem rectæ perpendicularis ab eſt ſemper 
realis quoties recta AP curvam in unico puncto ſecat; 
in hot enim eaſu radices æquationis quadraticæ fx*—gx 
＋ſunt neceſſario imaginariz, adeoque 45% major 
quam gg, & quantitas V 4/h—gg realis. Cum igitur 
rea quævis in unico puncto A ſecat lineam tertii or- 
dinis, eſt ſolidum ſub ordinatis PM, Pm, Pu ad ſoli- 
dum ſub abſciſſa AP & quadrato diftantiz punQi Pa 


puncto dato 5; in ratione conſtanti. JunQa Ab eſt ad 


Aa, five radius ad coſinum anguli AP, ut V 4fþ ad 


g, & Ab= V. Idem vero punctum 6 ſemper con- 


venit eidem 3 AP, qualiſcunque he an qui 
abſcifla & ordinata continetur. | | 


87. Sit it figura ſeQio conica, cujus æquatio generalis 


ſit Y —ax =b x y + cxx—dx Te o ut ſupra ; & 


Fig. 5 


ſi æquationis cxx — dx +e = © radices ſint imaginariz, 


rea AP ſectioni non occurtet. In hoc autem cafu 
quantitas 4ec ſemper ſuperat ipſam dd; unde cum ſit 
| 4 ——— . 


4 44 | 
exx —dx + e e renne ſumatur 


Aa = 2 K erigatur ab perpendicularis abſeiſſæ in a2 


ita ut ab . —) =c X aÞ*+ ab* =c x bÞP?, fit- 


que PM x Pm = cxx — dr e, erit PM x Pm ad 6P* 


ut cad unitatem. Itaque in ſectione quavis conica 


fi recta AP ſeRioni non occurrat, erit, dato angulo 
APM. reQangulum contentum ſub reQis ad puntum 
B conſiſtentibus & ad curvam terminatis ad quadra- 

B b 4 tum 
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tum diſtantiæ punQi P a puncto dato & in ratione con- 
ſtanti, quæ in circuloeſt ratio æqualitatis. Manifeſtum 
autem eſt eandem methodum adhiberi poſſe linea quarti 
ordinis quam abſciſſa ſecat in duobus tantum punctis, 
vel linete ordinis cujuſcunque quam abſciſſa ſecat in 
punctis binario paucioribus numero * i figur ordinem 
deſignat. 


$8. Hiſce præmiſſis, 8 ad linearum geo- 
metricarum proprietates minus obvias exponendas eo- 
dem fere ordine quo ſe nobis obtulerunt. Utebamur 
autem lemmate ſequenti ex fluxionum doctrina petito, 
quodque in tractatus de hiſce nuper editi Art. 717. 
demonſtravimus; harum tamen aliquas per algebram 
vulgarem demonſtrari poſſe poſtea obſervavimus. 


Lemma. Si quantitatibus x, y, x, u, &c, ſimul flu- 
entibus, ut & quantitatibus X, V, Z, V, &c. fit factum 
ex prioribys ad ſactum ex . in ratione con- 


ſaati quacunque, erit — + + =+z + &c. 


= x + 2 + * AF &c. Parvey brevitatis N 


tia, 3 appellamus fibi mutuo reciprocas, qua» 


rum in ſe mutuo ductarum factum eſt unitas, ſic —di- 


cimus reclprocam eſſe ipſius x, & = ipſius y. 


§9. Theor. I. 2 currat recta guævis per pun/tum 
datum ducta lines geometrice cujuſcunque ordinis in tot 
pundtis quot ipſa ei dimenſionum; rectæ figuram in his 
punctis contingentes abſcindant ab alia reed puſitione data 
per idem punctum datum ductd ſegmenta totidem hac 


, pundlo terminata; & horum ſegmentorum reciproca ean- 
5 dem 
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dem ſemper comficient ſummam, modo ſegmenta ad con- 
trarias partes pund7i dati Jo contrarits fignts affici- 


antur. 


Sit P . datum, PA & Pa colt Wy dug Fig. 6. 
ex P duQee quarum utraque curvam ſecat in tot punctis 
A, B, C, et a, 6, c, &c. quot ipſa eſt dimenſio- 
num. Abſcindant tangentes AK, BL, CM, &c. et 
at, bl, cm, &c. a recta EP per punctum datum P 
dua ſegmenta PK, PL, PM, &c. et Pi, Pl, 1 &c. 


dico fore FK + +57 + &c, = Fr T Fr 7 + 
55 — + &c. atque hane ſummam manere ſemper ean- 


— manente puncto P & recta PE poſitione data. 


Supponamus enim rectas ABC, abe motibus ſibi pa- 
rallelis deferri, ita ut earum occurſus P progrediatur in 
recta PE poſitione data; cumque fit ſemper AP x BP 
x CP x &c. ad aP x U x P in ratione conſtanti per 
Art. 5. repræſentet AP fluxionem ipſius AP, BÞ flu- 
xionem rectæ BP, & CP, EP, &c. fluxiones recta- 
rum CP, EP, &c. ne ut vitetur inutilis ſym- 


bolorum 8 eritque (per Art. 8. ) 2 Is 


4 Ss ke. 225 1 F T &c. Verum cum 


an en = > J 


i AP motu abi ſemper parallelo deferatur, notiſſi- 


mum eſt AP fluxionem rectæ AP efle ad EP fluxio- 
nem rectæ EP ut AP ad ſubtangentem PK, adeoque 


AP BP oO, EP CP _ EP of 
Ap ©" BE OO FEY OP ©" 
_ EP 2⁵⁵ ww 3 rp EP Eb 
. 75 38 P/ P & ch = Pm? unde PK PK + PI. PL 


+ 


Fig. 7. 
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W EF — 85 
n Er + ke. 
Hzc ita fe habent quoties puncta K, L, M, &c. et 
4, l. n, &c. ſunt omnia ad eafdem partes puncti P, 


adeoque fluxiones rectarum AP, BP, CP, &c. aP, BP, 
P, &c. omnes ejuſdem figni. Si vero, ceteris ma- 


nentibus, r quævis Met n cadant ad contrarias 
partes pu 


P, tum creſcentibus reliquis ordinatis Ap, 
BP, &c. neceſſario minuuntur ordinate CP & cp, 
earumque fluxiones pro ſubdititiis ſeu negativis habendz 


ſunt; 1 caſu p + Fr — Nr - Ke. = 


Fr F 5 7 E- &c. & generaliter i in ſummis hiſce 


need, termini iiſdem- vel contrariis ſignis affici- 
endi ſunt, prout ſegments cadurit ad caſder "0 ad 
contrarias partes punRi dati P. 


8 10. Si * PE occurrat ä in tot punti D, 
E, I, &c. quot ipſa eſt dimenſionum, ſumma .- Fg $ 


N + PRI + &c. quam conſtantem ſeu invariatam 


8447 * æqualis erit ſummæ ſeu aggregato 


| I + — _ + _ + &c, i. e. ſummæ reciprocarum 


ſegmentis rectæ PE poſitione datæ puncto dato P 
& curva terminatis; in qua, ſi ſegmentum quodvis ſit 


ad alteras partes puncti P, hujus reciproca' fubducenda 


eſt. 


I 11. 


% 
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§ 11. Si figura fit ſeQio conica, cui recta PE nul- Fig, 8, 
libi occurrat, inveniatur punctum 5 ut in Art. 7. jun- 
gatur Pb, hyic ducatur ad rectos angulos id rectam 
8 ; I 1 3 
PE ſecans in 4, eritque p + PI = 5 Eft enim 
PA * PB ad Pi in ratione conſtanti, adeoque (per 
BF 222 
Ane. 0 A7 + BÞ © 5 
ad EÞ ut AP ad PK, Nan * ad PL, & IP 


=» unde {quoniam AP eſt 


$ 12. Similiter 6 1 EP occurrat linez tertii or- Fig. . 
dinis in unico puncto D, inveniatur punctum 5 ut in 
Art, 6, rea hd perpendicularis in junctam Y occurrat 
rect E in d, & quoniam AP x BP x ys eſt 5 


DP x Min ratione conſtanti ar erit = PR + F 
4 R= = 5 + = Si autem Ph —— 0 


in begun EP. eraneſcet b 


9 13. Aſymptoti linearum geometricarum ex data Fig. 10, 
plaga crurum infinitorum per hanc propoſitionem de- 
terminantur; ez enim conſiderari poſſunt tanquam tan- 
gentes eruris in infinitum producti, Recta PA aſyme 
ptoto parallela curve occurrat in punctis A, B, &c. rea 
autem PE curvam ſecet in D, E, I, &c. ſumatur in hac 


recta Mi ita ut p57 ſit æqualis exceſſui quo ſumma | 


| 15 + — — + Pf &c. ſuperat ſummam of PE + 


FO + &c, & aſymptotos tranſibit per M, fi vera | 
: Kauales 


Fig. 11. 


— 
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æquales ſint hz ſummæ, crus curvæ n, cri, . 


aſymptoto abeunte in infinitum. 


$ 14. Ad curvaturam linearum geometricarum unico 
theoremate generali definiendam, fit'CDR circulus cui 
occurrant rea PR in D & R, & recta PC in C & N; 
ſecet tangens CM rectam PD in M, atque manente 


recta DR, ſupponamus rectam PCN deferri motu ſibi 


ſemper parallelo donec coincidant . D, C, & 


quæratur ultimus valor differentiæ 5— 1 57 — 55 In recta 


PN ſumatur punctum quodvis q, occurrat qv parallela 


tangenti CM rectæ DR in v; ducatur DQ parallela 


ipſi PN, & QV (parallela rectæ cireulum —_— 


| M 
PMB 


in D) ſecet DR in V. Erit itaque Yi — _ 
CM*x«PM- 


quoniam DMxMR SCN) PM*xPDxMR 
9 Xx PM 


= Po x MR x PM + PY x MR x MD (cum MR 

x MD, ſeu CM", fit ad PM“ ut v ad po-) = 
gv* x PM 1 gu? | 
Po* x MR x PM + gv* SPM © Pa: XMR - + — X IM 
Cujus ultimus valor, evaneſcente PM & coincidentibus 


2 
qu & Po cum QV & DV, eſt R AN idem 


| eſt valor chimes differentiæ Me — — fi D & C ſint 


Fig. 12. 


Pl FD 
in arcu linez cujuſvis ejuſdem curvature cum  circulo 


CDR. 


§ 15. Theor. II. Ex puncto quovis D lines geome- 
trice ducantur duæ quavis refie DE, DA, quarum 
utraque cam ſecet in tot pundtis D, I, E, &c. & D, A, 


B, .. * ipſa eft dimenſionum; abſcindant tangents. 


AK, 


yy ©, Þ» 
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AK, BL, &e. @ refta DE ſeqmenta DK, DI., Us. 
Occurrat recta quævis, QM tangenti DT parallela ipis 
DA & DE i & V. fitque QV* OT ut-m ad 


1; ſumatur in DE refia * ita ut =—— PR Dir oouad fe 

I 
uceſſui ſummæ DE ＋ r 15 &c. ſupra ſummam x DE 
+ — + &c. & circulus ſupra chordam DR de- 


prides rectam DT contingens erit circulus ofculatorius, 
foe ejuſdem curvature cum linea _—_— propoſita, ad 
punctum D 

o r in Art. 10. (Fig. 6.) * 


ſummam 5 Pk + = — Tot NT + Ke. = 5 BF + Fx 
+ IT 1 + &c. & in Art. ET” invenimus mw 


rem NOTRE differentias By . — 


punctis P, D & c, eſſe Br 5 R ſi * 


ejuſdein curvaturz cum linea geometrica ad punctum D 
tectæ = occurrat in R. Unde ſequitur fore 5 = 


N 
1 


3 
DE t Pr 
procam 5 1 DR eſſe æqualem exceſſuĩ quo Hoi | 


- + & c. — — &c. wo reci- 


ma reciprocarum ſegmentis puncto D. & curva termi- 
natis ſuperat ſummam reciprocarum ſegmentis eodem 
puncto & tangentibus AK, BL, &c. terminatis. Quo- 
ties autem exceſſus hic evadit negativus, chorda DR 
ſumenda eſt ad alteras partes puncti D, ſemperque ad- 
hibenda eſt regula ſuperius deſcripta pro ſignis termino- 
rum dignofcendis, Si recta DA bilecet angulum EDT 

recta 


F cvincidentibus 44 
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recta DE & tangente DT contentum, theorema fit 


paulo ſimplicius. Hoc enim * caſu Spy, ne, 


Fig. 13. 


_—_— exceſlui quo = + P + & c. fupes 


BR + p + Ke. 


§ 16. Ex eodem principio conſequitur theorema ge- 
nerale quo determinatur variatio curvature vel menfurz 
anguli contactus curva & circulo ofculatorio contenti, 
in linea quavis geometrica ; præmittenda tamen eſt ex- 
plicatio brevis variationis curvature, cum hc non ſatis 


dilucide apud auctores deſcripta ſit. Linea quævis curva 


a tangente flectitur per curvaturam ſuam, cujus eadem 
eſt menſura ac anguli contactus curva & tangente con- 
tenti; & ſimiliter curva a circulo oſculatorio infleQitur 
per variationem curvaturæ ſuæ, cujus variationis eadem 
eſt menſura ac anguli contaQtus curva & circulo oſculato- 
rio comprehenſi. Occurrat recta TE tangenti DT per- 
pendicularis curvz in E & circulo oſculatorio in 7, & 


variatio curvaturæ erit ultimo ut Er ſubtenſa anguli 


contactus ED ſi detur DT ; cumque dato angulo con- 
tactus EDr fit Er ultimo ut DT?, ut ex Art. 369. 
tractatus de fluxionibus colligitur, generaliter curvatura 


1 Er R : 
variatio erit ultimo ut =. Utimur circulo ad cur- 


vaturam aliarum figurarum definiendam; verum ad va- 


riationem curvatutæ menſurandam, que in circulo nulla 
eſt, adhibenda eſt parabola vel ſectio aliqua conica. 
Quemadmodum autem ex circulis numero indefinitis 


qui curvam datam in puncto dato contingere poſſunt, 


unicus dicitur oſculatorius qui curvam adeo intime tan- 


git ut nullus alius circulis inter hune & curvam duei 


poſſit; ſimiliter omnium parabolarum quæ eandem ha» 


* curvaturam cum linea propoſita ad puntum 1 
(ſunt 
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(ſunt autem hz quoque numero infinitz) ea eandem 
ſimul habet curvaturæ variationem, quz, non ſolum 
arcum curve tangit & oſculat, ſed adeo premit ut nullus 
alius arcus parabolicus duci poſſit inter eas, reliquis om- 
nibus arcubus parabolicis tranſeuntibus vel extra vel in- 
tra utraſque. Qua vero ratione hæc parabola determi- 
nari poſſit, ex iis quæ alibi fuſius explicavimus facile 
intelligitur. | | 


Sit DE areus curve, DT tangens, TEK recta tan- 
genti perpendicularis, ſitque rectangulum ET x TK 
ſemper æquale quadrato tangentis DT, & curva SKF 
locus puncti K, qui rectæ DS curve normali occurrat 
in 8, quemque tangat in S reQa SV tangentem TD ſe- 
cans in V. Recta DSerit diameter circuli oſculatorii, 
& biſecta DS in / erit / eentrum curvature ; junta 
autem V/ ſi angulus SDN conftituatur æqualis angulo 
W ex altera parte rectæ DS, & recta DN circulo 
oſculatorio occurrat in N; tum parabola diametro & 
parametro DN deſcripta, quæque rectam DT contin- 
git in D, ipſa erit cujus contactus cum linea propofita - 
in D intimus erit atque maxime perfectus ſeu proximus. 
Omnes autem parabolz alia quavis chorda circuli oſeu- 
latorii tanquam diametro & parametro deſcriptæ, & 
rectam DT contingentes in D, eandem habent curva- 
turam cum linea propoſita in puncto D. Qualitas cur- 
vaturæ a Netutono in opere poſthumo nuper edito expli- 
cata eſt potius variatio radii curvature ; eſt enim ut flu- 
x10 radii curvature applicata ad fluxionem curvæ, vel (ſi 
R denotet radium circuli ofgulatorii & 8 arcum curvæ 


ut = Ipfa autem curvatura eſt inverſe ut radius R, 85 


& varintio currature ut Nz ' que el menſurs an 
1 guli 
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guli contactus curvã & circulo oſculatorio eontenti. 


| Pig. 14. 


c. 


Harum autem una ex altera datà facile derivatur. Va- 
riatio radii curvaturz in curva quavis DE eſt ut tan- 
gens anguli DVS vel DV/ & in parabola quavis eſt 
ſemper ut tangens anguli contenti diametro per pun- 
um contactus tranſeunte & rectã ad curvam perpendi- 
culari. Hæc ex theoremate ſequenti generali deduci 


poſſunt. 


$ 17. Theor. III. Sit D puncfum in linea quavis 
geometrica datum, occurrat DS diameter circuli oſcula- 
torii per D ducta curve in tot punttis D, A, B, &c, 
quot ipſa eſt dimenſionum ; ducatur DT curvam 2 
gens in D, que curvam ſecet in bundtis I, c. binario 
paucioribus, & occurrat tangentibus AK, BI., Wc, in 
K, L, &c. eritque variatio curvature, fooe menſura an- 


ęuli contactus curva & circulo oſculatorio comprehenſi, di- 


redte ut exceſſus quo ſumma reciprocarum ſegmentis tan- 
gentis DT puncto contactus D & tangentibus AK, BL, 


&c. terminatis ſuperat ſummam reciprocarum . ſegmentis 
eodem puncto & curva W & inverſe ut radius 


: I 
curvature, 1. e. ut 5 PS * 


DR + u e 


Ducatur enim recta D4 curvam ſecans in e, ; &c. 


circulum oſculatorium in R; ſitque angulus DT quam 


minimus; hujus ſupplementum ad duos rectos biſecetur 
rea Dab, quæ linea geometricæ propoſitæ occurrat 
in punctis D, a, 5. &c. & ductæ tangentes ak, „, &. 
ſecent rectam D in W „ 1 bees TOR per pro- 
1 


DE DR © De 5 ) 
a” I 
7. b. Unde gy -r (e S K) = Fr 


poſitionem præcedentem 


n_ - 


men generalibus. A | 387 


| — . Iy — — &c. yy ene tecdis 
De & DE; ſeu evaneſcente” angulo DR, erit ultimo 


Re © 1 ' 
PA =qualis gr = BR Fr eb; Sit er T 


perpendicularis tangenti in T, atque occutrat eirculo 
oſculatorio-in 13 . Ul re ultimo ad Re ut T ad 


Re N OR re x DS” 
De, erit ultimo R x De = DR 7 7 = DR x DT> 


ſive DR” d autem anguli contactus D. 


, I'S 


cuges & circulo oſculatorio * os varietio cur- 


1 


aufe, el, ut gr oo ee * 55 I- 'DE RD 
&e. 484 V 7" 7 ; 


818. Vatiatio autem Nad curvature, five — qua- 
litas a Newtono deſcripta, ex priori facillime coltigitur. 
Junctis enim SI, SK, SL, Ke. erit bæc variatio. radii 
oſculatorii utexceſusquoſu umma tangentium angulorum 
DKS, DLS, &c. ſuperat ſummam tangentium angu- 
lorum DIS, ec. Creſoit autem curvatura a puncto D 
verſus 6, & minuitur radius ofcylatorius, -quoties arcus 
1 . circulum oſculatorium DR interne, vel cum 


17 5 
DE + BL. &c. ſuperat Di + Ke. at contra minu 


itur curvatura a D, verſus | & iN, augetur radius cireuli 
oſculatorii, quoties arcus curvæ D- tangit areum circu- 
larem externe vel. tranſit intra, circulum & tangentem 
ieoghs cum DR ſit W minor quam De vel cum 


Pr. Pi ſuperat OE + BL * eo. EL; * 


$1 19 ; Sumatur _ in tangent: DT rect DV ita 


vt 5 = DR i FT + Kc. — Y * jungatur 


8 N 8 V. 


Fig. 15. 
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F V, conſtituatur angulus SDN æqualis D/ atque 
occurrat recta DN circulo oſeulatorio in N; & para- 
bola diametro DN deſcripta, cujus parameter eſt DN. 
quæque rectam DT contingit in D, eandem habebit 
variationem curvature cum linea geometrica propoſita 
in puncto D. Ex iiſdem priacipiis alia quoque theore- 
mata deducuntur, quibus variatio curvature. in lineis 
geometricis generaliter definitur. | 


* 20. Ut hc theoremata ad formam magis geome - 
tricam reducantur, lemmata quædam ſunt piæmittenda, 
quibus doctrina de diviſione rectatum harmonics. am- 
plior & generalior reddatur. In recta quavis DI, ſum- 
ptis æqualibus ſegmentis DF & FG, ducantur a puncto 
quovis V quod non eſt in rea DI tres rectæ VD, VF, 
VG, & quarta VL ipſi DI parallela, atque he qua- 
tuor rectæ, a Cl. D. De la Hire, Harmonicales dicun- 
tur. Recta vero quævis, quæ quatuor harmonicali- 
bus occurrit ab 'fiſdem harmonice ſecatur. Occurrat 
recta DC harmonicalibus VD, VF, VG, & VL in 
punctis D, A, B, C; eritque DA ad DC ut AB ad BC. 
Ducatur enim per punctum A recta MAN ipſi DI pa- 
rallela, quæ oecurrat rectis VD & VG in M & N; & 
ob æquales DF & FG, æquales erunt MA & AN: 


| Eft autem DA ad DC ut AM (five; AN) ad VC, 


adeoque ut AB ad BC. Manifeſtum eſt rectam, qua 
uni harmonicalium parallela eſt, dividi in æqualia ſeg- 


menta a tribus reliquis. Occurrat recta BH parallela 


ipſi VF reliquis VG, VC, VD in B, K, & H; erit- 
que VK ad KB ut FG (vel DF) ad VF adeoque ut 
VE ad KH, & proinde BK=KH. 


$ 2x, Hinc ſequitur, fi recta quævis a quatuor-reQis 
ab eodem puncto ductis ſecetur harmonice, aliam N 
- | Ek 
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vis rectam quæ bis quatuor reRis occurrit harmonice 
ſecari ab iiſdem eam veto quæ parallela eſt uni quatuor 
rectarum in ſegmenta æqualia dividi a tribus reliquis. 

Sit DA ad DC ut AB 44 BC, _—_— VA, VB, 
VC, & VD; occutrant recæ MAN, BFG iph VC 
parallelæ rectis VD, VA, & VB in M, A, N& D. 
F, G; eritque MA ad VC ut DA ad DC, vet AB ad 
BC, adeoque ut AN ad VC; MA, = AN, & DF 
= FG; &, per prixcedentem, e quævis quæ ipſis 
VD, VA, VB, VC occurrit harmonice ſecabitur ad 

iiſdem. | 


8 22. Ex puncto D duc antur duæ rectæ Dc, Dac Fig. 15. 
rectas VA & VC ſecantes in pun&tis A, C atque a, e; u. 1. 


junAz Ac & & ſibi mutuo occurrant in Q, & ducta 
VQ. harmanice ſecabit reftam DAC vel aliam quam- 
vis rectam ex puncto D ad eaſdem rectas ductam. Secet 
enim VQrectam AC in B, & per punctum Qducatur 
recta MN parallela ipſi DC, quæ occurrat rectis 
Da, VA & VC in punctis M, R, & N; cumque ſit 
MR ad MY. ut DA ad DC, & Mc ad MN in eadem 
ratione, erit quoque RQ ad QN ut, DA ad DC. Sed 


RQ eft ad.QN ut AB ad BC. Quare DA eſt ad DC 
ut AB ad BC. Hæc eſt Prop. 20ma, Lib. I. ſectionum 


Conioargan Cl, De la Hire. 


C 23. Sit DA ad DC ut AB ad Be, cn 


| zqualis ſummæ vel differentiæ ipſarum r & _ 


prout puncta A & C ſunt ad eaſdem vel contrarias partes 
puncti D. Sint imprimis puncta A & C ad eaſdem partes 
puncti D, puncti D, cumque fit DAx BC=DCx AB, i. e. DA x 
50 DE = DC x DB-DF, vl DA BH NN 


=DC x BA Pb erit 2DA x DC = DA «x DB + 
Cc2 | DC 


n. 2 & 3. 
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DC x DB, adeoque 555 = 5 T + _ Sint nunc 
puncta A & C ad contrarias partes puncti D, eritque 
vel DA x BBU = DC x DB + . vel DA x 


DB 1 DC= DC X DB — — DA, —_— DB = => 
P cum n B & C ſunt ad 0 partes * 
D, vel DFE => = — —— quoties puncta A & B ſunt 


ad bo rey partes puncti D. Si igitur, datis puncto D 
& rectis VF & VC poſitione, ducatur ex puncto D 
recta quævis illis occurrens in punctis 10 & C, & in 


1 
eadem recta ſumatur ſemper DB ita ut 5F DF 5 


= — „ ubi ſupponitur terminos N & —= iiſdem 


Di * 
vel contrariis ſignis afficiendos eſſe prout puncta A& C 
ſunt ad eaſdem vel contrarias partes puncti D, erit lo- 
cus puncti B ipſa harmonicalis VG quæ rectam DFG 


rectæ VC parallelam ſecat in G ita FG = DF; quæ- 


que tranſit per punctum Q ubi ducta Dac que iiſ- 


dem rectis VF & VC occurrat in à et c) junctæ Ac 


Fig. 17. 


et aC le mutuo decuſſant. 


I 24. 3 in = DA e ſemper. Db ita ut 
1 


57 = = 55; i 5 — ; ducatur DF parallela rectæ VC 
quæ rectæ VF occurrat in F, & DH parallela rectæ VF 
quæ rectæ VC occurrat in H, & ducta OY HF 


PB & 
DB = 2Db; adeoque cum VG fit locus 3 B erit 
punctum b ad rectam HF 1 ſi puncta A & C ſint ad 
eaſdem 


erit locus puncti 53; nam ex hypotheſi -5- 
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eaſdem partes puncti D. 8 autem n 57. 


1 
5K | 
nando puncto 6, fi ſubſtituatur loco rectæ VC alia vc 
rectæ VC parallela ad zqualem diſtantiam a puncto D 
ſed ad contrarias partes. 


+ —— 5 eadem conſtructio inſerviet pro determi- 


$ 25. Ex puncto dato D ducatur recta quævis DM 
quæ tribus rectis poſitione datis occurrat ” punctis A, 


I 
C, £3 & ſumatur ſemper DM ita ut —— pr HF T 


5 _ 3 — Fr (ubi terminĩ ſunt contrariis ſignis afficiendi 
quoties rectæ DA, DC 255 DE 3 ad contrarias partes 

I : k 
Da T PN 5⁰ r eritque L 
ad rectam poſitione 3 = præcedentem; adeoque, 


puncti D); ſupponatur — 


1 I 3 
cum ſit PI IL + Br: erit punctum M ad po- 


ſitione datam, per eandem. Compoſitio autem proble- 
matis facile ex dictis perficitur. Sint VA, VC & vE 
tres rectæ poſitione datæ, & compleatur parallelogram- 
mum DFVH, ducendo DF & DH rectis VC & VF 
reſpective parallelas, & occurrat recta vE diagonali in 
v; deinde compleatur parallelogrammum Dfvh ducen- 
do rectas Df & Dh rectis vE & HF parallelas quæ 
rectis HE & vE occurrant in punctis F & V; & diago- 
nalis Merit locus puncti M. Occurrat enim recta DA 
rectis HF & M in L & M; eritque, ex præcedentibus, 
I 111 I I 
DM © DL 7 DE PA PH DE 
ſtructio ex Art. 22, deducitur. 


Alia con- 


Cc 3 926. 
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$ 26. Recta quzvis ex puncto dato D ducta occurrat 
rectis poſmtione datis in _— A, * C. E, wa: et in 
hac rea ſumatur ſemper 177 = = = 25 —* + 
F Pe Ke. eriique locus punAi N . ad rectam 


poſitione datam. Demonſtratur ad modum ptæce 
dentis. 


Fig. 18. 827. Theor. IV. Circa datum punctum P revolvalur 
rectda PD que cccurrat linem geometric e or- 
dinis in tot punts D, E, I, &c. quot ipſa Faw 
* & you in _ recta ſumatur ſemper PM ita ut 


Fi = F T T7 7 T N Sc. ſubi figna terming= 


rum regulam {apin deſcriptam W abi. ) 
erit locus puncti M linea recta. 


Ducatur enim ex polo P recta quævis poſitione data 
Pa, que curve oceurtat in tot punctis A, B, C, &c. 
quot ipſa eſt dimenſionum. Ducantur redæ AK, BL, 
CN curvam in his puntis contingentes, quæ occurrant - 
reaz PN in totidem punctis K, L, N, &c. et per 


1 3 


Art. 10 = * r &c. = => r F 
, 

1 | I : 3 888 
5 7 &c., Unde PII æqualis eſt huic ſummæ, cum- 


que poſitione detur recta PA, & maneant rectæ AK, 
BL, CN, &c. dum redta PD circa polum P revolvi- 
tur, erit pundtum M ad lineam rectam, per articulum 
præcedentem; quz per ſuperius oftenſa ex datis tan- 
gentibus AK, BL, &c. determinari poteſt. 


$ 28. Sicut recta Pm medium eſt harmonicum inter 

2 1 I 
duas rectas PD & PE, cum . f + N 3 ſi- 
militer 


10 ates 2 3 
— L—1. ——— 
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militer P dicatur medium harmonicum inter rectas 
quaſlibet PD, PE, PI, &c. quarum numerus eſt x, 

3 I I | 
cum =_ =D F FF TT T &c. Et ſi ex puncto 
dato P recta quævis ducta lineam geometricam ſecet in 
tot punctis quot ipfa eſt dimenſionum, in qua ſumatur 
ſemper Pm medium harmonicum inter ſegmenta omnia 
ductæ ad punctum datum P & curvam e erit 

n 
IT Pr 
adeoque Pm ad PM ut z ad unitatem ; cumque pundtum 
M fit ad rectam lineam, per præcedentem, erit m quo- 
que ad rectam lineam. Atque hoc eſt theorem 2 1 
vel eidem affine. 


punctum m ad rectam lineam. Erit enim 5— 


I 29. Sint a, b, e, d, &c. radices #quationis ordinis 
n, V ultimus ejus terminus quem ordinata ſeu radix y 
non ingreditur, P coefficiens termini penultimi, M me- 
dium harmonicum inter omnes radices, ſeu 11 = — 
+ - + = + — + &c, Cum igitur fit V factum ex 


redicibus omnibus 6, B, c, &c. in ſe mutuo duQis, fit- 
que P ſumma factorum cum radices omnes una dempta 


j : V V 
in ſe mutuo ducuntur, erit P = 7 r = 7 


+ &c. = , adeoque M = F. Sic, ſi æquatio 
ſit e cujus radices duæ ſint à et 6, erit - 
M = 75 (lakes æquatione generali ſectionum | 


Zora 2dx + 2e 7 


conicarum g's 1. propoſitd) = 21 7 


æquatione cubica cujus tres 3 ſunt a, 6, e, erit 


M = 5 — — TT (fi aſſumatur æquatio ge- 
2 4 neralis 


Fig. 19. 


— = _ == = &c. adeoque — 
r e 


* 
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generalis linearum tertit ordinis ibidem FRE = 
| 22 — 38 * + 3 — 2 
cxx — dx e 


p 


$ 30. Occurrant rectæ quævuis due Pm & Pu, ex 
puncto P dutz, lineæ geometricz in punctis D, E, I, 
&c. et 4, e, i, &c. ſitque Pm medium harmonicum 
inter ſegmenta prioris ad punctum P & curvam termi- 
nata, & Py medium harmonicum inter ſegmenta ſimilia 
poſterioris rectæ; juncta ym occurrat abſciſſæ AP in H, 


eritque 45 — vel PH ad Pm ut P ad ＋ | Secet 


enim abſciſſa curvam in tot punRis B, C, F, &c. quot 
ipſa eſt dimenſionum; cumque ultimus terminus #qua- 
tionis (i. e. V) fit ad BP CPX FP x &c. in ratione 
conſtant, ut ſupra (Art. 5.) oſtendimus, erit (per Art. 8. 


V * K* 


> 
— 


2 V V . 
DF 7 155 = &c.= JF» 1 2 1 
5 g 
recta RM == = Pm X Px In ſectionibus cont- 


* 


cis eſt PH ad Pm ut ax - 5 ad 2cx - A4; & in Uneis 


tertii ordinis ut cæx d& + e ad 3 fax — 27x + h. 


$ 31. Si deſideretur propoſitionis præcedentis demon- 


ſtratio ex principiis pure algebraicis petita, ea ope ſe- 


quentis Lemmatis perfici poterit. Sit abſciſſa AP S x, 
ordinata PD =y, ultimus terminus æquationis lineam 


geometricam definientis V = Ax" + Wo. * Cx 
+ &c. penultimi coefficiens P = A + I 
ca 3 þ Ke. et fit Q quantitas quæ formatur du- 


| ks terminum quemque quantitatis V in indicem ip- 


ſius 
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ſius x in hoc termino & dividendo per x, i. e. ſit 
As '+ ama Ber 5 


+ &c. (que ipſa eſt quantitas quam = > dicimus): Da- 


catur ordinata Dp quaapgulum e datum ApD 
cum abſciſſa conſtituat, ſintque rectæ PD, pD et Pp ut 
date I, r et 4; dicatur D u, Ap 2, & tranſmu- 
tetur æquatio propoſita ad ordinatam « & abſciſſam zx; & 
æquationis novæ, cum fit z = AP, terminus ultimus 
verit æqualis ipſi V, penultimi autem coefficiens p erit 
æqualis = — A e b 
Cum enim fe PD (Dy) ad PD (Su) ut! ad r, eit 


— by autem Pp ad pD ( ) 1 40 r, erit 
Pp = , & Af = A * PPA E. His 


autem valpibus pro y et x ſubſtitutis in æquatione pro- 
poſita linez geometricz, prodibit zquatio relationem 
co-ordinatarum z et definiens. Ad hujus ultimum 
terminum v & penultimum pz determinandum, ſufficit 
hos valores ſubſtituere in ultimo V, & penultimo Py, 
æquationis propoſitæ, atque terminos reſultantes colli- 
gere in quibus ordinata # vel non reperitur, vel unius 
tantum dimenſionis; horum enim ſumma dat pu, il- 


lorum v. Subſtituatur pro x ipſius valor z = in 


quantitate V vel Az” + BY" + C + Kc. et 


1 „ 1A A 1 
termini reſultantes Az* += B2—.— + Bz + 


&c. ſoli ad rem faciung de qua nunc agitur. Sub- 
ſtituatur deinde pro x idem valor, & pro y iphus 
valor 
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valor = in quantitate Py = = a+ = *. a 
+ &c. X 2 & termini reſultantes ſoli : 
9 OT * + bg FI 2 31 &c. Xx = ſunt nobis x re- 


tinendi. Supponatur nune 2 = #, & ſumma priorum 
ſit æqualis v4 = „ & poſteriorum ſumma = =, 


Unde manifeſtum _ ultimum terminum =quativni 


novev=V, 1 X 1. 


$ 32. Sit nune P medium harmonicum inter ſeg- 
menta PD, PE, PI, &c. et Pi medium harmonicum 
inter ſegmenta Pa, Pe, Pi, &c. ut in Art. 30. junta 
um ſecet abſciſſam in k H; & ſupponamus Py ordinatæ 
D paralletam eſſe. Ducatur us abſciſſæ parallela, que 
rectæ Pm occurrat in 3; eritque Ps ad Pu ut PD ad 
2D vel ut! ad r, et ys ad Py ut & ad r. Cumqu ſit 


Pe = - ( per Articulum precedentem) ; erit 


4 


| V nu 1 5 


. Eſt autem ms ad u ut Pm ad PH, i. e. 
P x P/[EQ& | 


_ 3 Pm ad PH adeoque Q. 


P x P DESI 4 N 


ad P ut Pm ad PH, vel PH = Pm o Wel =. Cum 


igitur valor rectæ PH non pendeat a quantitatibus /, k 
et 7; ſed, his mutatis, fit ſemper idem, erit punctum 
„ ad rectam poſitione datam, ut in Theor. 4. aliter 
oſtendimus. Quin & valor rectæ PH is eſt quem in 


Art. 29. alia methodo definivimus; & recta Hm om- 
| | 4 ne 
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nes rectas ex P ductas ſecat harmonice, ſecundum de- 


finitionem ſectionis harmonicæ in Art. 28. generaliter 
propoſitam. 


FI FIETEIF EI IE I EEE I IECEEM 
SECTIO II. 


De Lineis fecundi ordints, five ſectionibus 
conicis. 


8 33. Xi iis quæ generaliter de lineis geometricis 

in ſectione prima demonſtrata ſunt, ſponte 
fluunt proprietates linearum ſecundi, tertii, & ſuperi- 
orum ordinum. Quæ ad ſectiones conicas ſpectant 
optime derivantur ex proprietatibus cireuli, quæ figura 
baſis eſt coni. Verum ut uſus theorematum præce- 
dentium clarius pateat, & figurarum analogia illuſtre- 


tur, operæ pretium erit harum quoque affectiones ex 


præmiſſis deducere. Doctrina autem conica de dia- 
metris, earumque ordinatis (quibus parallelæ ſunt rectæ 
ſectionem contingentes ad vertices diametri) & de pa- 
rallelarum ſegmentis quæ rectis quibuſcunque occur- 


runt, & aſymptotis, tota facillime fluit ex iis quæ 


Art. 4. & 5. oſtenſa ſunt. 


{ 34. Rede AB & FG ſectione conicæ inſcriptæ 
occurrant ſibi mutuo in puncto P; ductæ AK, BL, 
FM, GN ſectionem contingentes occurrant rectæ PE, 


Fig. 20. 


per p duQz in punctis 1 L, M, N; eritque ſemper | 


b I I 
— = — x — — — . ny 
FE T TT = PN 7 FR 4 7 PE - curve occur- 


tem 


Fig. 21. 
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tem quz ſunt ad eaſdem partes puncti Peadem præpo- 
nuntur ſigna; iiſque quæ ſunt ad oppoſitas partes 
puncti P ſigna præponuntur contraria. Hine fi biſe- 


dcetur DE in P. & ex puncto P ducatur recta quævis 


ſectionem ſecans in punctis A et B, unde ducantur re- 
az AK ct BL curvam contingentis quæ. rectam DE 
ſecent in K et L; erit ſemper PK = PL. Quod ſi 
DE ſectioni non occurrat, ſitque P punctum ubi di- 
ameter quæ biſecat rectas ipſi DE parallelas eidem 


occurrit; erit in hoc quoque caſu PK = PI, 


$ 35. Concurrant rectæ AB et FG ſectioni conicæ 


incriptæ in punto P; ducantut rectæ ſectionem con- 


tingentes in punctis A et F quæ ſibi mutuo occurrant 


in K, & junQa PK tranſibit per occurſum rectarum 


quæ ſectionem contingunt in punctis B et G. Si enim 
recta PK non tranſeat per occurſum rectarum ſectio- 
nem * in B et G, huic occurrat in N illi in 
| I 
cumque —= == er præce - 
L; cumque I per p 


dentem, erit PL PN; & coincidunt puncta Let 
N « contra hypotheſin. 


S 36. Eadem ratione patet rectas AG et BF ſibi 
mutuo occurrere in puncto rectæ LK; adeoque 


_ punaa P, R, , L eſſe in eadem recta linea. Hine 


datis tribus punctis contactus A, B, et F, cum duabus 
tangentibus AK et FK, ſectio conica facile deſcribitur. 
Revolvatur enim recta KP circa tangentium occur- 
ſum K ut polum, quæ occurrat rectis AB et FB in 
punctis P et 4; & junctæ Am, FP occurſo ſuo G 
Eſcribent ſectionem conicam qu tranſibit per tria 


punQa data A, B, F & continget rectas AK et FK in 


A et F. 
$ 37. 
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$ 37. Cæteris manentibus, occurrant rectæ AF et BG Fig. 24. 
ſibi mutuo in puncto p, tangentes AK et BL in R, 
atque tangentes FK et GL in Q; & puncta R, , Q 
et p erunt in eadem recta linea; fimiliter oceurrant 
tangentes AK et GQin m; tangentes BR et FK in u; 
& puncta P; m, u, p erunt in eadem recta linea, De- 
monſtratur ad modum Art. 35. 


$ 38. Hinc datis quatuor punctis ieee B, F. 

G cum unica tangente AK, occurſus rectarum AB et 

FG, AF et BG, atque AG et BF, dabunt puncta P, 

p, et ; junctæ autem Pp, Px, et pr ſecabunt tan- 

gentem datam AK in tribus punctis m, K et R unde 

ductæ m, KF, RB ſectionem conicam Nec N 
in punctis datis G, F et B. | 


$ 39. Datis quatuor tangentibus RE, Ka, QL, LR 

et unico puncto contactus A, occurſus tangentium RE 

et LQ, LR et QM dabunt puncta m et u. Jungantur 

LK et am; & occurſus rectarum I. K et RQ, LK et 

um, RQ et xm, dabunt puncta x, P et p; junctæ vero 

PA, A et pA ſecabunt tangentes RL, Oe et pt in 
punctis contactus B, G et F. | 


§ 40. Datis Jain punAis contaQus A, B, F, G. 
et f, junctæ GF et & rectæ AB occurrant in punctis 
Pet X; junctæ AF et Af occurrant redtæ BG in p 
et x; & junctæ Pp, Xx occurſu. ſuo dabunt punctum 
m; unde dudtæ mA et m ſectionem conicam tangent 
in A et G; & ſimiliter determĩinantur rectæ quæ cur- 
vam contingent in punctis -reliquis B, F et F. 


$ 41. Dentur quinque rectæ ſectionem conicam con- 
tingentes, VK, K Q, QL, Lu, et uV; occurſus tangen- 
tium VK et LQ dabit punctum m]; occurſus tangentium 


KQ 
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KQ et Lu dabit punctum =; jungantur mn, LK, VL 
et mu; rea LK: ſecabit rectam m in P; & recta I. V 
ſecabit ipſam mu in X; juncta autem PX ſecabit tan- 


gentes VE et AL in punctis contactus A et B. Similiter 


Fig. 25. 


F ige 26. 


Fig. 27. 
n. 1. 


n. 2. 


reliqua puncta contactus determinantur. 


$ 42. Datis tribus tangentibus AK, BK, et M, cum 
duobus punctis contactus A et B, facillime determinatur 
tertium, per Art. 35. Occurrat enim tangens RL re: 
liquis tangentibus in R et L, atque junctæ AL et BR, 
fe mutuo decuſſent in , juncta K ſeeabit tangentem 
RL in tertio puncto contactus F; & ſectio conica de- 
ſcribi poteſt ut in Art. 36. 


943. Dentur quatuor tangentes K Q. QL, LR, et 


RK cum unico puncto D ſeRionis conicz quod non ſit 


in aliqua quatuor tangentium. Inveniantur puncta P, 
p et ut in Art. 39. Jungantur PD, pD, et D; & 
ducta PZ rectæ pD parallela occurrat rectæ RO in Z; 
& bifariam ſecetur PZ in S; & ducta pS ſecabit rect 
PD in E puncto curve; veFoccurrat PD redtæ RO it 
S, et (per Art. 23.) ſecetur PD harmonice in æ et E. 
Ducta autem Dæ ſecabit junctam pE in , et Ex ſe. 
cabit ipſam pD in d, ita ut hæc quoque puncta d, # 


ſint ad curvam. 


$ 44. Ex puncto K ducantur duæ tangentes ad fe- 
Rionem conicam in A et B; ex, puncto A ducantur 
rectæ duz AF et AG ſectioni occurrenites in F et G; 
juncta BG ſecet AF in P, et juncta BF ſecet rectam 
AG in ; eruntque puncta P, K, 7 in cadet red 
linea, per Art. 36. 


Verum propoſitio hec generalior el. Si enim 4 
puncto quovis K ducantur duæ rectæ K Aa, KBb ſe- 
| ctionem 
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gionem ſecantes in punctis A, a et B, bz et ex pundis 
A et a ducantur rectæ & ſectionem AF et ; junQa 
autem BF ſecet ad in P, & duQa 4G ſecet AF in ; 
erunt puncta P, R, # in eadem recta linea; quod va- 
riis mod is alias demonſtrwwimus, unde expediam me- 
thodum olim deduximus ſectionem conieam deſcribendi 
per data quævis quinque puncta. Sint A, a, B, 4& F 
puncta quinque data; eoncurrant rectæ Aa et Bhi in k; 
jungantur AP et By; revolvatur recta PRæ citca polum 
K, qua occurrat his rectis in et P; et dude a, By 
concurſu ſuo G ſectionem deſeribent, 5 


$ 45 Sit P punctum datum extra ſectionem coni- Figs a 
cam, unde * W occurrat in Det E: 
et 2 7 E = erit M ad tinea reQtam AB 

quæ ſectioni occurrit in punctis A et B. i inn us ductæ PA 

et PB, erunt contingentes ſectionis. Si uero pundtum 

fit in medio puncto rectæ AB. intra ſedttonem, ſitqus 

== + + n les pun i elt refs ab ger P 

ducta ipſi AB parallela. Tangentes ad puncta D et E 

ſemper concurrunt in recta AB, et tangentes ad punfta 

det e in recta wh 


$ 46. Comingae reaaDT gectionem in D, unde 4. Fig. 29. 
cantur duæ quævis rectæ DE et DA, quz ſeRioni oc- n. 1. 
currant in E et A. Occurrat DE rect AK ſectienem 
contingenti, in K; et ductæ EN, KM tangenti DT pa- 
rallelæ ſecent DA in N et M, ſamatur in req DE, 

DR ad EN ut KM ad KE, & circulus- ejuſdem cure 


vaturæ cum ſectione in D tranſi per R. Sys per 
v 


; (RL 2 
Art. 15. h = ÞE = BE = Dr DK et 
DR 


Fig. 30. 
n. 1. 


n. Ze 
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err 3 
DR = —- * Pr (quoniam QV D : 


KM : DK :: EN : DE) = 2 


fuerit bingens AK parallela rectæ DE, a. e. ſi DE ſit 


ordinata diametri per A tranſeuntis) erit DR = . 
vel DR ad DE ut EN* ad DE-; ut alibi demonſtravi. 


mius Art. 373- —_— « fluxionibus. Si in hoc caſu 
DE ſit diameter, erit == JF» adeoque DR, nm Jo, 


rametro diametri DE ; ** ſatis notum eſt. 


$ 47. Ducantur rectæ DT; DE, quarum prior ſectio- 
nem conicam contingat in D, poſterior eidem occutrat 
in E, Ducatur DA quz biſecet angulum EDT et ſe- 
ctioni occurrat in A; jungatur AE, cui occurrat in V 
recta DV parallela rectæ quæ cutvam contingit in A; et 
duQi VR parallela rectæ DA, hæc ſecabit DE in R ubi 
circulus oſculatorius occurrit rectæ DE; eritque DR 
diameter curvature fi angulus ED F ſit rectus. -Erit 
enim VR ad AD ut ER ad DE, etut DR _ DK; _ Z 


DR ad DE ut DE ad EK, adeogue Px DE 


— : ut bas, per Art. 1 5. Si autem fi alk 


AK parallela rectæ DE (quo in caſu tangentes AK et 


D æquales conſtituunt angulos cum recta DA que 


Fig. 31. 


proinde perpendicularis eſt axi figurz) coincident puncta 


R et E, & circulus ofculatorius tranſibit per pundtum | 


E. Sequitur quoque ex dictis rectas EK, DE, et ER 
eſſe in progreſſione geometrica. : 


| 8 48. Occurrat recta quævis DE ſeRioni conicæ in D 
et E, concurrant rectæ curvam contingentes ad P et E 
5 Dp in 
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in pundo V. Sit DOA diameter per D curve, & fi. 


conſtituatur angulus DVr = EDO, erit DR (= 2D-) 
chorda circuli oſculatorii. Docatur enim AK ſectio- 
nem contingens quæ rectæ DE occurrat in K, et tan- 
genti EV in Z; ducatur EN parallela tangenti DT 
rectam DA ſecans in N; z Cumque fit DR ad KA ut EN 
ad EK; ſitque KZ ( AK) ad EK ut VD ad DE, 

erit VD ad DE ut DR ad EN; adeoque triangula 
DVr et EDN ſimilia et angulus DV- æqualis angulo 
EDO. Hanc methodum determinandi circulum oſcu- 
latorium demonſtravimus in tractatu de fluxionibus, 
Art. 375. fed non adeo breviter. 


§ 49. Variatio curvaturz, ſive tangens anguli con- 


tactus ſectione conica & circulo oſculatorio compre- 


henſi, eſt directe ut tangens anguli contenti diametro 
quæ per contactum ducitur & normali ad curvam, & 


inverſe ut quadratum radii curvaturæ. Sit enim DR Fig. 32. 


— curvaturz, & hæc variatio ad punctum D erit 


ut R DR xD 
EN 


Dr ut DE ad EN, ut —½ . Variatio autem ra- 


DE x DR* 
dii curvature eſt ut tangens anguli EDO. Quod fi 
rea DO circulo oſculatorio occurrat in 2, parabola 
diametro & parametro Dn ceſcripta, quæqus contingit 
rectam DT in D, ea erit cujus contactus cum ſectione 
eft intimus, per Art. 19. 


$ 50. Cæteris n——_ ex puncto V ducatur rea 
VH cireulum oſculatorium contingens in H; jungatur 
HD, cumque fit angulus RDH complementum an- 
guli DrV ad rectum, erit RDH = DVr = EDO; 
adeoque variatio radii curvaturæ erit ut tangens anguli 
D d | RDH; 


5 per Art. 17, adeoque, cum fit DV ad 


Fig. 32 
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RDH; & coincidentibus rectis DR et DH variatio 


ole. | 
SECTIO III. 
De Lineis tertii Ordinis. 


551. E lineis tertii ordinis five curvis fecundi 

generis, uberius nobis agendum eſt, Do- 
Arinam conicam, variis modis uſque ad faſtidium fere, 
tractarunt permulti. Hanc autem geometriæ univer- 
ſalis partem, pauci adtigerunt; eam tamen nec ſteri- 
lem eſſe nec injucundam ex ſequentibus, ut ſpero, 
patebit, cum præter proprietates harum figurarum a 
Newtono olim traditas, aliæ ſunt plures geometrarum 
attentione non indignæ. Oftendimus ſupra, rectam ſe- 
care poſle lineam tertii ordinis in tribus punctis, quo- 
niam æquationis cubicz tres ſunt radices, quæ omnes 
reales eſſe poſſunt. Recta autem quz lineam tertii 
ordinis in duobus punctis ſecat, eidem in tertio aliquo 
puncto neceſſario occurrit, vel parallela eſt aſymptoto 
curvæ, quo in caſu dicitur ei occurrere ad diſtantiam 
infinitam: æquationis enim cubicæ ſi duæ radices ſint 
realis, tertia neceſſario realis erit. Hinc recta quæ li- 
neam tertii ordinis contingit, eam in aliquo puncto 
ſemper ſecat; cum contactus pro duabus interſectioni- 
bus . habendus ſit. Recta autem quæ 
curvam in puncto flexus contrarii contingit, ſimul pro 
ſecante habenda eſt. Ubi duo arcus curvæ ſibi mutuo 
occurrent, punctum duplex formatur, & recta quæ al - 
terum arcum ibi contingit in godem puncto alterum 
ſecat. 


ſecat. Recta autem alia quævis ex puncto duplice 
ducta in uno alio puncto curvam ſecat, ſed non in plu- 
ribus. | | 

$ 52. Prop. I. Sint duæ parallelz, quarum 
utraque ſecet lineam tertii ordinis in tcibus 
punctis; recta quæ utramque parallelam ita ſe- 


cat ut ſumma duarum partium parallelæ ex uno 


ſecantis latere ad curvam terminatarum æqualis 
ſit tertiæ parti ejuſdem ex altero ſecantis latere ad 
curvam terminatæ ſimiliter ſecabit omnes rectas 
his parallelas quæ curvæ in tribus punctis oc- 
currunt; per Art. 4. 


§ 53. Prop. II. Occurrat is poſitione data 
lineæ tertii ordinis in tribus punctis; ducantur 
duæ quævis parallelæ quarum utraque curvam 
ſecet in totidem punctis; & ſolida contenta ſub 
ſegmentis parallelarum ad curvam & rectam po- 
ſitione datam terminatis erunt in eadem ratione 
ac ſolida ſub ſegmentis hujus rectæ ad curvam & 
parallelas terminatis, per Art. 5. 


Hz duæ proprietates a Newtono olim expoſitæ fu- 
erunt. 


$ 54. Proy. III. Cæteris manentibus ut in 
propoſitione præcedente, occurrat recta poſitione 
data lineæ tertii ordinis in unico puncto A, & 
ſolidum ſub ſegmentis PM, Pm, P unius paral- 
lelæ contentum erit ſemper ad ſolidum ſub ſeg- 
mentis N, pn, pr, alterius parallel ut ſolidum 
AP x &P* contentum ſub ſegmento AP & qua- 
D d 2 drato 
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Fig. 33. 


® 
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drato diſtantiæ 4P puncti P a puncto quodam 5 


ad ſolidum Ap x #p* contentum ſub ſegmento 


Fig. 34- 
N. Io 


. 2. 


Fig. 35. 


Ap et quadrato diſtantiæ * 2 ab eodem 
puncto 4, per Art. 6. 


$ 55- Por. IV. Ex dato quovis puncto P 
ducatur recta PD quz line tertii ordinis oc- 
currat in tribus punctis D, E, F, & alia quævis 
recta PA quæ eandem ſecet in tribus pun&is A, 
B, C. Ducantur tangentes AK, BL, CM, quæ 
rectæ PD occurrant in | Oy A M; et medium 
harmonicum inter tres rectas PK, PL, PM, co- 
incidet cum medio harmonico inter tres rectas 
PD, PE, et PF, per Art. 10. & 28. Si autem 
rea PD curve occurrat in unico puncto D, in- 
veniatur punctum d ut in Art. 6. & medium 
harmonicum inter tres rectas PK, PL, PM, erit 
ad medium harmonicum inter duas rectas PD et 


2 Pd in ratione 3 ad 2, per Art. 12. 


§ 56. Prop. V. Revolvatur reta PD circa 
polum P, ſumatur ſemper PM in recta PD 
æqualis medio harmonico inter tres rectas PD, 


PE, et PF, eritque locus paw M linea rea, 
per Art. 28. 


Atque hæc eſt proprietas harum linearum a Cateſis 
inventa, 


$ 57. Prop. VI. Sint tria — lineæ ter- 
tii ordinis in eadem recta linea; ducantur rectæ 


curvam in his punctis 2 — quæ eandem 


ſecent 


ſecent in aliis tribus punctis; atque hæc tria 
puncta erunt etiam in recta linea 


Occurrat recta FG H lineæ tertii ordinis in tribus 
punctis F, G, et H. Rectæ FA, GB, HC, curvam in 
his punctis contingentes eandem ſecent in punctis A, B, 
C; & hæc puncta erunt in recta linea. Jungatur enim 
AB, & hæc tranſibit per C; fi enim fieri poteſt, oc- 
currat curvæ in alio puncto M, tangenti HC in Net 


rectæ FGH in P; cumque fit 7 — + _ + PN = 
FT TFF + NM; per Prop. IV. eric PN S PM 


_ fieri nequit niſi coincidant puncta N, M, et C. 
Recta igitur AB tranſit per C. 


$ 58. Corel. Hinc fi A, B, C, ſint tria punQa lineæ 
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tertii ordinis in eadem recta linea, ductæ autem AF et 


BG curvam contingant in F et G, & juncta FG curvam 
denuo ſecet in H, juncta CH curvam continget in H. 
Si enim recta curvam contingeret in H quæ eandem ſe- 
caret non in C ſed in alio quovis puncto, foret hoc pun- 
um cum tribus aliis A, B, C, in eadem recta que 
igitur ſedaret lineam tertii ordinis in quatuor punctis. 
Hoe autem fieri non poteſt. Incidi autem primo in hane 


propoſitionem via diverſa ſed minus expedita, eandem 


deducendo ex Prop. II. Similiter fi rea Af curvam 


quoque contingat in , & ducta Gf curve occurrat in 3, 


juncta Ch erit tangens ad punQum 5. Et ſi a punctis | 


A, B, C, linez tertii ordinis in eadem recta ſitis, du- 


cantur tot rectæ curvam contingentes quot duci poſſunt, 


erunt — tres contactus in eadem recta. 


» 59. Proe. VII. Ex puncto quovis lineæ 
tertii ordinis ducantur duæ rectæ curvam con- 


Fig. 36. 


D d 3 tingentes, 


408 De LIN EARUM GEOMETRICARUM 


tingentes, & recta contactus conjungens denuo 
ſecet curvam in alio puncto, rectæ curvam in 
hoc puncto & in primo puncto contingentes ſe 
mutuo ſecabunt in puncto aliquo curve. 


Ex puncto A ducantur rectæ curvam contingentes in 
F et G, juncta FG curvam ſecet in N, eandemque 
contingat in H recta HC quæ curve occurrat in C, & 


ducta AC erit curvz tangens ad punctum A. Sequitur 


ex Corollario præcedente, coincidentibus enim A et B 


recta CA fit tangens ad punctum A. 


$ 60. Corel. 1. Si ex puncto curve C ducantur duæ 
rectæ eandem contingentes in A et , & ex puncto 
alterutro A contingentes AF et AG ad curvam, rea 


per contactus F et G ducta tranſibit per alterum pun- 


cum . 


$ 61. Corel. 2. Contingat recta AC curvam in A, 
camque ſecet in C, ductæ autem AF et CH curvam 
contingant in F et H, recta per contactus ducta eam 
denuo ſecet in G, & junta AG curvam continget in 
G. Quod ſi alia recta Ch ex puncto C ducatur ad 


curvam eam contingens in Y; & junctæ hF, , cur- 
væ occurrant in F et g, ductæ A et Ag erunt tan- 


Pig. 38. 


gentes ad puncta V et g. 


§ 62. Carol. 3. Sit A punctum flexus contrarii unde 
ductæ AF et AG curvam contingant in F et G juncta 
FG ſecet curvam in H, & ducta AH curvam continget 
in H. Si enim tangens ad punctum H curvæ in alio 
quovis puncto ab A diverſo occurreret, recta ex hoc oc- 


curſu ad punctum flexus contrarii/ A ducta curvam in A 


contingerct, quot fieri nequit, Manifeſtum autem eſt 
tres tantum duci poſſe rectas ex puncto flexus contrarii 
| curvam 


[ 
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curvam contingentes præter eam quæ in hoc ipſo puncto 
ſimul tangit & ſecat, atque tres contactus cadere in ean- 
dem rectam lineam. Ex ſolo puncto flexus contrarii 
tres rectæ ductæ curvam ita contingunt ut tres contactus 
ſint in eadem rea, Sint enim F. G, H, in eadem 
recta, unde tangentes ductæ conveniant in eodem puncto 
curvæ a, quod non fit punctum flexus contrarii ; duca- 
tur ae curvam contingens in a, quæque ei occurrat in 
e, & juncta eH curvam tanget in H, per hanc propoſi- 


tionem ; adeoque rectæ eH et aH curvam contingerent 


in eodem puncto H. 9. e. a. 


$ 63. Prop. VIII. Ex puncto quovis lineæ 


tertii ordinis ducantur tres rectæ curvam con- 


tingentes in tribus punctis; recta duos quoſvis- 
contactus conjungens occurrat denuo curve, & 


ex occurlu ad tertium contactum ducta curvam 
denuo ſecabit in puncto ubi recta ad primum 
punctum ducta curvam continget. 


Ex puncto A, lineæ tertii ordinis ducantur tres redæ 
AF, AG, et Af, curvam contingentes in tribus punctis 
F, G, et /; recta Gf quæ horum duo, quzvis con- 
jungit ſecet curvam denuo in N, et recta ex hoc puncto 
ad tertium contactum F ducta curvam ſecet in g, tum 
juncta Ag curvam continget in g. Ducatur enim recta 
AC curvam contingens in A quæ eandem ſecet in C; 
cumque puncta G, N, et /½ tint in eadem recta, & 


tangentes ad puncta G et / tranſeant per A, ſequitur 


(per Prop. VII.) tangentem ad punctum N tranſire per C. 
Cummque puncta F, N, g, ſint in eadem rectaà, tangentes 
autem FA et NC curvæ occurtant in A et C, ſirqus 
AC tangens ad punctum A, tangens ad punctum g 
tranſibit per A. ö | 


Dd4 § 64, 


Fig. 37. 
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$ 64. Corel, Hinc ſi curva deſcribatur, ex datis tri. 
bus punctis contactus uhi tres rectæ ex eodem puncto 
curve ductæ eam contingunt, inyenitur quartum pun- 
ctum contactus ubi recta ex eodem puncto curvz ducta 
eam contingit. Atque hinc colligitur ex eodem curyæ 
puncto quatuor tantum rectas duci poſſe lineam tertii 


ordinis contingentes præter rectam quæ in hoc ipſo 


puncto curvam contingit. Si enim rectæ ex eodem 
curvz puncto duci poſſent eam in quinque punctis 


contingentes, plures rectæ numero indefinitæ curvam 


Pig. 38. 


contingentes ex eodem puncto duci poſſent; ut ex præ- 
miſſis facile colligitur. Hoc autem Corollarium poſtea 


Faciliue Semonſirabitur. Vide infra, Art. 77. 


$ 65. PRgor. IX. Ex puncto flexus « contrarii 
ducantur tres tangentes ad curvam, & recta 
contactus conjungens harmonice ſecabit rectam 
quamvis ex puncto flexus contrarii ductam & ad 
curvam terminatam. 


Sit A punctum flexus contratii, AF, AG, et AH, 
rectæ curvam contingentes in punctis F, G, et H. Ex 
puncto A ducatur recta quævis curvam ſecans in B et C, 
& rectam FH in P; eritque PB ad PC ut BA ad AC. 
Cum enim tres tangentes ad puncta F, G, et " in eo- 


dem puncto A conveniant, erit per Prop. Iv.z + 5 T 


. 8 


eſt medium barmonicum inter duas rectas PB et PC 2 ad 
curvam terminatas, Quæ linearum tertii ordinis pro- 
prietas eſt ſimpliciiatis inſignis. 


$ 66. 


At 
Aa 
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§ 66. Corol. 1. Recta quæ duas quaſvis rectas ex 
puncto flexus contrarii ductas ad curvam ſecat harmo- 


nice, ſecabit quoque alias quaſvis rectas ex eodem puncto 


_ eductas & ad curvam terminatas. 


$ 67. Corol. 2. Si recta aſymptoto HEE per pun- 
ctum flexus contrarii ducta occurrat rectæ FH in R & 


curvæ in O, erit N = 1 adeoque RA =2RO. 


$ 68. Prop. X. Recta duo puncta flexus con- 
trarii conjungens vel tranſit per 3 punctum 
flexus contrarii vel dirigitur in eandem plagam 
cum crure infinito curve | 


Sint A et à puncta flexus contrarii, juncta Aa curve 
occurrat ina, eritque a quoque punctum flexus contrarii. 
Si enim tangens figuræ in puncto a curvæ occurreret in 
alio quovis puncto e, forent A, a, e, in eadem rect. 
Verum ex hypotheſi ſunt A, a, et a in eadem recta, quæ 
igitur linez tertii ordinis occurreret in punctis quatuor. 
Sit A punctum flexus contrarii, & recta AO aſymptoto 
parallela, curvz occurrat in O ducatur OQ curvam con- 
tingens in O, & ſecans in Q, junQa AQ, tranſibit 
per D ubi curva aſymptoton lecat. 


$ 69. Prop. XI. Ductis ex puncto flexus 
contrarii A tangentibus ad curvam AF, AG, 
AH; & duabus ſecantibus quibuſcunque ABC. 


Abc, junctæ Bh et Ce vel Be et iC ſe mutuo ſe- 


cabunt in recta FH quæ contactus conjungit. 


Fig. 39. 


Occurrat enim recta Bb ipſi FH in Q, et BC eidem 


in P; jungantur QA et QC; cumque fit AB ad AC ut 
PB ad PC, per Prop IX. erunt QA, QB, Q et QC, 
harmo- 


- 
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| harmonicales, adeoque Ab ſecabit rectam QC in c et 


 ipſam FH in p, ita ut Ab fit ad Ac ut pb ad pc; & pro- 


inde crit c punctum curvz, per Prop. IX. unde ſequitur 
converſe rectas Bb et Cc convenire in puncto Qredtæ 
FH; & fimiliter oſtenditur rectas Bc et 5C ſibi mutuo 


occurtere in puncto 9 ejuſdem rectæ. 


* 


$ 70. Corol. 1. Ex puncto quovis Qrectæ FH du- 
cantur ad curvam rectæ QB, QC, eam ſecantes in 
punRis B, ö, Met C, c, N; tum junctæ CB, ch, MN, 
convenient in puncto flexus contrarii A; junctæ Be et 
C, Mc et Nb, Bb et Cc, NB et MC, convenient in 
- reta FH. "EE OM 


$ 71. Corol. 2. Tangentes ad puncta B et C conve- 
niunt in puncto aliquo T redæ FH; & fi a puncto 
quovis T in recta FH ſito ducantur tangentes ad cur- 
vam, redtæ contactus conjungentes vel tranſibunt per 
punclum flexus contrarij, vel convenient in recta FH, 


$ 72. Corol. 3. Dato puncto flexus contrarii A, & 
punctis B, C, 5, c, ubi duæ rectæ ex eo ductæ curvam 
ſecant, datur recta FH poſitione; junctæ enim Bb et Ce 
occurſu ſuo dabunt punctum Q, & junctarum Be et bC 
occurſus dabit 9, ductaque Q ea eſt quæ contactus F, 
G, et H, conjungit. His autem quinque punctis datis 
cum aliis duobus M et m, determinatur linea tertii or- 
dinis quæ per bæc ſeptem puncta A, B, C, 6, c, M, m, 
tranſit & in puncto A habet flexum contrarium. Ex 
punctis enim M et m dantur N et n, ubi ductæ AM et 
Am curvam ſecant, & his novem conditionibus linea 


determinatur. Si autem dentur tria puncta M, m, et 8; 


hæc dabunt tria alia N, u, et 5; unde darentur undecim 
conditiones ad figuram determinandam, quæ nimiæ 
| ſunt, 
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funt. Similiter dato puncto flex us contrarii A cum 


punctis F, G, (adeoque tangentibus AF et AG) et pun- 


ctis M et m quibuſcunque, datur refta FG, adeoque 
puncta N et , et determinatur curva. 


§ 73. Corol. 4. Contingant rectæ HB, HC, curvam 
in Bet C, et juncta CB tranſibit per A, junctæ CG et 
FB concurrent in puncto curvz V, et ducta VH curvam 
continget in V. Tangens autem ad punctum flexus 


contrarii A determinatur ducendo AN cui occurrat in . | 


recta PL ipſi AH parallela & biſecanda PL in X; juncta 
enim AX erit tangens ad punctum A. en _ 


tangens ad A rectæ FH in 8; eritque 12 + —_ = 


pH FA Fr! deoque pg + FH = Po Fr 


(quoniam AC ſecantur harmonice in P et B, adeoque 


VA, VF, VP, et VG, harmonicales) 5 Eſt 


igitur PK medium harmonicum inter PS et PH; unde 


ſi PL parallela rectæ AH occurrat rectis AV et 45 in 


X et L, erit PX = 1 8 


§ 74. Paor. XII. Ex puncto lineæ tertii 
ordinis A ducantur duæ rectæ curvam- contin- 
gentes in F et G, juncta FG curvæ occurrat in 
H, & tangens ad punctum A ſecet curvam in 
M; jungatur HM, cui occurrat FLK ipſi AH 
parallela in L, & ſumatur FK = 2FL,; tum 


junta HK, recta quævis AB ex A add har- 


Fig. 40. 


Fig. 41. 


monice ſecabitur a rectis HK et HF in N, P, et 


a curva in B, C; ita ut NB erit it ad NC'1 ut BP 
and ,, 


Occurrat 
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rn enim recta AB W HM in T, ane 


„ d 
F + PT TW WER” FF" adeoque Pg. NC 
= P + — 1 F (per conſtruQtionem, & harmuonice) 


= — Unde ſequitur rectam NC ſecari harmonice 
in punctis Bet P, vel NB eſſe ad NC ut BP ad PC. 


§ 75. Corel. 1. Hine fi duæ quævis rectæ ex A ductæ 
ſecentur in N harmonice ita ut PC fit ad PB ut ON ad 
BN, omnes rectæ ex A eductæ a rectis HF et HK fi- 
militer harmonice ſecabuntur. 


$ 76. Corel, 2. Si curva punctum duplex non habeat, 
eamque ſecet refta HK in duobus punctis Fet g, ductæ 
Af et Ag erunt rectæ curvam contingentes in his pun- 
ctis. Coincidat enim punctum B cum puncto N, 
quando N pervenit ad . occurſum rectz _ cum 


I I 
IF erit —— 


curva; adeoque cum —— — ＋ CC = 7 


Fo = 
IO et coincidit C cum B, et recta ex A duQa cur- 
vam tunc contingit, Ex altera parte, fi recta Af cur- 
vam contingat tranſibit recta HE per 7; ob æquales 
enim PB, PC, in hoc caſu, coincidunt puncta B et 
C cum N. 


8 77. Corol. 3. Si recta HK in ſolo punto H curve 
occurrat, duæ tantum tangentes duci poterunt a puncto 
A ad curvam, viz. AF et AG. Quatuor tantum ad 
ſummum tangentes duci poſſunt a puncto quovis lineæ 
tertii ordinis ad curvam ut AF, AG, Af, Ag. Si enim 
alia quavis tangens duci poſſet a puncto A ad curvam 
ut Ap, recta HK tranſiret per punctum g, et quatuor 
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pun liner tertii ordinis forent in eadem rectà, viz. 
H, f, 8 90 · 2 E. A. 


$ 78. Prop, XIII. Si ex puncto lineæ tertii 
ordinis duci poſſunt quatuor rectæ curvam con- 
tingentes, rectæ contactus conjungentes conve- 
nient ſemper in puncto aliquo curvæ, & recta 
quævis a primo puncto ducta harmonice ſeca- 


bitur a curva & rectis binos oontuctus conjun- 


gentibus: 


Sit A punctum curvæ, AF, AG, Af, et Ag, rectæ 
curvam contingentes in punQis F, G, /, et g. Jun- 
gantur FG et g, quibus occurrat recta quævis ABC 
(ex A ducta curvamque ſecans in B et C) in Pet N; & 
recta NC harmonice ſecabitur in B et P, ita ut ſemper 
ſit NC ad NB ut CP ad PB: ſequitur ex Corol. 2. 
præcedentis. Rectæ autem FG et g concurrunt in 
puncto curve H; & ſimiliter rectæ FF et Gg conve- 
niunt in E, atque Fg et G in R; et E, R erunt puncta 
curvæ, per idem corollarium. Atque hæc eſt poſterior 
duarum proprietatum linearum tertii ordinis quas de- 
ſcripſimus in tractatu de fluxionibus, Art. 402. Quod 
fi recta AM curvam contingat in A, et ſecet in M, 
junctæ ME, MR, MH, curvam tangent in punctis E, 


R, H; & rectarum AE et HR, AR et HE, AH et RE 


occurſus erunt quoque in curva *. 


$ 79. Corol. Cum igitur ſint rectæ HK, HB, HP, et 
HC, harmonicales; fi rectæ HB et HC curve occur- 
rant in bet e; erunt puncta A, 6, et e, in eadem rea 
linea. Occurrat enim juncta Ab curve in & et c at- 


„ Supple quz deſunt in Schemate, 
| que 


Fig. 42. 
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que ipſi HF in p, et HK in »; cumque fit nc ad nb ut 
pc ad pb patet c eſſe in rect HC; & reciproce fi c 
fit in rea HC et b in recta HB, erunt A, 6, c, in ea- 
dem recta. | | | 


§ 80. PROp. XIV. Habeat linea tertii i ordinis 


punctum duplex O. Ex puncto quovis cur- 


ve A ducantur duz rectæ AF et AG curvam 
contingentes in F et G; ducta FG curvam ſecet 
in H; jungatur OH. Recta quævis AB ex A 
ducta curve occurrat in punctis B et C, rectæ 
FG in P, & rectæ OH in N; & recta NP har- 
monice ſecabitur in punctis B et C, ita ut P; ſit 
ad PC ut BN ad NC. | 


Jungatur enim AO quæ rectæ FG occurrat in þ et 
_—_— HL in t; cumque fit O punctum duplex, erit 


2 
FIR 71 =77 + 77 OS 70. Se- 


catur igitur pA harmonice in t et O, ita ut pt fit ad pA 


ut tO ad OA, et harmonicales ſunt Hz, Hz, HO, et 
HA. Occurrat rea PA tangenti LH in T, cumque 


I I I 2 I 1 I 
r 
2 
— + IF = PN conſequenter PC eſt ad NC ut 
PB ad BN. 


88. Corel, Si tangens HL occurrat rectæ GZ ry 
AH parallel:e in Z, K ſumatur GV =2GZ,, ducta HV 
tranſibit per punctum duplex O, fi modo curva tale 
punctum habeat. Vel fi recta Gen occurrat rectis AH 
et HR in a et r, junctæ rA et Ra, ſe decuſſent in , 
juncta E tranſibit per punctum duplex O. ; 1 

2. 
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$ 82, Prop. XV. Ex puncto lineæ tertii 
ordinis ducantur duæ tangentes, & ex alio 
quovis ejuſdem puncto ducantur rectæ ad con- 
tactus curvam in duobus aliis punctis ſecantes; 
tangentes ad hæc duo noya puncta in eodem 
puncto curvæ convenient. 


Ex puncto A ducantur rectæ AF et AG curvam con- Fig. 43. 


tingentes in F et G. Sumatur punctum quodvis curve 
P, jungantur PF et PG curvam ſecantes in punctis K et 
L; atque tangentes ad puncta K et L concurrent in 
puncto aliquo curvæ B. Determinatur autem punctum 
B, ducendo rectam PC quæ curvam contingit in P, et 
ſecat in C; ſi enim jungatur AC occurret denuo curvz 
in puncto B. 


Cum enim puncta F, K, P, fint in eadem red, & 
tangentes ad puncta F et P curvam ſecent in A et C; 
ſequitur tangentem ad punctum K tranſituram per B. 
Et ob rectam LG, _ ad punctum L tranſibit 
quoque per B. 


§ 83. Corel; Sint! igitur A et B duo quævis puncta in pig. 44 


linea tertii ordinis; ex utroque ducantur quatuor rectæ 
curvam in aliis quatuor punctis contingentes, viz, AF, 

AG, Af, Ag; et BK, BL, Bæ, Bl. JunQz FK et GL, 
FL et GK, Flet G4, Gl et F,; ſibi mutuo occurrent 
in quatuor punctis curve, P, Q, 9, p; & fi ducantur 
tangentes ad hæc quatuor puncta, hz occurrent curve 
& ſibi mutuo in puncto C ubi recta AB curvam ſecat. 
Unde fi ſint tria puncta linez tertii ordinis in eadem 
rectà, & ex ſingulis ducanturquatuor rectæ curvam con- 
tingentes in quatuor aliis punctis, recta per duo quævis | 
puncta contactus ducta curvam ſemper ſecabit in alio 
aliquo 


Fig. 43. 
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alio puncto contactus; & quatuor hujuſmodi rectæ 


per idem punctum contactus ſemper tranſibunt. 
* | > 


§ 84. Proy. XVI. Sint F et G puncta duo 
lineæ tertii ordinis, ita ſumpta ut rectæ FA et 
GA curvam in his punctis contingentes conve- 


niant in puncto aliquo curvæ A. Sumatur in 


curva aliud quod vis punctum P, unde ducantur 
ad puncta F et G rectæ PF et PG quæ curvæ 
occurrunt in K et L; jungantur FL et GK, 
atque harum occurſus Q erit in curva. Tan- 
gentes autem ad puncta K et L ſibi mutuo & 
curvæ occurrent in puncto aliquo curvæ B, at- 
que tangentes ad puncta P et Q convenient in 
puncto curvæ C, ita ut tria puncta A, B, C, ſint 
in eadem recta. - 


Ducatur enim tangens ad punctum P quz curvæ oc- 


; currat in C, & ducta AC ſecet eandem in B; & ductæ 


BK, BL, erunt tangentes ad puncta K et L, per præ- 
cedentem. Occurrant rea LF curvæ in Q; & ſi recta 
GK non tranſeat per Q, occurrat curvæ in 9. Quo- 
niam igitur tria puncta L, F, Q, ſunt in eadem recta, 
tangentes vero ad L et F curvam ſecent in B et A, ſe- 
quitur (per Prop. VII.) tangentum ad punctum Qtran- 
fire per punctum C. Similiter, cum ſint puncta G, K, 

et q, in eadem reQa, tangentes autem ad puncta G & K 
tranſeant per A et B, tangens ad punctum ꝗ̃ tranſibit quo- 
que per puntum C. Utraque igitur recta CQ, Cg, 
eurvam contingit prior in Q, poſterior in . Coincidunt 
igitur puncta Q et q, ſi enim diverſa eſſe ponamus, ſe- 
quitur per Prop. VIII. plures quam quatuor tangentes 


duci poſſe ad curyam ex eodem puncto C. Sint enim 


Af 
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Ay et Ag rectæ quæ curvam contingant in F & g, & 
ductæ Lf, Lg, curvam ſecent in m & n; & redtæ 
Cm, Cn, erunt tangentes ad puncta m et u. Quare 
haberemus quinque tangentes ex C ad curvam ductas 
CP, CQ, Cm, Cn, & Cg; quod repugnat Corol. 3. 
Prop. Alb 


& Bs. Corel. 1. Dato puncto P, ubicunque ſumantur 
puncta F & G, modo tangentes ad hæc puncta in curva 
conveniant, datur punctum Q, ubi junctæ FL & GK 
occurrunt ſibi mutuo & curve, Et ſi a puncto P du- 
catur recta quævis PN M quz curve occurrat in N et 
M, & junctæ QM, AN, eam ſecent in & H; erunt 
puncta P, n, & m, in eadem recta linea. Oſtendimus 
enim tangentes ad puncta P & Q, ſe. mutuo decuſſare 
in puncto curve *. 


& 86. Corel. 2. Si ſumantur quatuor puncta F, G, 
K, L, in linea tertii ordinis, ita ut tangentes ad pun- 
cta F & G, conveniant in aliquo puncto curvæ, & 
tangentes ad puncta K et L, conveniant quoque in ali- 
quo puncto curvæ, ductæ FK & GL concurrent in 
puncto curve, & ductæ FL & GK ſihi mutuo occar- 
rent in puncto curvæ. 


$ 87. PRor. XVII. Sint F et G duo quævis 
puncta lineæ tertii ordinis, ubi ſi rectæ ducan- 
tur curvam contingentes, he ſe mutuo ſeca- 
bunt in puncto aliquo curvæ. Sumantur alia 
quatuor puncta curve L, K, f, g, ita ut ductæ 
LF et GK conveniant in curva, atque rectæ Ef 
et Gg, in ea quoque conveniant; tune ductæ Lf 
et gK, ſe mutuo ſecabunt in curva, ut & ductæ 

Ly et K,. 
* Supple quod deeſt in Schemate. 

E e 


Tan- 


— 
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Tangentes enim ad punQa V et g fe mutuo decuſſant 
in curva, per Prop, XIV. ut & tangentes ad puncta K 
et L, per eandem. Adeoque per Corol, 2. præcedentis, 


Jjuncte FL et Kg conveniunt in curva, ut et FK er. 


Fig, 45+ 
n. I. 


gL. | 


§ 88. Lemma, Dentur tres redæ IC, TH, et CH, 
politione ; & tria puncta F, G, 8, quam int in eadem 
recta linea. Sumatur punctum quodvis Qin recta IC, 


juncta QF occurrat rectæ IH in L, & juncta Q rectæ 


n. 2. 


Fig. 46. 


HC in P; jungatur FP, ducta SL occurrat rectis FP et 
QP in F et N; atque puncta het N erunt ad rectas po- 
ſitione datas. Jungatur enim IN, quæ occurrat rectæ 
GS in m, & ducatur per N parallela rectæ FS quæ oc- 
currat rectis IC, FH, et LQ, in punRiis x, u, et r; oc- 
currat recta FG tectis IC, IH, et HC, in a, 6, et h. 
Quoniam Nx eſt ad Nr ut Ga ad GF, et Nr ad Nu 
ut SF ad Sb, erit Nx ad Nu (adeoque ma ad mb) ut 
Ga x SF ad GF x Sb, i.e. in data ratione. Datur igi- 
tur punctum m, adeoque rea INzz poſitione ; & ſimi- 
liter eſt punctum 4 ad poſitione datam. 


$ 89. Corel. Coincidentibus punctis S et G, coincidit 
quoque punctum cum puncto G. Jungatur igitur 1 
quz rectæ HC occurrat in D, & duta CF occurrat 
rectæ HI in E, tum juncta DE exit locus puncti 
K ubi ductæ GL et FP ſe mutuo decuſſant. 


$ 90. Prop, XVIII. Sit PGLF OK quadri- 
laterum inſcriptum figurz, cujus ſex anguli tan- 
gant lineam tertii ordinis ut in Prop. XVI. 


Ducantur rectæ curvam contingentes IC, CH, 


HI, in tribus punctis Q, P, L, quæ non ſint in 


cadem rec; jungatur 16 que tangenti CH 


occurrat 
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occurrat in D, et HF quæ tangenti CI occur- 
rat in E; erunt puncta D, K, E, in eadem 


recta linea, quæ quidem curvam in puncto K. 
contingit. | 


* 


Supponamus enim rectas QFL et FKP moveri circa 
polum F, & rectas LGP et QKG circa polum G, 
puncta autem Q, L, et P, deferri in tangentibus Q, 
LI et PC; tum punctum K movebitur in rea DE,, 
per Corol, præcedens. Unde fi puncta Q, L, P, fe- 
rantur in curva quæ has rectas QI, LI, et PC, in his 
punctis contingit, movebitur quoque in curva quam 
recta DE contingit. Sed per Prop. XV. ſi puncta Q, 
L, P, ferantur in linea tertii ordinis propoſita, pun- 
dum K movebitur in eadem, quam f recta DE 
contingit in K. 


$ 91. Corol. 1. Similiter fi rectæ AF et AG (quæ cur- 
vam contingunt in F et G) occurrant rede IH (que 
curvam contingit in L) in punctis Met N; juncta MP 
ſecet tangentem AG in d, & junta QN tangentem AF 
5 in e; rea de tranſibit per K, & curvam in hoc puncto 
5 continget; atque quatuor pundta D, d, e, E, erunt in 
4 eadem rec linea. 


8 92. Corel. 2. Ex duobus punQis curve quibuſcun- 
que Cet B ducantur ad curvam quatuor contingentes 
binz ex ſingulis, CQ et CP ex puncto C, BL et BK ex 
puncto B, ſintque harum tangentium occurſus I, H, E, 
et D; tum duct LQ et EH ſe mutuo ſecabunt in pun- 
Ro curvæ F; atque junctarum LP et D occurſus erit in 
puncto curve G; tangentes autem ad puncta F et G ſe 
mutuo ſecabunt in puncto curve A quod eſt in cadem 
rea cum punctis C et B. 


I 93. Corel, 3 Datis tribus punctis line: tertii or- 
dinis que ſint in eadem reQa, & duabus tangentibus ex 
EC 2 horum 
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horum ſingulis ductis ad curvam poſitione datis, ſex 
puncta contactus determinantur per hanc propoſitionem. 
Sint A, B, C, tria curvæ punaa data in eadem rectà, AM 
et AN tangentes ex A, BMI, et BDE, tangentes ex B 
quæ prioribus occurrant in M, N, e, et 4; ſintque CD 
et CE tangentes ex tertio puncto 0 ductæ; atque oc- 
currat CD ipſis BM, BD, AM, et AN, in H, D, b, et 
c, & CE iiſdem in L, E, et m. His politis, junQa Ne 
ſecabit tangentem Cl in puncto contactus Q, Md ſecabit 
tangentem CD in puncto contactus P, ID ſecabit tan- 
gentem AN in puncto contactus G, EH tangentem AM 
in contactu F, mb ſecabit tangentem BH in L, & de- 
nique nc tangentem BE in K. Quamvis autem problema 
in hoc caſu determinatum ſit, ſolutiones tamen plures 
admittit. Diverſe enim lineæ tertii ordinis, fed nu- 
mero definitæ, per tria punQa A, B, et C, duci poſſunt 
contingentes ſex rectas poſitione datas AM, AN, BM, 
BD, CD, et CE. Occurrat enim Ne tangenti CD in 
p, reQa Md tangenti CE in 2, ID tangenti AM in 7, 
EH tangenti AN in g, uc tangenti BM in /, et mb tan- 
genti BD in &; atque linea tertii ordinis quæ conditio- 
nibus propoſitis ſatisfatit continget rectas CD et CE vel 
in Pet Q, vel in p et . Ea continget rectas AM et 

AN vel in punctis F et G vel in F et g; rectas autem 
BM et BD vel in L et K, vel in I et 4. Conſtat igitur 
plures lineas tertii ordinis problematis conditionibus ſa- 
. tisfacere poſſe, ſed numero determinatas, adeoque pro- 
blema eſſe determinatum *. 


§ 94. Corol. 4. Datis duobus punctis lineæ tertii 
ordinis A et B, tangentibus quoque AM, AN, BM, 
BD poſitione datis cum tribus punctis emed F, G, 
et L, datur pundtum K ubi rea BD curvam contingit. 


* Supple quæ deſunt in Schemate. 


$i 


Proprietatibus generalibus. 423 


Si enim ducantur rectæ Ne et LF, harum occurſu da- 
bitur punctum Q, & ducta QG ſecabit contingentem 
BD in puncto contactus K. Datur quoque punctum P 


occurſus rectarum LG et Ma, vel rectartum Md et FK; 


tres enim red LG, Md, et FR, neceſſario conveniunt 
in puncto P. Sit Mea N quadrilaterum quodvis, ſu- 
matur punctum quodvis Qin diagonali Ne et P in dia- 
gonali Md, recta quievis QFL ex Q duQa ſecet latera 


Me et MN in F et L, ducta PL ſecet latus N in G, 


jungatur QG que latus de ſecet in K; atque puncta 
F, K, P, erunt ſemper in eadem recta lines, per ſupe- 
rius oſtenſa. Unde conſtat problema non ideo fieri im- 
poſſibile, quod oporteat tres reQas LG, _ et FK, in 
eodem puncto convenire. 


$ 95. Prop. XIX. Sint D, E, F, puncta 
lineæ tertii ordinis in eadem recta, ſintque tres 
rectæ curvam in his punctis contingentes ſibi 
mutuo parallelæ. In recta DF ſumatur punctum 
P ita ut 2 PF fit medium harmonicum inter PD 
et PE; & ſi alia quævis recta per P ducta curvæ 


F ig. 47» 


occurrat in F. d, et e, erit ſemper 2Pf medium 


harmonicum inter Pd et Pe. Supponimus autem 
puncta d et e eſſe ad eaſdem partes puncti P, 
punctum autem F eſſe ad contrarias. 


Occurrant enim tangentes DK, EL, FM, redæ af 


1 
PA 


1 I 
FMN ( recta Q tangenti- 


in punctis K, L, et M; eritque per Art. 9 FF Ga 


bus parallela harmonice ſecet rectam PD ita ut PE 


fit ad EQ ut PD ad DQ, et Q occurrat reclæ #4 
Ee 3 Bo 
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in 7) = NN 1 / 
PF, & ex bypothe 2PF =PQ, adeoque 2PM = Py) 


83 =0; unde - g d 
— PM Far = g r 


2PF eſt medium harmonicum inter Pd et Pe. 


$ 96. Corel. 1. Jungantur Dd et Ee quæ conveniant 
in puncto V, junctæ VQ_ et E/ erunt parallelz; & 


| produQta VQ donec occurrat rectæ fd in r, erit Pf 


2 Pr. Recta enim PD ſecatur harmonice in E et Q, 
ex hypotheſi, adeoque etiam recta Pa ſecatur harmonice 
in e et 7, per Art. 21. unde Pf Pr; cumque fit 
PE = TFPQ; ſequitur rectam E/ parallelam elle har- 


monicali Vr. 


$ 97. Corel. 2. Similiter fi cuter in rea DF pun- 


Gum p ita ut 2 fit æqualis medio harmonico inter 


PE et pF, & rea quævis ex p ducta curvæ occurrat in 
tribus punctis, erit ſegmentum hujus rectæ ex una parte 


puncti p ad curvam terminatum æquale dimidio medii 


Fig. 48. 


harmonici inter duo ſegmenta eodem puncto p et curva 
ad alteras partes terminata. 


§ 98. Lemma. Ex centro gravitatis trianguli ducatur 
recta quævis quæ tribus lateribus trianguli occurrat, & 
ſegmentum hujus rectæ centro gravitatis & uno trianguli 
latere terminatum erit dimidium medii harmonici inter 


ſegmenta ejuſdem rectæ centro gravitatis & duobus aliis 


trianguli lateribus terminata. Sit P centrum gravitatis 

trianguli VT, occurrat recta FDE per P ducta late- 

ribus in F, PD, E; _—_— punCta D et E ad eaſdem 
3 

Pr PD — P- Ducatur 


enim per punctum P, recta MPL lateri VZ parallela, 
quæ 


partes punti P; eritque —— 


quoniam Pg eft ad PM ut PQ ad 
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quæ lateribus VT, ZT, occurrat in Let M et rectæ 
VN parallelæ lateri Z T in N; cumque fit MP=PL, 
et TL=2VL, ob ſimilia triangula TLM, VLN, erit 
LM = 2LN, unde LN = LP, et PN = 2PM, pro- 
inde fi "m _— rectæ VN in EK, erit (per Art. 21. 


$99. Prop. XX. Contingant tres rectæ VT, 


VZ, T2, lineam tertii ordinis tranſeatque ea- 
dem recta linea per tres contactus & per P cen- 


trum gravitatis trianguli VTZ; recta quævis 


per hoc centrum ducta curve occurrat in puncto 


Fig. 49. 


c ex una parte & in punctis @ et þ ex altera ejuſ- 


dem centri gravitatis parte, eritque 2 Pe medium 
harmonicum inter ſegmenta Pa et Pb. 


Occurrat enim recta Pe lateribus trianguli VTZ in 
7, d, et e; & rectæ VN er T2 parallelz in &; erit- 


= $6544 
que . EPI, ——— yr 11 + 11 pa 


4 
+ Fr +7; 
Pe eſt PE medii harmonici inter rectas Pa et Pb. 


—, * — + 7 unde 


I 100. Prop. XXI. Sit V punctum duplex Fig. 50. 


in linea tertii ordinis, VT et VZ rectæ curvam 


occurrat recta TZ curvam contingens in F ita ut 
FTF; jungatur FV, in qua ſumatur FP= 


2 FV; & fi recta quevis per P ductæ curve o- 
currat in tribus punctis a, b, c, quorum à et 5 


lint ad eaſdem partes puncti P, c ad partes con- 
E e 4 trarias, 


in hoc puncto contingentes, quibus in a 
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trarias, erit ſemper 2 Pe 3 3 


inter ſegmenta Pa et Pb, ſeu Pr = + — pp 

Cum enim biſccetur TZ in he * F P = =3FV, 
"manifeſtum eſt punctum P efſe centrum gravitatis tri- 
anguli VTZ; cumque fit punctum P in rectà FV 
quæ per contactus tranſit, _ propolitio ex præ- 
cedente. 


§ 101. Corol. 1. Si jungatur rectæ Va, Vs, et Fe, 
erit P quoque centrum gravitatis trianguli hiſce reQis 


contenti, ut et trianguli tribus rectis curvam in a, 6, 


c, contingentibus comprehenſi; & ſi ductæ Va et V6 
occurrant rectæ Fc in m et 1, erit ſemper Fm æqualis 


Fu. 


§ 102. Corol 2. Recta per punctum duplex dufa 
parallela redtæ Fc harmonice ſecabit ipſam Pa in & ita 


ut Pa erit ad t ut Pb ad Pꝭ; quæ vero ducitur a pun- 
Cto 4 ad x occurſum rectarum curvam in à et 5 contin- 


| geatium parallela eſt recta cy figuram contingent] In e. 


§ 103. Corel, 3. Datis duobus punQtis a et c ubi rea 
quævis ex P ducta curvæ occurrit, datur tertium 5; jun- 
gantur enim Va et Fc que ſibi mutuo occurrant in n; 
ſumatur Fn ex altera parte puncti F mqualie ipſi Fn, et 


| juncta Vn ſecabit rectam Pa in . 


Fig. on 


§ 104. Pa OP. XXII. Ducatur per punctum | 
quodvis P recta quæ dirigatur in plagam crurum 


infinitorum & occurrat curvæ in punctis a et c; 


ducatur per idem punctum recta quævis curvam 
ſecans in punctis D, E, F, quæque rectis curvam 
in get e contingentibus occurrat in et n, atquye 

aſymptoto 
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aſymptoto cruris infiniti in I; & fi puncta D, E, 


k, m, |, ſint ad eaſdem m— * P, e 
vero F ad contrarias, erit = — F + = F 
1 


pr — Pr = ubi termini cujuſvis ſignum 


eſt n—_ quoties ſegmentum ad oppoſitas 


partes puncti P protenditur. 


9 ex "vom = Art, 9: eft enim per hoc * 
\ 1 1 
rema oe + f + a PU N 7 


$ 105. Corol. x. Si recta PD ducatur per concurſum | 


tangentium at et em; & ſumatur PM zqualis medio 
harmonico inter my PD, PE, PF, ſecundum Art, 28. 


_ erit 75 2 r — F- adeoque 2PM erit medium har- 


monicum inter P/ et 4 PI. Quod fi tangentes ak et 
cm concurrant in ipſo puncto M, aſymptotos * 
per M tranſibit. 


$ 106. Corol. 2. In caſu Prop. XIX. ubi tres contactus 
ſunt in eadem reQa linea & tres tangentes parallelæ, 


ſumatur punctum P ut in Propoſitione XIX. ſitque aPc | 


aſymptoto parallela, occurrant 1 et em tangentes rectæ 
PD in & et n, eritque - FTP- ſive Pl æqualis 


dimidio medii harmonici inter Ph et Pm. Quod fi tan- 
gentes ał et em concurrant in eodem puncto "om _mw 
crit Pi fPI; quoniam vero in _ XIX. 5 7 > 
+ . » crit Pa Po. 


§ x08. 


Fig. 49d 
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-$ 107. Corel, 3, Idem dicendum eſt de caſu Prop. XX, 
ubi tres contactus D, E, F, ſunt in eadem reQa quæ 


_ tranſit per P centrum gravitatis trianguli VT tangen- 


Fig. 52. 


Fig. 53. 


tibus contenti. Si autem altera rectarum curvam in 4 
vel c contingentium (poſita ac aſymptoto parallelà) ſit 
rectæ DP parallela, abibit aſymptotos in infinitum, erit- 
que crus parabolicum. 


$ 108. Corel, 4. Iiſdem poſitis ac in Prop. XXI. Sit 


cPa aſymptoto parallela, — 3 ak, em, 
rectæ VF in I et u, eritque - Fr L F 2 VUnde ſi 


curva diametrum habet, cum 1 Wh 1 tranſeat 
per punctum duplex V, per punctum curve F ubi bi- 
ſecatur tangens TF, ſumatur ab F verſus V, FP=3FV, 
ducatur Pa aſymptoto parallela, & tangens a# quæ dia- 
metro occurrat in 4, & ex altera parte puncti P ſuma- 
tur, ſuper rectam PV, Pl 15e, & recda per / ducta 
ordinatim applicatis 3 erit aſymptotos curvæ. Si 
vero tangens ak ſit diametro parallela, erit crus curva 
generis parabolici. Propoſitio Newton de ſegmentis 
rectæ cujuſvis tribus aſymptotis & curva terminatis facile 
ſequitur ex Art, 4. ut ab aliis olim oſtenſum eſt, 


§ og. Prop. XXIII. Ex puncto quovis D 
linez tertii ordinis ducantur duæ quevis rectæ 
DEI, DAB, quæ curveoccurrantinpunctis, E, 5 
et A, B; ducantur tangentes AK, BL, quæ rectæ 


DE occurrant in K et L. Sit DG medium har- 


abſciſſa, Sit DV medium geometricum inter 


monicum inter ſegmenta DE, Dl, ad curvam ter- 
minata, atque DH medium harmonicum inter 
ſegmenta DK, DL, ejuſdem rectæ tangentibus 


DG 
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DG et DH, ducatur VQparallela tangenti DT, 
quæ occurrat rectæ DA in Q & ſi circulus ejuſ- 
dem curvaturæ cum linea tertii ordinis propo- 
ſita in puncto D occurrat rectæ DE in R, erunt 
HG, Q et 2D R continue 3 


Nam per Theor. II. (Art. 15.) eſt pvr 7 


= I = _ 2zDH—2DG 
P + HT DI PEK PL PG PH PU I 


= 20 (quoniam DV*= DG x DH ;) unde Y 
2H x DR, adeoque HG ad QV ut QM ad 2DR. 


58110. Corel. x. Sumatur igitur Dr in rea DE tertia 
proportionalis rectis HG et V, & perpendicularis 
rectæ DE ad punctum r ſecabit normalem tangenti 
DT ad punctum D in centro circuli oſculatorii ſive 
circuli ejuſdem curvaturz cum linea propoſita, in pun- 
cto O. Si puncta E, I, K, L, ſint ad eaſdem partes 
ejuſdem puncti prout DH major eſt vel minor quam 
DG, i. e. prout medium harmonicum inter ſegmenta 
DK, DL tangentibus abſciſſa majus eſt vel minus me- 
dio harmonico inter ſegmenta De, DI, ad curvam ter- 
minata. 


§ 117. Corol. 2. Si angulus EDT biſecetur recta DA, 
erit QV = DV, et 2HG x DR =DV*= DG x DH, 
adeoque HG ad DG ut DH ad 2DR, 


5112. Corol. 3. Revolvatur recta DA circa polum D, 
manente rectà DE, et HG, differentia mediorum har- 
monicorum DH et DG, augebitur vel minuetur in 
duplicata ratione rectæ VQ. Quippe ob datam chordam 


hs . ** 
circuli oſculatorii DR, manet quantitas HG duæ æqua- 


lis eſt 2 DR. 


9113. 


5 


Fig. 54. 


nam in hoc caſu SET 
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$ 113. Corol. 4. Si tangentium AR et BL altera, 
ut BL, fit rectæ DE parallela, ducantur GX et KZ 
parallelz rectæ D curvam in P contingenti, quæ ipſi 
GX x KZ _ 
DG x Dk x DR © 
r I 3 1 2DK — DG 
DE + BI PE PG PRE DoaDr e 
oque GXxK2 = 2DK - DG, & proinde erit ut 
2DE —DG ad K ita GX ad DR. Si tangens AK 
evadat quoque parallela rectæ DE (quod in his figuris 
contingere poteſt) erit DG ad _ ut GX ad 2DR; 


adeoque GX? 


AB occurrant in X, Z; eritque 


DG* x DR © = FT 3 
DG 2D R, 


858 114. Corol. 5. Si recta DE fit aſymptoto parallela, 
adeoque curvæ occurrat in uno puncto E præter ipſum 
D, fitque fimul tangens BL aſymptoto parallela, duca- 
tur EY parallela tangenti DT quæ occurrat rectæ DA 
in Y, eritque KE ad KZ ut EY ad DR x. 


$ 11 5. Corol. 6. Si fit D punctum flexus n 
coincidet pundtum H cum G, evaneſcente linea HG, 
adeoque evadit DR infinite magna, i.e. curvatura minor 
eſt ad punctum flexus contrarii quam in circulo quan- 


tumvis magno; ut alibi quoque oſtendimus, tractatus de 


Fig. 55. 


fluxionibus, Art. 378. 


§ 116. Corel. 7. Sit V punctum duplex, DA aff 
ptoto parallela, & occurrant rectæ VQ,, KZ, tangenti 
DT parallelæ rectæ DA in Qet E, atque occurrat DV 
aſymptoto in L, ſitque DH medium harmonicum inter 


DK et DL, eritque 2DH— DG ad KZ ut DL ad DK, 


B D 
Supple hguram, | 
| | atque 
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atque VH: HN:: V: DR. Si recta DA biſecet 
angulum TDV, erit DR : DV :: DH: 2VH. 


$ 117. Prop. XXIV. Sit D punctum quod- Fig. 56. 


vis linez tertii ordinis, occurrat tangens ad D 
curve in I, ſitque DS diameter circuli oſcula- 
torii, que curvæ occurrat in A et B; unde rectæ 
ductæ curvam contingentes ſecent Dl in K et L; 


ſit DH medium harmonicum inter DK et DL, 


& ſumatur DV ad DI ut DH ad differentiam 
rectarum 2DI er DH; eritque variatio curva- 
turz inverſe et rectangulum SD DV; & junta 
VS, variatio radii curvature ut tangens anguli 
DVS. | ; 


Nam per Theor. III. (Art. 17.) variatio curvature eſt 

1; I 0 2 # 
un RH ERECT, IH WT 
_— $0 nw = . Variatio autem ra 
DS * "DN «x DF "ERR -; : 
dii ofculatorii eſt ut 5 adeoque ut tangens anguli 


DVS, per Art. 18. parabola autem quæ eandem habebit 


curvaturam & eandem variationem curvaturæ cum linea 


propoſita, determinatur ut in Art. 19. 


§ 118. Corol. Si tangens BL fit tangenti ad D pa- 
rallela, erit DV ad DI ut DK ad IK; & fi utraque 
tangentium AK, BL, fiat parallela ipſi DT, erit DV 
=DI, adeoque variatio curyaturz inverſe ut DS x DT. 
Quod ſi in hoc caſu fit DT parallela aſymptoto curve, 
evaneſcet variatio curvature. Quemadmodum igitur 
 evaneſcet variatio curvaturz in verticibus axium ſectio- 
num conicarum; ea ſimiliter evaneſeit in vertieibus 
| | diame - 
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diametrorum linearum tertii ordinis quæ ad rectos an- 


- gulos ordinatim applicatas biſecant. 


Schol. Sunt autem alia plurima theoremata de tan gen- 
tibus & curvatura linearum tertii ordinis. Sint, ex. gr, 
F et G duo punQa lineæ tertii ordinis unde tangentes 


ductæ concurrunt in curva in A. Producatur FG donec 


curvæ occurrat in H. Sit TAC tangens ad punctum A, 
& conſtituatur angulus FAN = GAT ad contrarias 
partes rectarum FA, GA, ſecetque AN rectam FG in N. 
Et {i circuli oſculatorii occurrunt rectæ FG in B et b, 
erit GB ad Fb ut rectangulum NFH ad NGH. Sit 
enim puncta à ipſi A quamproximum, & puncta 7, g, h, 
ipſis F, G, H, quamproxima, eritque AFa : FG: : GF 
: FB. FG/ (HGV): HF Y:: FH: GH. HF/ ( 
GFg) : AGa: :4G : GF; unde AFs: AGa: : FH x 
8: FBxGH::GN : FN; unde FB: G:: NFH 
: NGH. Sed de his ſatis. 
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